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FOREWORD 


Mathematics for the International Student: Mathematics HL has been written to reflect the 
syllabus for the two-year IB Diploma Mathematics HL course. It is not our intention to define the 
course. Teachers are encouraged to use other resources. We have developed the book independently 
of the International Baccalaureate Organization (IBO) in consultation with many experienced 
teachers of IB Mathematics. The text is not endorsed by the IBO. 


This second edition builds on the strengths of the first edition. Many excellent suggestions were 
received from teachers around the world and these are reflected in the changes. In some cases 
sections have been consolidated to allow for greater efficiency. Changes have also been made in 
response to the introduction of a calculator-free examination paper. A large number of questions, 
including some to challenge even the best students, have been added. In particular, the final chapter 
contains over 200 miscellaneous questions, some of which require the use of a graphics calculator. 
These questions have been included to provide more difficult challenges for students and to give 
them experience at working with problems that may or may not require the use of a graphics 
calculator. 


The combination of textbook and interactive Student CD will foster the mathematical development 
of students in a stimulating way. Frequent use of the interactive features on the CD is certain to 
nurture a much deeper understanding and appreciation of mathematical concepts. 


The book contains many problems from the basic to the advanced, to cater for a wide range of 
student abilities and interests. While some of the exercises are simply designed to build skills, 
every effort has been made to contextualise problems, so that students can see everyday uses and 
practical applications of the mathematics they are studying, and appreciate the universality of 
mathematics. 


Emphasis is placed on the gradual development of concepts with appropriate worked examples, but 
we have also provided extension material for those who wish to go beyond the scope of the 
syllabus. Some proofs have been included for completeness and interest although they will not be 
examined. 


For students who may not have a good understanding of the necessary background knowledge for 
this course, we have provided printable pages of information, examples, exercises and answers on 
the Student CD. To access these pages, simply click on the “Background knowledge” icons when 
running the CD. 


It is not our intention that each chapter be worked through in full. Time constraints will not allow 
for this. Teachers must select exercises carefully, according to the abilities and prior knowledge of 
their students, to make the most efficient use of time and give as thorough coverage of work as 
possible. 


Investigations throughout the book will add to the discovery aspect of the course and enhance 
student understanding and learning. Many Investigations could be developed into portfolio 
assignments. Teachers should follow the guidelines for portfolio assignments to ensure they set 
acceptable portfolio pieces for their students that meet the requirement criteria for the portfolios. 


Review sets appear at the end of each chapter and a suggested order for teaching the two-year 
course is given at the end of this Foreword. 


The extensive use of graphics calculators and computer packages throughout the book enables 
students to realise the importance, application and appropriate use of technology. No single aspect 
of technology has been favoured. It is as important that students work with a pen and paper as it is 
that they use their calculator or graphics calculator, or use a spreadsheet or graphing package on 
computer. 


The interactive features of the CD allow immediate access to our own specially designed geometry 
packages, graphing packages and more. Teachers are provided with a quick and easy way to 
demonstrate concepts, and students can discover for themselves and re-visit when necessary. 


Instructions appropriate to each graphic calculator problem are on the CD and can be printed for stu- 
dents. These instructions are written for Texas Instruments and Casio calculators. 


In this changing world of mathematics education, we believe that the contextual approach shown in this 
book, with the associated use of technology, will enhance the students” understanding, knowledge and 
appreciation ofmathematics, and its universal application. 


We welcome your feedback. 


Email: info(yhaeseandharris.com.au 
Web: www.haeseandharris.com.au PMU DCM RCH 
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TEACHING THE TWO-YEAR COURSE - A SUGGESTED ORDER 


Teachers are encouraged to carefully check the BACKGROUND KNOWLEDGE sections supplied 
on the accompanying CD to ensure that basics have been mastered relatively early in the two-year 
HL course. Some of these topics naturally occur at the beginning of a specific chapter, as indicated 
in the table of contents. Click on the BACKGROUND KNOWLEDGE active icons to access the 
printable pages on the CD. 


Teachers will have their personal preferences for the order in which the chapters are tackled. A 
suggestion is to work progressively from Chapter 1 through to Chapter 20, but leave Chapters 9, 15 
and, possibly, 16 for the second year. The remaining chapters can be worked through in order. 


Alternatively, for the first year, students could work progressively from Chapter 1 to Chapter 23 but 
not necessarily including chapters 7, 15 and 16. Chapter 9 “Mathematical Induction” could also be 
attempted later, perhaps early in the second year. In some parts of the world, the topics of 
Polynomials, Complex Numbers, 3-D Vector Geometry and Calculus are not usually covered until 
the final year of school. 


Another approach could be to teach just those topics that are included in the Mathematics SL 
syllabus in the first year and leave the remaining topics for completion in the second year. 


However, it is acknowledged that there is no single best way for all teachers to work through the 
syllabus. Individual teachers have to consider particular needs of their students and other 
requirements and preferences that they may have. 


USING THE INTERACTIVE STUDENT CD 


The CD is ideal for independent study. Frequent use will nurture a deeper 
understanding of Mathematics. Students can revisit concepts taught in class and 
undertake their own revision and practice. The CD also has the text of the book, 
allowing students to leave the textbook at school and keep the CD at home. 


The icon denotes an Interactive Link on the CD. Simply “click” the icon to access 
a range of interactive features: 





* spreadsheets 


* video clips INTERACTIVE 
* graphing and geometry software ENE 

* graphics calculator instructions “E” 
* computer demonstrations and simulations 


* background knowledge (as printable pages) 


For those who want to make sure they have the prerequisite levels of understanding for this course, 
printable pages of background information, examples, exercises and answers are provided on the CD. 
Click the “Background knowledge” icon on pages 12 and 248. 


Graphics calculators: Instructions for using graphics calculators are also given on the CD and can be 
printed. Instructions are given for Texas Instruments and Casio calculators. Click on the relevant icon 
(TI or C) to access printable instructions. 


that occurs, click on the relevant icon to access the instructions for the other type 


Examples in the textbook are not always given for both types of calculator. Where O ER 
of calculator. B 


NOTE ON ACCURACY 


Students are reminded that in assessment tasks, including examination papers, unless otherwise stated in 
the question, all numerical answers must be given exactly or to three significant figures. 


HL & SL COMBINED CLASSES 


Refer to our website www.haescandharris.com.au for guidance in using this textbook in HL and SL 
combined classes. 


HL OPTIONS 


This is a companion to the Mathematics HL (Core) textbook. It offers coverage 
of each of the following options: 

* Topic 8 Statistics and probability 

+ Topic9- Sets, relations and groups 

* Topic 10- Series and differential equations 

* Topic 11 — Discrete mathematics 





In addition, coverage of the Geometry option for students undertaking the 
IB Diploma course Further Mathematics is presented on the CD that accompanies the HL Options 
book. 


SUPPLEMENTARY BOOKS 


A separate book of WORKED SOLUTIONS gives the fully worked solutions for every question 
(discussions, investigations and projects excepted) in each chapter of the Mathematics HL (Core) 
textbook. The HL (CORE) EXAMINATION PREPARATION & PRACTICE GUIDE offers additional 
questions and practice exams to help students prepare for the Mathematics HL examination. For more 


information email info()haeseandharris.com.au 
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12 BACKGROUND KNOWLEDGE AND GEOMETRIC FACTS 





Before starting this course you can make sure thatyou have agood | BACKGROUND 
understanding of the necessary background knowledge. Click on KNOWLEDGE 
the icon alongside to obtain a printable set of exercises and “o 
answers on this background knowledge. 





NUMBER SETS 
Click on the icon to access printable facts about number sets 
e A circle is a set of points which are equidistant from circle 
a fixed point, which is called its centre. 
e The circumference is the distance around the entire 
circle boundary. 
e An arc ofa circle is any continuous part of the circle. 
chord arc 


e A chord ofa circle is a line segment joining any two 
points of a circle. 


e A semi-circle is a half of a circle. diameter 
e A diameter of a circle is any chord passing 
through its centre. Adi 


e A radius of a circle is any line segment 
Joining its centre to any point on the circle. 


; - , ' t t 
e A tangent to a circle is any line which o ; 


touches the circle in exactly one point. point of contact 


Angle in a 
semi-circle 


BACKGROUND KNOWLEDGE AND GEOMETRIC FACTS 


Click on the appropriate icon to revisit these well known theorems. 


The angle in a 
semi-circle is a right 
angle. 


GEOMETRY 
PACKAGE 


É 





Chords of 
a circle 


Radius-tangent 


Tangents 
from an 
external point 


Angle at 
the centre 


The perpendicular 
from the centre of a 
circle to a chord 
bisects the chord. 


The tangent to a 
circle is perpendicular 
to the radius at the 
point of contact. 


Tangents from an 
external point are 
equal in length. 


The angle at the 
centre of a circle is 
twice the angle on the 
circle subtended by 
the same arc. 


AM = BM 


GEOMETRY 
PACKAGE 


GEOMETRY 
PACKAGE 


GEOMETRY 
PACKAGE 
AOB = 2xACB 


GEOMETRY 
PACKAGE 





Angles 
subtended by 
the same arc 


Angle 
between a 
tangent and 
a chord 


Angles subtended by 
an arc on the circle 
are equal in size. 


The angle between a 
tangent and a chord 
at the point of contact 
is equal to the angle 
subtended by the 
chord in the alternate 
segment. 


GEOMETRY 
PACKAGE 


BAS = BCA 


GEOMETRY 
PACKAGE 
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PERIMETER FORMULAE EE 
is a fraction of the 
The distance around a closed figure is its perimeter. circumference of a 


circle. 


For some shapes we can derive a formula for perimeter. The 
formulae for the most common shapes are given below: 


ON go? 





square rectangle triangle circle arc 
P=al P=2(l+w) P=atb+c C=2nr L=(sm)27r 
or 0C=7nd 
AREA FORMULAE 


Rectangle Area = length x width 





Triangle Area = Ibase X height 





Parallelogram . Area = base x height 


Trapezium 
or 
Trapezoid 


Circle 





Sector 





BACKGROUND KNOWLEDGE AND GEOMETRIC FACTS 15 


SURFACE AREA FORMULAE 


RECTANGULAR PRISM 
A=2(abtbc-+ac) 





CYLINDER CONE 





Hollow cylinder A=2nrh 


holl Ars 
SOW (no ends) 


(no base) 


Open can A=2nrh4 ar? 
hollow (one end) Solid cone A=nrs4 mr? 
Rr (solid) 


/ 


Solid cylinder A=2nrh+4 2mr2 y 
solid (two ends) 
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VOLUME FORMULAE 


Solids of 
uniform 


cross-section 
- end 
«— height — 


Pyramids 
and cones 


Spheres 


Volume of uniform solid 
= area of end x length 


Volume of a pyramid 
or cone 


= (area of base X height) 


Volume of a sphere 


— 4.13 
= 917 








Functions 


Relations and functions 

Function notation, domain and range 
Composite functions, fog 

Sign diagrams 

Inequalities (inequations) 

The modulus function 


Contents: 


. : 1 
The reciprocal function x» E 


Asymptotes of other rational functions 
Inverse functions 
Functions which have inverses 


h 

A 

4 
“o nmgawms»s 






Review set 1A 
Review set IB 
Review set 1C 
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'UNCTIONS 


The charges for parking a car in a short-term car park at an 


Car park charges 
airport are given in the table shown alongside. É E 


Period (1) 
There is an obvious relationship between the time spent in [| 0-1Thours | $5.00 | 
the car park and the cost. The cost is dependent on the 39.00 
length of time the car is parked. $11.00 
Looking at this table we might ask: How much would be $13.00 
charged for exactly one hour? Would it be $5 or 89? $18.00 

9 - 12 hours | $22.00 


12 - 24 hours | $28.00 





To make the situation clear, and to avoid confusion, we 
could adjust the table and draw a graph. We need to indicate 
that 2-3 hours really means a time over 2 hours up to and 
including 3 hours, i.e. 2<t<3. 


So, we 


e invê Car park charges 


Period | Charge 
O<t<1hours | 85.00 





515.00 
9<t<12 hours | $22.00 


12<t< 24 hours | $28.00 


Sine 
ST3.00 











In mathematical terms, because we have a 















































relationship between two variables, time and 304 charge (8 rr 
cost, the schedule of charges is an example 
E os 

of a relation. 20 == 

A relation may consist of a finite number of : exclusidn 

ordered pairs, such as ((1, 5), (—2, 3), (4,3), 10 Ss 

(1, 6)+ or an infinite number of ordered pairs. do 

The parking charges example is clearly the lat- ag do do oo | met, 
: : 3 6 9 D 15 18 21 24 

ter as any real value of time (t hours) in the y 


interval 0O<t<24 is represented. 


The set of possible values of the variable on the horizontal axis is called the domain of the 
relation. 


For example: e ft: O<t<24) is the domain for the car park relation 
e (-2,1,4) isthe domainof ((1,5), (—2, 3), (4, 3), (1, 6)+. 
The set which describes the possible y-values is called the range of the relation. 
For example: e the range of the car park relation is (5,9, 11, 13, 18, 22, 28) 
e therangeof ((1,5), (2,3), (4,3), (1,6) is (3,5,6). 


We will now look at relations and functions more formally. 
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RELATIONS 


A relation is any set of points on the Cartesian plane. 


A relation is often expressed in the form of an equation connecting the variables x and y. 
For example y=xz+3 and x=y are the equations of two relations. 


These equations generate sets of ordered pairs. 


Their graphs are: 




















































































































However, a relation may not be able to be defined by an equation. Below are two examples 
which show this: 
(1) x All points in the 
first quadrant 


are a relation. 
x>0,y>0 


These 13 points 
form a relation. 





FUNCTIONS 


A function, sometimes called a mapping, is a relation in which no 
two different ordered pairs have the same x-coordinate (first member). 


We can see from the above definition that a function is a special type of relation. 


TESTING FOR FUNCTIONS 
Algebraic Test: 


If a relation is given as an equation, and the substitution of any value 
for x results in one and only one value of y, we have a function. 


Forexample: e y=3x-— 1 isa function, as for any value of x there is only one value of y 





e x=y isnota function sinceif x =4, say, then y = +2. 
Geometric Test or “Vertical Line Test”: 


If we draw all possible vertical lines on the graph of a relation, the relation: 
e isa function if each line cuts the graph no more than once 
e isnota function if at least one line cuts the graph more than once. 
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Eu 






Which of the following relations are functions? 





JA E 








a b 
im 
«+ 
j 
a b 
VA 
«+ 
E 
a function a function not a function 


GRAPHICAL NOTE 


e fa graph contains a small open circle such as —o— |, this point is not included. 
e fa graph contains a small filled-in circle such as —— ;, this point is included. 


e JIfagraph contains an arrow head at an end suchas —— then the graph continues 
indefinitely in that general direction, or the shape may repeat as it has done previously. 


EXERCISE 1A 


1 Which of the following sets of ordered pairs are functions? Give reasons. 


a (1,3, (2, 49), (3, 5), (4, 6)) b ((1,3), (3,2), (1, 7, (1, 9) 
€ (e, =, (2, 0), (2, 3), (2, 11)) d ((T, 6), (5, 6), (3, 6), f=d, 6)) 
e (0,0), (1,0), (3, 0), (5, 0)) f A(O, 0), (0, —2), (0, 2), (0, 4)) 


2 Use the vertical line test to determine which of the following relations are functions: 


Se dr dd 
A Je ado 
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3 Will the graph of a straight line always be a function? Give evidence. 


4 Give algebraic evidence to show that the relation 72 +y?=9 is not a function. 





So, if 4 is fed into the machine, 
2(4)+3 = 11 comes out. 


The above “machine” has been programmed to perform a particular function. 
If f is used to represent that particular function we can write: 


f is the function that will convert x into 2x +83. 


So, f would convert 2 into 2(2)+3=7 and 
—4 into 2-4) +3=—5. 


This function can be written as: 


f:izxts 22x+83 


a aan 


Two other equivalent forms we use are: f(x)=21+3 or y=21+3 





function f such x is converted into 2x +3 


So, f(x) is the value of y for a given value of x, ie, y= f(x). 


Notice that for f(x)=21+3, f()=2(2)+3=7 and f(-4)=2(-4)4+3=0-5. 





Consequently, f(2) =7 indicates that the point (2, 7) 
lies on the graph of the function. 

















Likewise f(—4) = —5 indicates that the point 








(—4, —5) also lies on the graph. 








A 








Note: 
e f(x) isreadas “fofa”. a 
e fis the function which converts x into f(x), 

ie, f: xr f(x). 


e y= f(x) is sometimes called the image of x. 
































LITitiys 
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Ff f:x227º-3x, find the value of. a f(5) b f(-4) 
flo) =— 20º = 34 
a f(5) =2(5)2-3(5) freplacing x by (5)) 
DX SS 
= 35 
b fH-4)=2(-4)2 —- 3(-4) freplacing x by (—4)) 
(do 2 
= 44 
If f(r)=5-a-— «2, find in simplest form: a f(-a) b f(x +2) 
a f(-2)=5-— (-2) — (—2)? freplacing x by (—x)) 
=5+2—-a? 
b f(lr+)=5-(2+9)-(2x+42) freplacing x by (x + 2)) 


=5-2-2- [72 +41 +4] 
=3-2-22-47-—4 


=-q22-5r-l 





EXERCISE 1B.1 
11f fizxo3rx+2, find the value of: 


a JO) b f(2) ce H-1) d H-5) e dis 
21f f:izx-3r-zx2+42, find the value of. 
a f(0) b f(3) ce f-3) d H—7) e f5) 


3 If f(x)=7—3x, find in simplest form: 





a fa) b fica) c fla+3) d fb-1) e fx+2) f Hax+h) 


4 Tf F(x)=222+37—1, find in simplest form: 


a F(x+4) b F(2-7) c F(-x) d F(x2?) e F(x2-1) f F(x+h) 


22 +83 





5 W Gir)= 4" A evaluate | G(2) io G(0) il G(-5) 
b finda value of ax where G(x) does not exist 
c find G(x+2) in simplest form 
d findxif G(x) = —3. 


6 f represents a function. What is the difference in meaning between f and f(x)? 
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7 Ifthe value of a photocopier t years after purchase is given by V(t) = 9650 860t euros: 
a find V(4) and state what V(4) means 
b findt when V(t) = 5780 and explain what this represents 
€ find the original purchase price of the photocopier. 


8 On the same set of axes draw the graphs of three different functions f(x) such that 
filg)=1 and fbj=3. 


9 Finda linear function f(x)=ax+b forwhich f(2)=1 and f(-3)=11. 
10 Given T(x) = ax? + ba +c, find a, b and cif T(0) = —4, T(1) = —2 and T(2) = 6. 


DOMAIN AND RANGE 


The domain of a relation is the set of permissible values that x may have. 
The range of a relation is the set of permissible values that y may have. 


For example: 
(1) All values of x > —1 are permissible. 
So, the domainis (x|zz-lj or z €e[-1,00]. 


All values of y > —3 are permissible. 





So, the rangeis (ylyz-3) or ye[-3, 00]. 


(2) » (2,1) x can take any value. 
2,1 
So, the domainis (x|xisinR) or zxEeR. 
y cannot be > 1. 


So, the rangeis (yly<1lj or ye]-oo,1]. 


x can take all values except x = 2. 
So, the domain is (x|x2). 
Likewise, the range is (ylyA1). 





The domain and range of a relation are often described using interval notation. 


For example: The domain consists of all real x such 

that x >3 and we write this as 
lr|/4>3) o we [3,00]. 
r 





e, ——/— 

the set of all x such that x > 3 
9 —— me o x 5 
3 domain Likewise the range would be 


(yly>2) or yel2,00[. 
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For the profit function alongside: 
e the domain is tr |2 20) 100 0... 


or x € [0,00] range 





e therangeis  (yl|y< 100 
or y €]-—oo, 100]. 





items made (x) 


domain 


Intervals have corresponding graphs. For example: 


(x|lzz3) or xe l3,00] is read “the set of all x such that x is greater than 
orequalto 3” andhas | > E 
number line graph 3 

(rlz<2) or x el-oc,2] has number line graph — 

(xr|-2<rx<l) or xe/-2,1] has number line graph —8—— Ss 

(r|4S0 0" v>4) has number line graph o 


ie, z €]-00,0] or |4,00] 


Note: ==. for numbers between a and b we write a<x<b 
or vela,b|. 
2 0, for numbers “outside a and b we write v<ao v>b 
ie, z€e]-c,a| uv |b,oc0] where u means or. 


Example 4 


For each of the following graphs state the domain and range: 


a y b » 
(4,3) 


a Domain is do | SR b Domainis (x|xisinR) 
or zx€]-c0,8] or zER 


Range is ly lyz-—2) Rangeis Lylyz-l) 
or vyE|-2, 00 or ye [-1,00l 
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EXERCISE 1B.2 


1 Write down the domain and range for each of the following functions: 
a ta, 3), (2, 5), (3, D) b =, 3), (0, 3), (2, 5)) 
e (3,1), (2, 1), (1, 1), (3, 1) d lg y)|zg+y)=4 2eZ,y>0) 


2 For each of the following graphs find the domain and range: 
c / 


(0,2) 





3 Find the domain and range of each of the following functions: 








à frr2z=-l b f:zms3 c flx)=|3x—-1|+2 
d firm v2244 e y=vz]—4 f = 

3 à É 3 
gs flx)=v2-z h Ho)-= 5 i fisolte— 


4 Use a graphics calculator to help sketch graphs of the following functions. Find the 
domain and range of each. 





1 
a fix)=vz b fico 
c firovi-sz d y=72-T72+10 
1 
e firob5r- 3 fo firor+-> 
gx 
4 
g = E h y=2)-37º - 97410 
Tv—2 
i pese j y=r"+27"? 
Dep 2 


1 
k = + | o fixorts4r — 16x +3 
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DAT 


a ao When water is added at a constant rate to a cylindrical container, the depth 
of water in the container is a linear function of time. This is because the 

Sa volume of water added is directly proportional to the time taken to add it. 
If water was not added at a constant rate the direct proportionality would 
not exist. 


The depth-time graph for the 
case of a cylinder would be as 
shown alongside: 


DEMO 


“What changes in appearance 
of the graph occur for different pen 
shaped containers? q 





The question arises: 


Consider a vase of conical 
shape. 





time 


What to do: 


1 For each of the following containers, draw a “depth v time” graph as water is added: 
a 





2 Use the water filling demonstration to check your answers to question 1. 


3 Write a brief report on the connection between the shape of a vessel and the cor- 
responding shape of its depth-time graph. You may wish to discuss this in parts. 
For example, first examine cylindrical containers, then conical, then other shapes. 
Gradients of curves must be included in your report. 


& Draw possible containers as in question 1 which have the following “depth v time” 
graphs: 
a b c d 
depth depth depth depth 


time time time time 
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Given f:xrf(x) and g: xr g(x), then the composite function of f and g 





will convert x into f(g(x)). 
fog is used to represent the composite function of f and g. 
fog means “f following g” and (fog)(x) = Ff(g(x)) ie, fog: xr f(g(x)). 


4 


Consider f:xozxê and g:x>27+83. 


fog meansthat g convertsxto 2x+3 andthen f converts (2x +3) to (2x +43). 





This is illustrated by the two function machines below. 
X 


[ g-function machine 
IT double 2x + 3 
and then | 


Notice how fis 
following q. 








f-function machine 


dem Iraise the 
Re number to = al 


add 3 





























the power 4 | 
(Bear 
Algebraically, if f(x)=x! and g(x)=2r+3, then 
(fo g)(x) = f(a(x)) and (go f(x) = g(f(x)) 
= f(2x+3) (fg operates on x first = g(xº) 
=(2x+3) (ff operates on g(x) next) = 2(11) +3 
=29º 43 


So, in general, f(g(x)) £ g(H(a)). 


The ability to break down functions into composite functions is useful in differential calculus. 





Given f:zx>22x+1 and g: x 3-4x find in simplest form: 


a (fog)(z) b (go fx) 





f(x) =2x+1 and g(x)=3-— 4x 


a (fogx)= f(g(x)) b (go Ha) = g(f(x)) 
= f(3 — 4x) O O) 
=2(3-427)+1 =3-4(27+1) 
EO RES Chai O O A 
=7-8% O DR ae 





Note: If f(x)=2x+1 then HA)= UA)+1, 
f)= 28)+1, 
f(3x —- 4) = 23x-49)+1. 
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Note: If F(x) = (fog)(x), the domain of F is the domain of g excluding any values 


of ax such that g(x) =u where f(u) is undefined. 


EXERCISE 1€ 





Given f:ivs27r+3 and g:v1-z, find in simplest form: 

a (fog)a) b (go (x) ce (fog(-3) 
Given f:zxogr? and g:x-2-x find (fog)x) and (go f(x). 
Find also the domain and range of fog and go f. 
Given f:zx->1724+1 and g:1+53-x, find in simplest form: 

a (fog)a) b (go (x) ce vif (go f(x) = f(x) 
Functions f and g are defined as follows: 

f=1(0,2,01,3,02,0,63, D+  9=0,3, 0,2, (2, 1, (3,0) 
Find a fog b gof c fof 
f and gare definedas:  f=t((0,3) (1,0), (2, 1), (3, 2)) Find fog 
9 = (0, 1), (1, 2), (2, 3), (3, 0)) 

f and gare definedas: f=t((0,2) (1,5), (2, 7), (3, 9) Find a fog 








9 = (2, 2), (5, 0), (7, 1), (9, 3)) b gof 
Given f(x) = — and g(x) = RA find in simplest form: 
a (fog) b (go f(x) c (go ga) 


In each case, find the domain of the composite function. 


a If ax4+b=cr-+d forall values of x, show that a=c and b=d. 


Hint: Ifitistrueforalx,itistruefor zx=0 and vx=1. 
b Given f(x)=2x+3 and g(x)=azx+b andthat (fog)(z)=a for all 
values of «x, deduce that a= 5 and b= —3. 


c Istheresultinbtrucif (go f)(x)=a forallz? 


GRAMS 


Sometimes we do not wish to draw a time-consuming graph of a function but wish to know 
when the function is positive, negative, zero or undefined. A sign diagram enables us to do 
this and is relatively easy to construct. 


A sign diagram consists of: 


a horizontal line which is really the x-axis 

positive (+) and negative (—) signs indicating that the graph is above and below the 
x-axis respectively 

critical values, the numbers written below the line, which are the graph's x-intercepts 
or where it is undefined. 
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Consider the three functions given below. 











Noticethat: e A sign change occurs about a critical value for single factors such as 
(x +2) and (x — 1), indicating cutting of the x-axis. 


e No sign change occurs about the critical value for squared factors such as 
(x — 1)2, indicating touching of the x-axis. 


º shows a function is undefined at x = 0. 
0 
In general: 
e when a factor has an odd power there is a change of sign about that critical value 


e when a factor has an even power there is no sign change about that critical value. 


Example 6 





Draw sign a 
diagrams for: 
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Example 7 


Draw a sign diagram of: 


a (zx+3)(z—1) has critical values 


of —3 and 1. 





[ati 
—3 1 | x 
We try any number 
eo EE 
As (5)(1) > 0 
we put a + sign here. 


As the factors are “single” the signs 
alternate giving: 





Example 8 


Draw a sign diagram of: a 12-37 
a 12-372 =-3(12 — 4) 
= -3(x+2)(x — 2) 
which has critical values of 
—2 and 2 


ed; É) 


| E 
We try any number > 2 

CRE qto 

As —3(5)(1) is< 0 we 

put a — sign here. 

As the factors are “single” 

the signs alternate. 





| 

NO 
NO 
“y 


a (x+3)(x — 1) b 


2(22 +5)(3 — x) 


has critical 


por son) 
values of —ê and 3. 





in 
o 3 | X 
We try any number 
E CS ÃO) 
As 2(15)(—-2) < 0 
we put a — sign here. 


As the factors are “single” the signs 
alternate giving: 








b -4(x-3) 
has a critical value of 3. 


3; X 
We try any number > o 
eg p= 4: 
As —A4(1)2 is < 0 we 
put a — sign here. 
As the factor is “squared” 
the signs do not change. 





FUNCTIONS (Chapter 1) 31 


Example 9 


v—l 


D ign di fi : 
raw a sign diagram for E 


zv—l 
2x +1 


is zero when x = 1 and undefined when x = —a. 


| t—1 9 
So, Rora=Os E 





EXERCISE 1D 


1 From the graphs below, draw corresponding sign diagrams: 
a b c 
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2 Draw sign diagrams for: 









































a (v+4)(x-—2) b a(x—3) c v(x+2) 
d —(x+1)(x—3) e (2x-1)(3-—«) f (5-2)(1-— 22) 
g 22-9 h 4-g? | 5r-—g 
| xv-32x+42 k 2-8z | 672+1-2 
m 6-16x-— 6x? n 27249245 o 15x? -1+2 
3 Draw sign diagrams for: 
a (x+2) b (x-3) ce —(x+2) 
d —(x-4) e q -27+1 f -x2+47-4 
g 4272-4441 h -xº-6x-9 i —472+122-9 
4 Draw sign diagrams for: 
v+2 x 2743 
a b —— c 
= T+3 4—- 
41 —1 = 
d a ã 3u f 8x 
2—=% T—2 3-1 
(a — 1)2 h 4x (x + 2x — 1) 
x x (ax + 1)2 3—a 
= 2 = 
a(a — 1) KT 4 3-— 
2—« —a 272 — x — 6 
2 — 3 q2 +1 12 +22 +4 
m n Oo 
v+1 x v+1 
—(x — 3)2(n2 +2) —x2(x + 2) E q2 + 4 
x v+3 " 5— a (x — 32(x — 1) 
E -9 2 — 
g 2 à ug , f 4 E dt +2 23 
v+1 T+3 T—-2 o 2+3 





2x —1 3 
2r+3>11-x and E < E - are examples of inequalities. 
x 








In this section we aim to find all values of the unknown for which the inequality is true. 


GROUP INVESTIGATION 


x + 2 dx + 2 


LA, 
ZA : 3 
» Jon's method of solving EEE >4 was: If ER E 














32 +2>4(1-42) 
3x +2>4-4x 
E 


2 
T>G 
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= =-g4l and —44 is not 





However, Sarah pointed out that if x = 5, 
greater than 4. 


They concluded that there was something 
wrong with the method of solution. 


A graph also highlighted an error. 


It seems that the correct answer 
Issn ua 
Questions: 





1 At what step was Jon's method wrong? 
2 Suggest an algebraic method which does give the correct answer. 


From the Investigation above you should have concluded that multiplying both sides of an 
inequality by an unknown can lead to incorrect results. We therefore need an alternative 
method. 
To solve inequalities e Make the RHS zero by shifting all terms to the LHS. 
we use these steps: e Fully factorise the LHS. 

e Draw a sign diagram for the LHS. 

e Determine the values required from the sign diagram. 


Note: e ifa>b and ceR, then atc>b+c 
e ifa>b and c>0, then ac > bc 
e ifa>b and c<o0, then ac< be 
e ifa>b>o0, then a2>b? 


ELA 


Solve for x: a 3x7 457252 


3272 +57 >2 
372 +51 —-2>0 tmaking RHS zero) 
(3x — D(x +2) >0 (fully factorising LHS) 


Sign diagram of LHS is 





So, for LHS = 0 zel-oc,-2] or zxE[5,00]. 


q2 +9< 6x 
zv —6r+9<0 fmake RHS zero 


(x — Be a) (fully factorising LHS) 
Sign diagram of LHS is + 


«+ 








So, the inequality is never true. 
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E) J 
Solve for x: a Eis e] o Si 
t—4 E 
2 1 
a Eine b SEO 
gx—4 1 HE 
——10<0 
MG a) E 
t—4 il = 
dE dies 
dx + 2 v—4 <0 L 10(7)<o 
r—4 Do 1— 10x 
0) 
Ee Hb 
32 +2-— (x Do | 
v—4 = 6] aP = 
0 Re x» 
Rae O 10 
nr Thus, x €] —00,0[ or [5,00[. 
+ - Po + 
—3 4 o 
zel-3,4[ 
EU 3x 
Solve for q: “a Mio 
Be +10 3a PE 
Fe t=>1 0 v+1 
(3x + D(x+1)-— 3u(x — 1) 
> >>w> ww > 0 
(x — Dx +1) 
Map sE dl S0 
(x — D(x+1) 
Sign diagram 
of LHS is: 
Thus, x€] 
EXERCISE 1E 
1 Solve for x: 
a (2-2)(x+3)>0 b (x-1)2<0 c (2x+1)(3-2)>0 
d xº>7r e xº>3 f 3x2+2x<0 
g x2<4 h 27º2>4 | 2244244>0 
| 22 >27+3 k 472 -42+1<0 | 62+72<3 
m 372>8(r+2) n 272 -4242>0 o 612+1<5z 
p 1+57< 6x q 1272 >52+42 r 20224+9>9 
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2 Solve for x: 









































x+4 v+1 z+3 
—— > 0 b 0 c > 
= DR º 2x +3 
2 +92 2 1 
á E E E se) e 
v—s v—l 2x — 1 2 
x l—-«x 
— > 100 h > i < 
, x 2x — 1 1l+a 
2 1 q — 2x 22 + 5x 
j —— < —— k >0 I <O0 
J 22x—-5 247 v+3 q2 — 4 
x 1 
m == n o x>-— o —-<gz 
v+2 x x 
35 213 2x A x? Ei 
E a es 
P q T+2 == 2 3x — 2 





The modulus of a real number x is its distance from O on the number line. 


Because the modulus is a distance, it cannot be negative. 








iº 5 RR 7 "| 
«+ >= 
=3 0 7 
So, the modulus of 7 is 7, whichis writtenas |7|=7 
and the modulus of —5 is 5, whichis writtenas |-5|=5. 
Thus, [2 | is the distance of x from O on the number line. 
«—— |x|—» «—— |x|—» 
E a>0 LL If «<o0 
0 x x 0 


ALGEBRAIC DEFINITION 


The modulus of x, lal=( E o 
—x df ag 


y=|z| has graph 








XY 





y=k 


This branch 
isy=x, x20. 


This branch 
isy=—x, x<0. 


Notice that V72=v49=7 and (-52=v25=5 


Thus |x|=vzx2 is an equivalent definition of | x |. 
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Ifa=-3 and b=4 find: 
a |7+al b |ab| c |02+2b] 







|ab| |a2 + 2b | 





a] = = |(-3)2 +2(4)| 
ES | = |-12| =|9+8| 
=4 = 12 = [17| 

=17 








By replacing |x | witha for «x >0 and —x fora <0, write the following 
functions without the modulus sign and hence graph each function: 


a fla)=r-—|z| GO sp 












dis o oo nd. Dis 040) am 


EO fl) 220 If z<0, jlm)=ae(-2)=-s. 
= an toe ch) At or O 
So, we graph Re Ton! Poa rar cs fondo! 












2” 2 
branch y = x 


branch y = 0 


branch y = 2x branch y = —x? 








EXERCISE 1F.1 
1 Ifa=-2, 6=3, c=—4 find the value of: 


a lal b lb] e lal|b| d |ab| 
e la-b] ft |al-|b| g l|a+b| h l|al+|b] 
i la ia k | pode 

a |a | 


2 If «=-3, find the value of: 





a |5-«| b |5|-|z| c d |3-20-2º| 


2x +41 
l-zx 





3 a Is la+b|=|a/+]b|? b Is |a-b|=|a|-|b]? 
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& Copy and complete: 








What do you suspect? 


5 Usethe factthat |x|=vax2 to prove that: 
[a 


—, b0 ce la-bl=|b-a 
7 dA la-b|=|b-al 


a labj=|al|b] b = 


6 Using |a/=a ifaz0 and —a if a<o0, write the following functions without 
modulus signs and hence graph each function: 


a y=|e-2] b y=[|2+1| e gal 

d vy=|z|+z e e] | y=2=2]|* 
df 

9 y=lel+lz-2] dh y=[el=|2=1) 0 do y=[52+41] 








=” 


| y=[22-1] y= [22 — 22 | | y=|22+32+2] 


MODULUS EQUATIONS 


From the previous exercise you should have discovered these properties of modulus: 








e |z|>0 foralla e |-z|=|xz| forallz 
e |lz/=2? foral e |xzy|=|z||y| forallx andy 
Poe E forallx andy, yA0 e |a-b|=|b-a| foralla and d. 
y y 
It is clear that |x|=2 has two solutions, x =2 and x =-—2. 
In general, Ho o= a aber a AO then va 


We use this rule to solve modulus equations. 
Example 15 
Solve for q: a |2x+3|]=7 


[2x+3|=7 b |3-2x|=-1 


2x +3= +7 has no solution as LHS 
22x=7—-3 or —7T—3 is never negative. 
2x = 4 or -—10 
T=— 2015 
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Example 16 


Solve for x: 





3x + 2 
IR 


de 42 32 +2 


If 
IR IR 
(honda tt) then 32 +2=—4(1—2) 
3r+2=4-4g Ri a 
6=2 


If 








f 
Sa 





Also notice that if Rb then E 


Example 17 


Solve for x: lr+1|=|27-3| 





E noi [Pe Sp bem +(2x — 3) (using property above) 





El 
If v+1=27-3 If v+1=-(20-3) 
RR UR 
dr =2 


then; then x 


== 





EXERCISE 1F.2 


1 Solve for x: 











a |w|=8 b |x|=-—5 e |jp/=0 
a ju=1|=3 e |3-z|=4 f |z+5|=-1 
g 3x —2|=1 h 3-22|=3 i 2-5x|=12 
2 Solve for x: 
, x -3 b 2x —1 -5 é v+3 Ss 
v—l xv+1 1-3x 2 


3 Solve for a: 
a |z+1|=|2-<z] b |z|=|5-<| c |Sx-1|=|z+2] 
d |2zx+5|=|1-z] 1-47|=2|2-1] f |32x+2]=2/|2-«| 








& Solve for x using i a graphical method ii an algebraic method: 
a |zx+2]=27+1 b |2x+3]=3|z|-1 e lz-2|=P2+1 
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MODULUS INEQUALITIES 


Notice thatif |x|<2 then a lies between —2 and 2 
ie., if |x|<2, then —-2<r<2. 


Likewise, if |x|>2, then z>2 org<-—2. 


In general, e io | ek wncre => 0) then he 
e Ci im ko where 00 den no nl h 


Example 18 
Solve for q: a O b |3-27|>4 


[84 TS 0 
EO ES cr EO 
mo [adding 7 to each part) 
-“ico< E 


veJ-1HZ[ 


fusing |a-b|=|b-al) 


EAR VN 
NI NT RB 





Notice that a and b above could be solved by a different method. 


In |3x—7|<10, we see that both sides are non-negative 
[3x —7|? < 100 fsquaring both sides) 
(3x — 7)2- 102 <0 fla? =a2 foralla) 
[Br -7+10][Bx—-7-10]<0 
Be+3] [3x — 17]<0 
The LHS has sign diagram: go sto, Ei = ió > so ZE J-1 E 


1 


col 


Example 19 


Find exactly where 2|x—-1|>|3-«|. 





Both sides of the inequality 2lx—-1|>|3-x]| are non-negative. 
we square both sides to get =p = [Bia 
4(z-12-(3-2)2>0 fas |a//=a2 foraeR) 
Blr-D+6-c]B(r-1)-(3-2)]>0 
(x+1)(32-5)>0 


The critical values are v=-1,5 withsigndiagram: 11 


zE]-c0,-1] or [3,00] (check with GCD) 


2 
2 
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Sometimes a graphical solution is easier. 


Example 20 


Solve graphically: |1-2x|>z+1. 





We draw graphsof y=|1-2x| and y=x+1 on the same set of axes. 


toJH toh 


1-2x fon e 
g=[1— 22] = 
—l+2x for 1-2x<0, ie, v> 
Now |1-2x|>2x+1 
when the graphof y=|1-2x]| lies 
above y=2+1, 
dor TE 


ie, z€]-c0,0|[ o z€]2,00[. 








EXERCISE 1F.3 


1 Solve for x: 




















a |x|<4 b |z|>3 c |z+3|]<l 
d |z+4|>2 e |2x-1|<3 f |3-42]>2 
g |2x+1|<4 h 2>|z-1| | |3-Tx|<4 
| |2-727]>5 k |5-32|<1 | 5>/3-4| 
2 Solve: 
a |zx-3|<4 b |2zx-1|<3 c |3x+1|>2 d |5-27]>7 
2 3 
é lufofi=al TF apjsp=aj 4 |-P=lsa pls 
q —2 v—1 
3 Solve graphically: 
a |2x-3|<z b 2x-3<|z] c|z-r|>2 d|z|-2>]4-2] 
& Graph the function f(x) = E and hence find all values of « for which e 2-5. 
ie g— 
5 a Drawthegraphof y=|zx+5|+|z+2|+|z|+|x-—3]. 
b P O R 
A e B 
= =2 3 


P, Q and R are factories which are 5, 2 and 3 km away from factory O respectively. 


A security service wishes to know where it should locate its premises along AB so 
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that the total length of cable to the 4 factories is a minimum. 
i Explain why the total length of cable is given by 


lr+5|+|z+2]+|x|+|x—3| where x is the position of the security 
service on AB. 


ii Where should the security service set up to minimise the length of cable to all 
4 factories? What is the minimum length of cable? 


il TIfa fifth factory atS, located 7 km right of O, also requires the security service, 
where should the security service locate its premises for minimum cable length? 


6 Which of these is true? Give proof. 
a |zx+y|<|z|+|y| forallx,y b Iz-y|>|z|-|y| foralla,y 


TION «+; 





Is à 7 
gv — or f(x) =— is defined as the reciprocal function. 
E ii 


K has graph: Notice that: 


1 
e f(x)=— is undefined when x =0 
E 


l 
e Thegraphof f(x) = — exists in the 
% 


first and third quadrants only. 


1 
e fa)= : is symmetric about y = a 


and y=—% 





e as v>0, f(x) — 0 (from above) 
as «> —oco, f(x) > 0 (from below) 

E cade as x > O (from right), y — 00 

“approaches” as x — 0 (from left), y —> —oo 


or “tends to” 


1 
o fla)= Ç is asymptotic to the x-axis 





and to the y-axis. 


The graph gets closer to the axes as 
é it gets further from the origin. 


EXERCISE 1G 


1 2 4 
1 Sketch the graphs of f(x) = = g(x) = = hlz) = = en the same set of axes. 


Comment on any similarities and differences. 
2 
É 


1 4 
2 Sketch the graphs of f(x) = = g(x) =——, h(x) = = “0H the same set of axes. 


Comment on any similarities and differences. 
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o 2441 


Consider the function f(x) ET 
E 


Its graph is: 


Notice that: 








Notice thatat x = 1, f(x) is undefined. 


As the graph approaches the vertical line x = 1, we say that 
x =lisaverti 


cal asymptote. 


(1.001) = 3002 and (0.999) = —2998 





We write: as v> 1 (from the left), f(x) > —oo 
as x > 1 (from the right), f(x) > oo 
or alternatively, as vz > 17, f(x) > —oo 
as v>1", f(x) > 00 
2001 — 1999 
l tice that 1 — —— = 2.003 d — 1000) = = 1.997 
We also notice that f(1000) 999 * and f( ) Soil” 
This indicates that y=2 isa horizontal asymptote and we write: 
as vx>00, y->2 (fromabove) or as 2x>00, y=>2" 
as zx—>-o, y—>2 (frombelow) as 1>-00, y>2” 
Notice that as |zx/>00, f(x) >2 
2 1 — : 
The sign diagram of y= T S is E : a and can be used to discuss 
gh Te 2 


the function near its vertical asymptote without having to graph the function. 


Now consider the function f(x)=z+1+ 


Its graph is: 








ay 





x 


— 2 
x =2 isa vertical asymptote. 
At v=2, f(x) is undefined. 
As 


as 


g>2"7, f(x) > —oo 


v>2", f(x) > 00 
a 3 
Notice that —— 50 as |z|>00 
v—2 


So,as vz—> oo, f(x) > x +1 (from above) 





as «> —oo, f(x) > x +1 (from below) 


Thus y=zx+1 isan oblique asymptote. 
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DISCUSSION 


What would be the asymptotes of 





x E 2? E Ea 
“(e D(x-4) Ce a 
INVESTIGATION 2 


“O GRAPHING 
B Use the graphing package supplied or a graphics calculator to pACKAGE 


examine the following functions for asymptotes: o 











ER asi cata SO 
=. Z—2 E Easo “º (e- Dx +1) 
2x =: 2 +4 
di a E =D A 
g2 —4 (a + 2) g—1 
Fade 22 — br +5 2 
o q2 +1 a (a + 1)2 g Egas 


Further examples of asymptotic behaviour are seen in exponential, logarithmic and some 
trigonometric functions. 


Note: A function may cross a horizontal or oblique asymptote, but never a vertical 
asymptote. 


EXERCISE 1H 


1 For the following functions: 
i determine the asymptotes 
il | discuss the behaviour of the function as it approaches its asymptotes 
ill | sketch the graph of the function 
iu find the coordinates of all points where the function crosses its asymptotes. 











3 
: ie s 
1 ei e A) Z+1 
T+3 2 
Ç E ————— — = 
“CP e+Dg-? à di 
j 
E ed py 2P+41 
“ p244 HCqR=A 
v—2 2x 
g DM h Cd ES 
à o 4x . o a á 
1 -42-5 p= g 
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EE FUNCTIONS 


The operations of + and —, x and =, squaring and finding the square root, are inverse 
operations as one undoes what the other does. 


For example, zx+3-3=7, vx3-3=x and vV82=8. 





A function y = f(x) may or may not have an inverse function. 


If y= f(x) has an inverse function, this new function f-1(x) 
e must indeed be a function, i.e., satisfy the vertical line test 
e must be the reflection of y = f(x) intheline y=a 
e must satisfy the condition that fl: faj-s 


The function y =x, definedas f:x- az, iistheidentity function. 


This means that, for any function f that has an inverse function 1, fof-! and flof 
must always equal the identity function. So, (fo fD(x)=(flofa) =x, so the 
inverse function undoes the effect of the function on x. 


If (x, y) lies on f, then (y, x) lies on f!. So reflecting the function in y = x has the 
algebraic effect of interchanging x and y. 


For example, f:y=5bx+2 becomes fl:z=5y+2. 


Consider: 


y=f"!(x) is the inverse of 
y=f(x) as 
e itis also a function 


e itis the reflection of y = f(x) 
in the oblique line y = x. 





This is the reflection of y= f(x) in y= 4, 
but it is not the inverse function of y = f(x) 
as it fails the vertical line test. 


We say that the function y = f(x) does not 
have an inverse. 





v=[(0),x20 





EA However, consider the same function y = f(x) 
v=11(),7>0 but with the domain «x > 0. 

The function does now have an inverse function, 
as drawn alongside. 

y= f(x) subjectto « <0 would also have an 


” inverse function. 
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Example 21 


Consider f:x>27+4+83. 
On the same axes, graph f and its inverse function 1. 


Find f"!(x) using | coordinate geometry and the slope of f!(a) from a 
il variable interchange. 


Checkhar(fof De (ofa)- » 




















































































































a f(x)=2x+3 passes through (0, 3) and (2, 7). DLL AVETCI LI 
f(x) passes through (3, 0) and (7, 2). (2,7) + 
RE Deo ia 
b É This line has slope Es. (0,3) | E = Tt 
RE E 
So, its equation is É = = (7,2) 
Lo RR? ] e 
E = Ho 
> y = 2 
Y 
= NES 
m)=5 
E fis y-2+43 sejas z=-2yô 
= 6) == 2) 
o 
5 o y 
c (fo fa) and (fo fa) 
= 140) = 1 ((a) ef inss 
il point (a, b) then 
(5) = ["(20 +3) fr! includes 
2 On os point (b, a). 
Ro E 2 
E 
no 
= gi 
= 
EXERCISE 11 
1 For each of the following functions f 
i on the same axes graph y=z, f and fr! a fizo341 
ii find f”!(x) using coordinate geometry and i E 


b fix 





iii find f”!(x) using variable interchange: A 


2 For each of the following functions f 
i find frl(x) ii sketch y=f(x), y=f"!(x) and y =x on the same axes 
iii showthat flof=fof!-=xz, the identity function: 
3-2 


Z c firzor+3 





a f:iro2r+5 b firm 
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3 Copy the graphs of the following functions and in each case include the graphs of 
y=zrandy=f(x): 


a b 





4 a Sketchthegraphof f:x-sxr?--4 andreflectitinthe line y=a. 
b Does f have an inverse function? 


c Does f with restricted domain x >0 have an inverse function? 


5 Sketch the graphof f:ar a? and its inverse function f(x). 


It is important to understand the distinction between one-to-one and many-to-one functions. 





A one-to-one function is any function where e for cach x there is only one value of w and 
e for each y there is only one value of x. 


Functions that are one-to-one satisfy both the “vertical line test” and the “horizontal line 
test”. 


This means that: e no vertical line can meet the graph more than once 
e no horizontal line can meet the graph more than once. 


Functions that are not one-to-one are called many-to-one. While these functions must satisfy 
the “vertical line test” they do not satisfy the “horizontal line test”, i.e. at least one 
y-value has more than one corresponding x-value. 


e Ifthe function y = f(x) is one-to-one, it will have an inverse function 
E 
y= f(x). 
e fa function y= f(x) is many-to-one, it will not have an inverse function. 


e Many-to-one functions can have inverse functions for a restricted part of 
the domain (see Example 22). 
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Example 22 


Consider fiz. 


a Explain why the function defined above does not have an inverse function. 
b Does f:zxr>sx? where x >0 havean inverse function? 

e Rindo (o) dor ferro 

d Sketch y=Jf(x), y=z and y=f(x) for finband fr! 





fix? has domain zeER b If we restrict the domain to 


and is many-to-one. z200rze [0,00], or in fact 

It does not pass the “horizontal line any domain which makes f 

test”. one-to-one, it satisfies the 
“horizontal line test” and so 
has an inverse function. 


f is definedby y=z?, x 


>0 
f-!isdefinedby z=y, y>0 
RE TUR 
o y=vt 
fas — vz is < 0) 
So, fHa)=vz 





0 





1 
Note: The function f(x) = —, « 0, is called the reciprocal function. 
Er 
It is said to be a self-inverse function as f = f1. 


1 
This is because the graph of y=— is symmetrical about the line y =. 
x 


Any function with a graph which is symmetrical about the line y = x must be a 
self-inverse function. 


EXERCISE 1) 


Note: Ifthe domain of a function is the set of all real numbers, then the statement 
«ER will be omitted. 


1 Which of the following functions have inverses? In each of these cases, write down the 
inverse function. 


a (0,2), (2, 4),(3, 5) b (1,3), (0,2), (1, 3)) 
c (Q2, 1), (—1, 0), (0, 2), ti, 3) d ((=1, =), (0, 0), (1, 1) 


48 — FUNCTIONS (Chapter 1) 


1 
2 a Showthat f:ax- — has an inverse function for all x + 0. 
x 
b Find f”! algebraically and show that f is a self-inverse function. 


3 Showthat f:zxms e, gv +3 isa selfinverse function by: 
di 


a referenceto its graph b using algebra. 
4 The “horizontal line test” says that: 
for a function to have an inverse function, no horizontal line can cut it more than once. 
a Explaim why this is a valid test for the existence of an inverse function. 


b Which of the following functions have an inverse function? 
ii iii 





ce For the functions in b which do not have an inverse, specify domains as wide as 
possible where each function does have an inverse. 


5 Consider f:rzgz” 


a Find f(x). 
b Sketch y=f(z), y=z and y=f"!(x) on the same set of axes. 


where x < 0. 


6 a Explainwhy f:z-a?-4r+3 isa function but does not have an inverse 
function. 


b Explain why f for «>2 has an inverse function. 
Show that the inverse function of the functionin bis fI(r)=2+vI+z. 
d TIfthe domain of f is restricted to x > 2, state the domain and range of 
| f of. 
e Showthat fof!=f-lof-=z, the identity function. 


a 


7 Given fixo(r+1)2+3 where v>-1: 
a find the defining equation of |! 
b sketch, using technology, the graphs of y= f(x), y=« and y=f1(x) 





c state the domain and range of à f of. 
8-— 
8 Consider the functions f:zx>2x+5 and g:zx 3 S 
a Find g1(-1). b Solveforxif (fog D(x)=9. 


9 Given f:ivxo5" and girxovã: 
a find i f(2) ii 9/4) b solvetheequation (glo f(x) = 25. 


10 Given fiz 27 and g:zxh 423 show that (flog (x) = (go a). 
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11 Which of these functions is a self-inverse function, i.e., f(x) = f(x)? 
2 6 
a Ho)=% b fa=r c fa=-z d fo-2 e fa-o 


12 Showthat (fofYa)=(f'of(x)=a for: 


a fa)=32+1 db Ho)=25º e Hao=vE 





a Bis the image of A under a reflection in the 
line y = 4. 
IfA is (x, f(x)), what are the coordinates of 
B under the reflection? 

b Substitute your result from a into y = f1(x). 
What result do you obtain? 
Explain how to establish that fH(f1(x))=« 
also. 





MAMAS 
1H fa)=22-2> find a f2) db H-3) ec f-5) 
2 For each of the following graphs determine: 


i the range and domain ii the x and y-intercepts 
iii whether it is a function iv if it has an inverse function 





Nt2,=5) 





Finda, bandcif f(0)=5, f(-2)=21 and f(3)=—4 and f(x) = ax2+br+c. 
& Draw a sign diagram for: 
Rio 
a (3x+29(4-2) E 


22 +47 +44 
5 If f(r)=2x-3 and g(x)=72+2, find: a f(g(x)) b g(f(x)) 
6 Solve for x: 
os) 3 5 
dE Ed 
T+2 So E E 
7 Consider vz 2x-7T. 
a On the same setofaxes graph y=z, f and fr. 
b Find f!(x) using variable interchange. 
c Showthat fofl=f-lof=x, the identity function. 
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8 Solve for x: 








3x +41 
da [=3 b |3x-2]>/|22483| 
Z—2 
de +1 
9 F q 
gera “O rr 


a determine the asymptotes 


b discuss the behaviour of the function as it approaches its asymptotes 
€ sketch the graph. 


10 Given f:z>37+6 and h:xm = showithat (lo hm ita = (ho mag): 


Nada RL 
11 g(x)=12-3x, find in simplest form a g(x+1) b g(x2-2) 





2 For each of the following functions f(x) find f-1(x): 


a e BE eo 





5 
3 For each of the following graphs, find the domain and range. 








4 Copy the following graphs and draw the graph of each inverse function: 


a 4 b o 
e a 
2, 
5 
X X 
5 Draw a sign diagram for: 


x? — 6x — 16 v+9 
q b 
Lv—s v+s 





ar dp 





6 Solve for x: 
g2-—- 3x —4 


a 2724+7<10 b ———— >0 
ER a 
7 Findan f and a g function given that: 
DN 
a Soo)=vI=E d st)-(55) 


8 Solve for x: 
a |4x-2|=|2+7| b |7-32]28 
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3x — 2 
z2 —4 


determine the asymptotes 





9 For f(x)=3+ 


discuss the behaviour of the function as it approaches its asymptotes 
sketch the graph 


2a co 


find the coordinates of all points where the function crosses its asymptotes. 


10 Given h:zx-(x-4)2+3, ze [4,00] 
a find the defining equation of h”! bo Show ihai hop = oh 


Ain o: 
a findinsimplestform h(2x—-1) b findxif h(2x—-1)=—2 
2 For each of the following graphs find the domain and range: 


a b 
» 










Ao 





SM fan do 2r ando go) qo 
a findin simplestform à (fog)(zx) io (go f(x) 
b What is the domain and range of fog and go f? 


4 Solve for x: 











É = 2 IR? 
' ae E) <6 b Ria > Re 
ER, E Aa ae 
1 
5 Consider f(x) = =. a For what value of « is f(x) meaningless? 


b Sketch the graph of this function using technology. 
€ State the domain and range of the function. 


6 a Solve graphically: |2x-6|>2x+3 





b Graphthe function f(x) = and hence find all values of x for 


E [z[+1 
hich ——— > 5 
EO 
Nx — 
7 a Draw a sign diagram for aa 
E 
2 = 
b Hence, solve for x: EEEdo E) 


ap = 1 
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5 
(x — 1)? 
a determine the asymptotes 


8 For f(x)=z-2+ 


b discuss the behaviour of the function as it approaches its asymptotes 
€ sketch the graph. 


9 Find f(x) giventhat f(x) iss a 4+2 b Rs 


10 





Sketch the graphof g:zxr-7º+6x+7. 

Explain why g for « € ]— oo, —3] has an inverse function g”1. 

Find algebraically, the equation of g 1. d Sketch the graph of g 1. 
Find the range of g and hence the domain and range of g 1. 


“a co 
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An important skill in mathematics is to: e recognise a pattern in a set of numbers, 
e describe the pattern in words, and 
e continue the pattern. 


A list of numbers where there is a pattemn is called a number sequence. 
The numbers in the sequence are said to be its members or its terms. 


For example, 3,7, 11, 15,..... form a number sequence. 
The first term is 3, the second term is 7, the third term is 11, and so on. 


We describe this pattern in words: 


“The sequence starts at 3 and each term is 4 more than the previous one” 


Thus, the fifth term is 19, the sixth term is 23, and so on. 


Example 1 





Describe the sequence: 14, 17, 20, 23, and write down the next two terms. 


The sequence starts at 14 and each term is 3 more than the previous term. 
The next two terms are 26 and 29. 





EXERCISE 2A 

1 Write down the first four terms of the sequence if you start with: 
a 4 and add 9 each time b 45 and subtract 6 each time 
c 2 and multiply by 3 each time d 96 and divide by 2 each time. 

2 For each of the following write a description of the sequence and find the next 2 terms: 
a 8, 16, 24, 32, .... b 2,5/8,11, c 36, 31, 26, 21, .... 
d 96, 89, 82, 75,..... e 1,4, 16, 64,... f 2,6,18,54,... 
g 480, 240, 120, 60,.... h 243,81,27,9,.... 1 50000, 10000, 2000, 400, .... 


3 Describe the following number patterns and write down the next 3 terms: 
a 1,4,9,16,... b 1,8,27,64,... c 2,6, 12,20... 





Consider the illustrated tower of bricks. 
The top row, or first row, has three 
bricks. The second row has four bricks, 
and the third row has five bricks. 





y 
If un represents the number of bricks in row n (from the top) 
then w=3, us=4, us=>5, UU =6, ... 
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The number pattern: 3,4,5,6,..... is called a sequence of numbers. 
This sequence can be specified by: 


e Using words “The top row has three bricks and each successive 
row under it has one more brick.” 
e Using an explicit formula un =n+2 isthe general term (or nth term) 
formula for n=1,2,3,4,5,.... 
Check: uwu=1+2=3V/ u=24+2=4 V/ 





us=3+2=5v/ etc. 


Early members of a sequence can be 
graphed. Each term is represented by a 
dot. 


The dots must not be joined. Why? 





Td ARA NR 


A circular stadium consists of sections as illustrated, with aisles in 
between. The diagram shows the tiers of concrete steps for the final 
Dq section, Section K. Seats are to be placed along every concrete step, with 
each seat being 0.45m wide. AB, the arc at the front of the first row, is 
14.4m long, while CD, the arc at the back of the back row, is 20.25m long. 


For you to consider: 20.25 m 


1 How wide is each concrete step? 


2 What is the length of the arc of the back 
of Row 1, Row 2, Row 3, etc? 


3 How many seats are there in Row 1, 
Row 2, Row 3, ...... , Row 13? 


4 How many sections are there in the stadium? 





irm 


5 What is the total seating capacity of the stadium? , £ | to centre 
6 What is the radius of the “playing surface”? : : Ro 


To solve problems like the Opening Problem and many others, a detailed study of sequences 
and their sums (called series) is required. 


NUMBER SEQUENCES 


A number sequence is a set of numbers defined by a rule that is valid for positive integers. 


A number sequence is a function whose domain is the set of positive integers. 
Sequences may be defined in one of the following ways: 
e using a formula which represents the general term (or nth term) 
e giving a description in words 
e listing the first few terms and assuming that the pattern represented continues 
indefinitely. 
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THE GENERAL TERM 


Um, Ta, tn, An, etc. can all be used to represent the general term (or nth term) of a 
sequence and are defined for n=1,2,3,4,5,6,... 

(un represents the sequence that can be generated by using u, as the nth term. 

funk isa function, ie, n > un, ne Zt 


For example, (2n+ 1) generates the sequence 3,5, 7,9, 11,... 


EXERCISE 2B 
1 List the first five terms of the sequence: 
a (2n) b (2n+2) c (2n-1) d (2n-3) 
e (2n+3) f (2n+11) g (3n+1) h (4n-3) 





2 List the first five terms of the sequence: 
a (2º) b (3x27) c t6x(5)) d (20) 
3 List the first five terms of the sequence (15 — (—2)"1. 





An arithmetic sequence is a sequence in which each term differs from the 
previous one by the same fixed number. 


For example: 2,5,8,11,14,.... isarithmeticas 5-2=8-5=11-8=14-11, etc. 
Likewise, 31, 27, 23, 19, .... isarithmeticas 27—-31=23-27= 19-28, etc. 
ALGEBRAIC DEFINITION 


fun) isarithmetic & unsi— Un =d forall positive integers n where d is 
a constant (the common difference). 


Note: e <> isread as “if and only if” 
e If (un) is arithmetic then wn,1 — Un isa constant and 


if unti — Un isa constant then (wu, is arithmetic. 


THE NAME “ARITHMETIC' 


If a, b and c are any consecutive terms of an arithmetic sequence then 





b-a=c—b (equating common differences) 
2b=a+c 
a+c 
b q 
2 


So, the middle term is the arithmetic mean of the terms on either side of it. 
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THE GENERAL TERM FORMULA 


Suppose the first term of an arithmetic sequence is wu, and the common difference is d. 
Then uw=u+d, us=u+2d, us=wÚ+3d, andso on. 
Hence un=uwu+(n-—l)d 
t 


The coefficient of d is one less than the subscript. 
| 


So, for an arithmetic sequence with first term u; and common difference d 
the general term (or nth term) is un =uwt+(n-—l)d. 


Example 2 


Consider the sequence 2,9, 16, 23, 30, 

a Show that the sequence is arithmetic. 

b Find the formula for the general term u,. 

ce Find the 100th term of the sequence. 

d Is i 828 if 2341 a member of the sequence? 


OR? si Á So, assuming that the pattern continues, 
Go consecutive terms differ by 7. 


28) — Hj = 7 
SO) — 28) = 


un = wu + (n — 1)d Ro corr mi IDNEROS iu fm 


the sequence is arithmetic with wu =2, d=T. 


If n=100, wo = 7(100) — 5 = 695. 


IRIS 2S2S ii Let ur = 234 
Tm 5 — 828 “+ Tn—5= 234 
Tn = 833 “o in = 2346 
oO  n=835 
828 is a term of the sequence. which is not possible as n must be an 
In fact it is the 119th term. integer. .. 2341 cannot be a term. 





Example 3 


Find k given that 3k+1, k and —3 are consecutive terms of an arithmetic 
sequence. 


Since the terms are consecutive, k-—(3k+1)=—-3 — k (equating differences) 
k-3k-1=-3-—-k 
Ee, 
Ep 
Re= 2 
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Example 4 


Find the general term wu, for an arithmetic sequence with us = 8 and ug = —17. 


us =8 o uwm+2d=8 
us = —17 Rã Eiji Td = —17 





We now solve (1) and (2) simultancously: 
in 2d- 3 
RC A LN 


5d =-—25 [adding the equations) 
d=-5 


So in (1) um +2(-5) =8 
Va = = 8 
E ui =— 18 


Now un=u+(n-—l)d 
+ un=18-5(n-—1) 
Un =18-— 5n+5 
Un = 23— 5n 












Insert four numbers between 3 and 12 so that all six numbers are in arithmetic 
sequence. 






If the numbers are 3,3 + d, 3+2d, 3+4+3d, 3 + 4d, 12 
then 3+5d = 12 
5d =9 
EMP ORA 
d=2=18 


So, we have 3, 4.8, 6.6, 8.4, 10.2, 12. 













EXERCISE 2€ 


1 Consider the sequence 6, 17, 28, 39, 50, ..... 
a Show that the sequence is arithmetic. b Find the formula for its general term. 
c Find its 50th term. d Is 325 a member? 
e Is 761 a member? 


2 Consider the sequence 87, 83, 79, 75, ..... 
a Show that the sequence is arithmetic. b Find the formula for its general term. 
c Find the 40th term. d Is —143 a member? 
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3 A sequence is defined by un =3n—2. 





a Prove that the sequence is arithmetic. Hint: Find uns — Un. 
b Find u; and d. c Find the 57th term. 
d What is the least term of the sequence which is greater than 450? 
; 1-7 
& A sequence is defined by un = 3 Ez 
a Prove that the sequence is arithmetic. b Find u, and d. c Find us. 


d For what values of n are the terms of the sequence less than —2002 


5 Find k given the consecutive arithmetic terms: 
a 32,k,3 b k+1,2k+1,13 c 5,kk-8 


6 Find the general term wu, for an arithmetic sequence given that: 
a u,=41 and us=77 b us=-2 and wo =-—125 
c the seventh term is 1 and the fifteenth term is —39 
d the eleventh and eighth terms are — 16 and —115 respectively. 


7 a Insert three numbers between 5 and 10 so that all five numbers are in arithmetic 


sequence. 
b Insert six numbers between —1 and 32 so that all eight numbers are in arithmetic 
sequence. 
8 Consider the finite arithmetic sequence 36, 353, 343, ...., —30. 
a Find u, and d. b How many terms does the sequence have? 
9 An arithmetic sequence starts 23, 36, 49, 62, ..... What is the first term of the sequence 


to exceed 1000002 


A sequence is geometric if cach term can be obtained from the previous one by 
multiplying by the same non-zero constant. 





For example: 2, 10, 50, 250, .... is a geometric sequence as 
2x5=10 and 10x5=50 and 50x 5= 250. 


Noticethat 2=5=&=5, so cach term divided by the previous one gives the same 
constant. 


Algebraic definition: 


Un+1 
Un 
where 7 is a constant called the common ratio. 


tun ) is geometric & =» for all positive integers n 


For example: e 2,10,50, 250, .... is geometric with r=5. 
e 2,-10,50, —250,.... is geometric with r=-—5. 
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THE NAME 'GEOMETRIC' 


: j b cc 
If a, b and c are any consecutive terms of a geometric sequence then — = 5 
a 





b2=ac andso b=+ ac where ac is the geometric mean of a and c. 


THE GENERAL TERM 
Suppose the first term of a geometric sequence is wu; and the common ratio is r. 
Then uw=uÚwr, us=UÚr, u=ur, andsoon. 


Hence un = ur 


The power of r is one less than the id 





So, for a geometric sequence with first term u; and common ratio 7, 


the general term (or nth term) is u, = ur" 1. 


Example 6 


1 
aR 

Show that the sequence is geometric. b Find the general term un. 
Hence, find the 12th term as a fraction. 


For the sequence 8,4,2,1 


So, assuming the pattern continues, consecutive terms have a common ratio of > 


the sequence is geometric with uy =8 and r = >. 


Uai Ur DR (o Or a DO Ro Vo 
E o qua 
QU o — O x (5)! — 93+(—n+1) 


o — 94-n 
256 =2 





k— 1, 2k and 21 — k are consecutive terms of a geometric sequence. Find k. 


: ) 2k 21—k E 
Since the terms are geometric, —— = fequating rs) 
k—1 2k 
4k2 =(21-k)(k-—1) 
4 =2k-2-k+k 

DR Do DO 

(5k-—T)(k—3)=0 andso k=£ or 3 
E, =. vo p=") 


6,18. / fr=3) 





Check: ft fo= - the terms are: 
If k=3 the terms are: 





2 
5 
2, 
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Example 8 


A geometric sequence has uz = —6 and us = 162. Find its general term. 


Us — Ur — 


and us=uwr!= 


ut 


So, 


ur 
e 
ii Note: 
RR (—3)r—1 = —gn-1 
, as we do not know the value of n. 
and so in (1) ao É If n is odd, then (=3)"-1 = 3101 
E If n is even, then (-3)"-1 = —3n-1 


Thus un=2x(-3)" 1 we cannot simplify the answer. 


Example 9 


Find the first term of the geometric sequence 6, ND ID oo o unich 
exceeds 1400. 


Now u = 6 and r=v2 
Va = 6% (VOA. 
Next we need to find n such that u, > 1400. 
Using a graphics calculator with Y, =6x(v2)(n— 1), we viewa 
table of values: 
So, the first term to exceed 
1400 is wi7 where 
u17 = 1536. 


Note: Later we can solve 
problems like this one 
using logarithms. 


Parse 
HS in 





EXERCISE 2D.1 
1 For the geometric sequence with first two terms given, find b and c: 
a 2,6,b,6,... b 10,5,b,c,..... c 12,-6,5,c,..... 
2 a Show that the sequence 5, 10, 20, 40, ..... is geometric. 


Find wu, and hence find the 15th term. 


3 a Show that the sequence 12, —6,3, —> Son is geometric. 
Find wu, and hence find the 13th term (as a fraction). 
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4 Show that the sequence 8, —6, 4.5, —3.375, .... is geometric and hence find the 10th 
term as a decimal. 


5 Show that the sequence 8, AVDA DO am dE geometric. Hence find, in simplest 
form, the general term um. 


6 Find k given that the following are consecutive terms of a geometric sequence: 
a 7,k,28 b k,3k, 20 — k c k,k+8,9k 


7 Find the general term u, of the geometric sequence which has: 
a u=24 and u,=192 b us=8 and ug=—1 
c u,=24 and us = 384 d us=5 and u,=5 
8 a Find the first term of the sequence 2, 6, 18, 54, .... which exceeds 10 000. 


b Find the first term of the sequence 4, 4/3, 12, 1243, .... which exceeds 4800. 
ce Find the first term of the sequence 12, 6,3, 1.5,.... which is less than 0.0001. 


COMPOUND INTEREST 


Consider the following: You invest 81000 in the bank. You leave the money in the bank 
for 3 years. You are paid an interest rate of 10% p.a. 
The interest is added to your investment each year. 


An interest rate of 10% p.a. is paid, increasing the value of your investment yearly. 


Your percentage increase each year is 10%, so at the end of the year you will have 
100% + 10% = 110% of the value at its start. This corresponds to a multiplier of 1.1. 


After one year your investment is worth $1000 x 1.1 = $1100 


After two years it is worth After three years it is worth 
$1100 x 1.1 $1210 x 1.1 

= $1000 x 1.1 x 1.1 = 81000 x (1.1)? x 1,1 

= $1000 x (LI)? = $1210 =S10005 (1.1)º 


This suggests that 1f the money is left in your account for mn years it would amount to 
$1000 x (1.1)”. 


Observe that: u1 = $1000 = initial investment 
us =uxll = amount after 1 year 
uz = wu X (1.1)? = amount after 2 years 
us = uy X (1.1)? = amount after 3 years 


Un+1 = uy X (1.1)” = amount after n years 
In general, we can use the compound interest formula (UU == RA 


where vu, = initial investment n = number of years 
r = growth multiplier Un+1 = amount after n years. 
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ELA 


$5000 is invested for 4 years at 7% p.a. compound interest, compounded annually. 
What will it amount to at the end of this period? 





tis RENO r4 is the amount after 4 years 
= SOOU or (for a 7% increase 100% becomes 107%+ 


= 6553.98 15000 [x] 1.07 [2] 4 : 


So, it amounts to $6553.98. 








Example 11 


How much should T invest now if I want the maturing value to be $10 000 in 4 years” 
time, if 1 am able to invest at 8.5% p.a. compounded annually? 


dm = o = MONO, r= LOS 


4 


vis = UI XT fusino api un xr) 


10000 = uy x (1.085)! 


— 10000 
— (1.085)! 


uy = 7215.74 (10000 [5] 1.085 [A] 4 [ENTER]) 


So, you should invest $7215.74 now. 


u 





EXERCISE 2D.2 
1 a What will an investment of $3000 at 10% p.a. compound interest amount to after 
3 years? 


b What part of this is interest? 


2 How much compound interest is earned by investing €20 000 at 12% p.a. if the invest- 
ment is over a 4 year period? 


3 a What will an investment of 30000 Yen at 10% p.a. compound interest amount to 
after 4 years? 


b What part of this is interest? 


& How much compound interest is earned by investing $80 000 at 9% p.a., if the investment 
is over a 3 year period? 


5 What will an investment of 100000 Yen amount to after 5 years if it cams 8% p.a. 
compounded twice annually? 


6 What will an investment of £45 000 amount to after 21 months if it earns 7.5% p.a. 
compounded quarterly? 


7 How much money must be invested now if you require $20 000 for a holiday in 4 years” 
time and the money can be invested at a fixed rate of 7.5% p.a. compounded annually? 


64 | SEQUENCES AND SERIES (Chapter 2) 


8 What initial investment is required to produce a maturing amount of £15000 in 60 
months” time given that a fixed rate of 5.5% p.a. compounded annually is guaranteed? 


9 How much should 1 invest now 1f I want a maturing amount of €25000 in 3 years” time 
and the money can be invested at a fixed rate of 8% p.a. compounded quarterly? 


10 What initial investment is required to produce a maturing amount of 40000 Yen in 8 
years” time if your money can be invested at 9% p.a., compounded monthly? 


OTHER GEOMETRIC SEQUENCE PROBLEMS 


Example 12 


The initial population of rabbits on a farm was 50. 
The population increased by 7% each week. 
a How many rabbits were present after: 

i 15 weeks il 30 weeks? 


b How long would it take for the population to reach 5009 


We notice that ui = 50) and »= 10% 
ua = 50 x 1.07 = the population after 1 week 
oil Em ii and 
tliç— DORA (LOM da OW (Om) 
= 137.95 x 380.61 
ie. 138 rabbits ie. 381 rabbits 


Do uni — um x (0007)" afier mn wecks 
So, we need to find when 50 x (1.07)” = 500. 
Trial and error on your calculator gives n = 34 weeks 
or using the Equation Solver gives n = 34.03 


or by finding the point of intersection 
of Y,= 50x 1.072X and Yo = 500 
on a graphics calculator, the solution is 
= 34.03 weeks. 


Inkirsgckion x 
n=24,0222804. Y=E0O o. 





EXERCISE 2D.3 


1 A nest of ants initially consists of 500 ants. 
The population is increasing by 12% each week. 
a How many ants will there be after 
i 10 weeks ii 20 weeks? 


b Use technology to find how many weeks it 
will take for the ant population to reach 2000. 
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2 The animal Eraticus is endangered. Since 1992 there has only been one colony remaining 
and in 1992 the population of the colony was 555. Since then the population has been 
steadily decreasing at 4.5% per year. Find: 

a the population in the year 2007 
b the year in which we would expect the population to have declined to 50. 


A series is the addition of the terms of a sequence, 
Le, u tus +us+...+u, isa series. 





The sum of a series is the result when we perform the addition. 
Given a series which includes the first n terms of a sequence, its sum is 
Sn=>u tu tus +... +Uun. 














Example 13 


For the sequence 1, 4,9, 16, 25, .... 
a Write down an expression for Sa. DE EndES form [253 Mandis 


as b S-=1 
fall terms are perfect squares! S9=1+4=5 
Ss ORI! 
Suse dl 9416 = 30 
56 9+16+425 = 5 




















SIGMA NOTATION 


um +Husg+usg-+us+...+u, can be written more compactly using sigma notation. 


53, which is called sigma, is the equivalent of capital S in the Greek alphabet. 


n 
We write uwtHuz+tustu+..+tu, as Sup. 
k=1 


So, 5) ur reads “the sum of all numbers of the form u; where k = 1,2,3,...., up to n”. 
R=1 


Example 14 
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n n n 
Note: E (ax + by) = no ar + a by, 
oil! fo! o) 


n n n 
Fics aiconstant E car = e Man ando een 
=] =) k=1 


EXERCISE 2E.1 
1 For the following sequences: 
i write down an expression for Sa ii find Ss. 
SALÃO, 27, cu 42,97 92,07 0 é 1Z63 15 ao 
d 2,3,45,6%,... e Lya É 1,8,27,64, 


2 Expand and evaluate: 


4 5 Vá 5 
a S(8:-5) bb S(1-2%) ce DVk(k41) d 5 10x2! 
k=1 k=1 k=1 k=1 


3 For un=3n-—1, write utuo+us+....+uoo) using sigma notation and evaluate 


the sum. 
& Show that: 
a Sc=en E Foca c), 0 c S(ar+b)=>ar+> be 
k=1 k=1 k=1 k=1 k=1 k=1 


5 a Explainwhy > (3: +4k-3)=35) k +45) k-3n 
k=1 k=1 k=1 
n(n + 1) ai TE- n(n + D(2n+1) 
2 k=1 6 
find in simplest form 53) (k+ D)(k + 2). 
k=1 


b Giventhat 55 k= 
k=1 


Check your answer in the case when n = 10. 


ARITHMETIC SERIES 
An arithmetic series is the addition of successive terms of an arithmetic sequence. 


For example: 21, 23, 25, 27, ....., 49 is an arithmetic sequence. 


So, 21+23+25 +27 +... +49 is an arithmetic series. 


SUM OF AN ARITHMETIC SERIES 


If the first term is uy and the common difference is d, then the terms are: 
ui, Uj + d, us + 2d, us + 3d, etc. 


Suppose that w, is the final term of an arithmetic series. 
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So, Sa=u+t(m+H)+(m+2d)+....+(un— 2d) + (un — d) +un 
But Sa =Un+(un—d)+(un—2d)+...+(u+2d) +(wm +d) +uw (reversing them) 





Adding these two equations vertically we get 





2Sn = (um + Um) + (ua + Um) + (us + tm) +. + (ty + Um) + (ta + Um) + (ts + Un) 


n of these 
2Sn = (uy + Un) 


Se sus +un) where un=uw+(n-—l)d 


Ms Me o (um ER em + (n — 1)d) 


Example 15 


Find the sum of 4+4+7+10+13+.... to 50 terms. 


Mhelsenesiis anthmeticiwithun= Ad 3 and 50! 


So, Sso=5(2x4+49x3) using Sn= o (2u + (n— 1)d)) 
= 3610) 





Example 16 


Find the sum of -6+14+8+15+.... + 141. 





The series is arithmetic with w =-—-6, d=T7 and u,=141. 


First we need to find n. 
Now un=uw+(n-—l)d= 14 | 
E Using Sa = (um + un), 
a NAT So» = 22(-6 + 141) 
0 LR RR] SAIR 
an = 1485 





EXERCISE 2E.2 


1 Find the sum of: 


a 3+7+11+15+.... to 20 terms b 54+3+55+8+... to 50 terms 
ce 100+93+86+79+.... to40terms dd 504+485+47+4+455+.... to 80 terms 


2 Find the sum of: 


a 5+8+11+14+....4+101 b 50+495 +49+485 +....+(—20) 





c 8+105+13+155+....+83 
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3 Evaluate these arithmetic series: 
10 15 20 /k+3 
a 5 (2k+4+5) b 5 (k—50) c = (5) 
k=1 k=1 k=1 2 
& An arithmetic series has seven terms. The first term is 5 and the last term is 53. Find 
the sum of the series. 


5 An arithmetic series has eleven terms. The first term is 6 and the last term is —27. Find 
the sum of the series. 


A bricklayer builds a triangular wall with layers 
of bricks as shown. If the bricklayer uses 171 
bricks, how many layers did he build? 





7 Each section of a soccer stadium has 44 rows with 22 seats in the first row, 23 in the 
second row, 24 in the third row, and so on. How many seats are there in: 


a row 44 b each section c the stadium which has 25 sections? 


8 Find the sum of: 
a the first 50 multiples of 11 b the multiples of 7 between O and 1000 
€c the integers between 1 and 100 which are not divisible by 3. 


9 Prove that the sum of the first n positive integers is Sn(n+1). 


10 Consider the series of odd numbers 1+3+5+7+... 
a What is the nth odd number u,? 
b Prove that “the sum of the first n odd numbers is n?”. 
c Check your answer to b by finding 54, S5, 53 and S4. 


11 Find the first two terms of an arithmetic sequence where the sixth term is 21 and the 
sum of the first seventeen terms is 0. 


12 Three consecutive terms of an arithmetic sequence have a sum of 12 and a product of 
—80. Find the terms. Hint: Letthetermsbe vx—-d, «x and vx+d. 


13 Five consecutive terms of an arithmetic sequence have a sum of 40. The product of the 
middle and the two end terms is 224. Find the terms of the sequence. 


GEOMETRIC SERIES 


A geometric series is the addition of successive terms of a geometric sequence. 


For example, 1,2,4,8, 16,...., 1024 isa geometric sequence. 
So, 1+2+4+8+ 16+.... + 1024 isa geometric series. 


SUM OF A GEOMETRIC SERIES 


If the first term is wu; and the common ratio is r, then the terms are: 


UM, UT, UP2, Urê,... etc. 
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So, She uma wu”? LÃ. Lauro ur 
I I | I Í 
ua Us us Un—1 Un 
u(r” — 1 u (1 — 7” 

and for ral, qe) or Sm Eai) 

r—1 1-—-r 
Proof: E S=uturtur+ur+..+ur + ur... (1) 
then rSa=(urtur+ur-urt+t..+urroD +wr” 


rSn = (Sn — u1) + ur” (from (1)) 
"Sa — Sn = ur” — us 


Salr— 1) = u(r”" — 1) and so ms da So or ano) for r 1. 


r—l l-r 





Discuss the case r = 1. 
ELA! 
Find the sum of 2+6+18+54+.... to 12 terms. 
The series is geometric with wu =2, r=3 and n=12. 


o nd) 
(using Shn= e , 


(a) 
Ea 
= 531440 


So, Sig = 








Example 18 







Find a formula for S, for 9-34+1- 5 +... ton terms. 








This answer cannot 
be simplified as we 
do not know if n is 

odd or even. 






So ES — 






E: 4 
l-r 5 


2 =(-57) 





EXERCISE 2E.3 


1 Find the sum of the following series: 
a 12+6+3+1.5+... to l0Oterms bb V7+7+7V7+49+... to 12 terms 


c 6-3 +15—2+... to 15 terms d l-atio-na tes to 20 terms 
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2 Find a formula for S,, for: 
a V3+3+3/3+9+.... ton terms 
b 12+6+3 +15 +... to n terms 
e 0.94 0.09 + 0.009 + 0.0009 + ..... ton terms 
d 20-10+5-25+... ton terms 





3 Evaluate these geometric series: 


10 12 
É E 3x2 b El 


25 
pre ce D6x(-2* 
k=1 k=1 


top 


4 Each year a salesperson is paid a bonus of $2000 which is banked into the same account. 
It earns a fixed rate of interest of 6% p.a. with interest being paid annually. The amount 
at the end of each year in the account is calculated as follows: 


Ag = 2000 
Aj = Ag x 1.06 + 2000 
As = A, x 1.06 + 2000 etc. 


a Show that As, = 2000 + 2000 x 1.06 + 2000 x (1.06)2. 
b Show that As = 2000[1 + 1.06 + (1.06)2 + (1.06)º]. 
c Find the total bank balance after 10 years, assuming there are no fees or charges. 


1 
5 Consider m=5+7+5 tim t + 
a Find S, 55, 93, S4 and S; in fractional form. 

b From a guess the formula for S,. 








jm 

















c Find S, using Sa = pa, 3 
l=-r 1 
d Comment on S, as n gets very large. E 
e What is the relationship between the given — 
diagram and d? E 











SUM OF AN INFINITE GEOMETRIC SERIES 


u (1 — 1") 


Sometimes it is necessary to consider S, = 1 
—r 


when n gets very large. 
What happens to 9, in this situation? 
If |r|> 1, the series is said to be divergent and the sum becomes infinitely large. 


If —-I<r<1, ie, |r|<1, thenr” approaches O for very large n. 


This means that S, will get closer and closer to 





—r 
ui 


= 





We say that the series converges and we write its sum as fo = foro ip 
We call this the limiting sum of the series. 


This result can be used to find the value of recurring decimals. 
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Example 19 


ee E 
0.7 = 0 + 700 + 1000 + 10000 + ---- 


Write 0.7 as a 


; which is a geometric series with infinitely many terms 
rational number. 





EXERCISE 2E.4 
1 Consider 0.3= E + ca + = +... which is an infinite geometric series. 
a What are | us and ii 7? 


b Using a, show that 0.3= 5. 


Hal 


2 Write as a rational number: a 0. b 0.16 ce 0.312 


3 Use s=— 





to check your answers to Exercise 2E.3, questions 5d and 6€. 


4 Find the sum of each of the following infinite geometric series: 
a 18+12+8+..... b 189-634+21-..... 


5 Find each of the following: 


oo 3 oo 


1 Lg » 2665 


6 Determine whether each of the following series is convergent. If so, find the sum of the 
series. If not, find the smallest value of n for which the sum of the first n terms of the 
series exceeds 100. 


a 18-9+45-.... po LISA A aa 


7 The sum of the first three terms of a convergent geometric series is 19. The sum of the 
series is 27. Find the first term and the common ratio. 


8 The second term of a convergent geometric series is -. 


The sum of the series is 10. Show that there are two possible series and find the first 
term and the common ratio in each case. 


9 A ball takes 1 second to hit the ground when dropped. It 
then takes 90% of this time to rebound to its new height 
and this continues until the ball comes to rest. 


a Show that the total time of motion is given 
by 1 + 2(0.9) + 2(0.9)2 + 2(0.9)8 + ..... 
b Find S, for the series in a. 
ground e How long does it take for the ball to come to rest? 


Note: This diagram is inaccurate as the motion is really up and down on the same 
spot. It has been separated out to help us visualise what is happening. 
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EXERCISE 2F 


10 


Henk starts a new job selling TV sets. He hopes to sell 11 sets in the first week, 14 
in the next, 17 in the next, and so on in arithmetic sequence. In what week does Henk 
hope to sell his 2000th TV set? 


A computer is bought for $2795 and depreciates at a rate of 2% per month. After how 
many months will its value reduce to $5007 


A geometric series has a second term of 6 and the sum of its first three terms is —14. 
Find its fourth term. 


When a ball falls vertically off a table it rebounds 75% of its height after each bounce. 
If it travels a total distance of 490 cm, how high was the table top above the floor? 


An arithmetic and a geometric sequence both have a first term of 1 and their second 
terms are equal. The 14th term of the arithmetic sequence is three times the third term 
of the geometric sequence. Find the twentieth term of each sequence. 


5 12 
Evaluate: a k(k+I)(k+2)  b 5) 100x (1.2)43 
k=1 k=6 
Findn giventhat: a > (Qk+3)=1517 0 b 3 2x3] =177146 
k=1 k=1 
oo 3x k—1 

Fi If — =4, 

ind xi x ( 3 ) 

3 1 

The sum of the first n terms of an arithmetic sequence is ditas DA 

a Find its first two terms. b Find the twentieth term of the sequence. 


Mortgage repayments: 


$8000 is borrowed over a 2-year period at a rate of 12% p.a. Quarterly repayments are 
made and the interest is adjusted cach quarter, which means that the amount repaid in 
the period is deducted and the interest is charged on the new amount owed. 
There are 2x4=8 repayments and the interest per quarter is Ater = 3%, 
At the end of the first quarter the amount owed, A, is given by $8000 x 1.03 — R, 
where R is the amount of each repayment. 
At the end of the second quarter the A, =44x1.03-R 
amount owed, A», is given by: = ($8000 x 1.03 — R) x 1.03—- R 

= $8000 x (1.03)2 — 1.03R — R 


a Find a similar expression for the amount owed at the end of the third quarter, As. 
b Write down an expression for the amount owed at the end of the 8th quarter, As, 
and hence deduce the value of R. Hint: What value do we want As to have? 

c Ifthe amount borrowed at adjusted interest conditions is $P, the interest rate is r% 
per repayment interval, and there adia E 
are m repayments, show that the Fi P(1+ 100) 100 

amount of each repayment is (1 + Toa O —1 
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INVESTIGATION 


In this investigation we consider a limit curve named after the Swedish mathematician 

Niels Fabian Helge von Koch (1870 - 1924). 

To draw Von Koch?s Snowflake curve we 
e start with an equilateral triangle, C4 
e then divide cach side into 3 equal parts 
e then on cach middle part draw an equilateral triangle 
e then delete the side of the smaller triangle which lies on Ci. 





ESA 


The resulting curve is C5, and C3, Cy, C5, .... are found by “pushing out” equilateral 
triangles on each edge of the previous curve as we did with Cj to get Cs. 


We get a sequence of special curves C4, C5, C3, C4,.... and Von Koch's curve is the 
limiting case when mn is infinitely large. 


Your task is to investigate the perimeter and area of Von Koch's curve. 
What to do: 
1 Suppose C4 has a perimeter of 3 units. Find the perimeter of C5, C3, Cy and Cs. 


becomes Ea so 3 parts become 4 parts. 


Remembering that Von Koch's curve is Cn, where n is infinitely large, find the 
perimeter of Von Koch's curve. 


Hint: 





2 Suppose the area of Cj is 1 unit?. Explain why the areas of C5, C3, Cy and C5 are 














Ay=1 +53 units? As=1+45[1+3] units? 
A =1+51+5+(3)] units? A=1+51+5+(5)2+ (6) units? 





Use your calculator to find A, where n=1,2,3,4,5,6, 7, etc., giving answers 
which are as accurate as your calculator permits. 
What do you think will be the area within Von Koch's snowflake curve? 

3 Is there anything remarkable about your answers to 1 and 2? 
Similarly, investigate the sequence of curves obtained by “pushing out” squares on 
successive curves from the middle third of each side, 
Us tos ques Ci, Ca, Cas Ca, dio. 





Region contains 8 holes. 
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REVIEW SET 2A 


10 


13 


14 


List the first four members of the sequences defined by: 
3n+2 
n+3 





a bu Cc um=2"-(-3" 


A sequence is defined by un = 68 — 5n. 


a Prove that the sequence is arithmetic. 

b Find u; and d. 

€ Find the 37th term. 

d What is the first term of the sequence less than —2002 

a Show that the sequence 3, 12, 48, 192, .... is geometric. 


b Find u, and hence find us. 


Find k if 3k:, k— 2 and k+7 are consecutive terms of an arithmetic sequence. 


Find the general term of an arithmetic sequence given that u; = 31 and w5 = —17. 
Hence, find the value of usa. 
A sequence is defined by un = 6(5)"71. 

a Prove that the sequence is geometric. b Find wu; and r. 

€ Find the 16th term to 3 significant figures. 


Show that 28, 23, 18, 13,.... is arithmetic and hence find wu, and the sum S, 
of the first m terms in simplest form. 


Find k given that 4, k and k2 — 1 are consecutive geometric terms. 


Determine the general term of a geometric sequence given that its sixth term is 


+ and its tenth term is =. 


Find the sum of each of the following infinite geometric series: 
a L2-11+1-.... DE 


zx+3 and x-—2 are the first two terms of a geometric series. 
Find the values of x for which the series converges. 


The sum of the first two terms of a geometric series is 90. The third term is 24. 


a Show that there are two possible series and find the first term and the 
common ratio in each case. 


b Show that both series converge and find their respective sums. 


a, b and c are consecutive terms of both an arithmetic and geometric sequence. 
What can be deduced about a, b and c? 


x, y and z are consecutive terms of a geometric sequence. 


If rty+z=5 and teyps2=s, find the values of x, y and z. 
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REVIEW SET 2B 


10 


11 


12 


13 


14 


15 


a Determine the number of terms in the sequence 24, 234, 225, 1. — 36. 
b Find the value of us; for the sequence in a. 
ce Find the sum of the terms of the sequence in a. 


Insert six numbers between 23 and 9 so that all eight numbers are in arithmetic 


sequence. 
Find the formula for u,, the general term of: 
a So, Sapod rn b ILS... CID SON SmZo 


Note: One of these sequences is ei arithmetic nor geometric. 
7 


a 
Write down the expansion of. a 5) k b eo TE 
= = il 


-3 
+ 2 





inite im the form) SE (E 
= 
a 4+11418425+.... fornterms b 1H tor for n terms. 


Find the sum of: 
a 3+9+15421+4.... to23tems b 2441246434... to 12 terms. 


CS ah a 
Calculate: a b 50(0.8)8—1 
Pies RO 


Find the first term of the sequence 5, 10, 20, 40, .... which exceeds 10000. 








What will an investment of €6000 at 7% p.a. compound interest amount to after 5 
years if the interest is compounded: 


a annually b quarterly c monthly? 


Find the sum of each of the following infinite geometric series: 
a 18-124+8-.... b 8+4/2+4+.... 


2x and x —2 are the first two terms of a convergent geometric series. If the sum 
of the series is 18, find x, clearly explaining why there is only one possible value. 


E 2 
Find Hs ia 


a, b, c, d and e are consecutive terms of an arithmetic sequence. 
Prove that ate=b+d=2c. 


Find the sum of the mn consecutive geometric terms which can be inserted between 1 
and 2. 


Suppose an arithmetic sequence and a geometric sequence with common ratio r have 
2 





the same first two terms. Show that the third term of the geometric sequence is NET 
p= 
times the third term of the arithmetic sequence. 
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REVIEW SET 2C 


10 


A geometric sequence has us, = 24 and wj = 768. Determine the general term 
of the sequence and hence find: 


a ui b the sum of the first 15 terms. 
How many terms ofthe series 11+16-+21++26+.... are needed to exceed a sum 
of 450? 
Find the first term of the sequence 24,8, 5 5 which is less than 0.001. 


a Determine the number of terms in the sequence 128, 64, 32, 16, ...., =>: 


b Find the sum of these terms. 


$12 500 is invested in an account which pays 8.25% p.a. compounded. Find the value 
of the investment after 5 years if the interest is compounded: 


a half-yecarly b monthly. 


How much should be invested at a fixed rate of 9% p.a. compounded interest if you 
wish it to amount to $20 000 after 4 years with interest paid monthly? 


In 2004 there were 3000 koalas on Koala Island. Since then, the population of koalas 
on the island has increased by 5% each year. 

a How many koalas were on the island in 20072 

b In what year will the population first exceed 5000? 


A ball bounces from a height of 2 metres and returns to 80% of its previous height 
on each bounce. Find the total distance travelled by the ball until it stops bouncing. 


a Under what conditions will the series so 50(2x—1)*-1 converge? Explain! 
= 
b Find 3 50(2»-1)8-1 if 2=03. 
R=1 
3n? +5n 


The sum of the first n terms of a sequence is 3 


a Find the nth term. 
b Prove that the sequence is arithmetic. 


a, b and c are consecutive terms of an arithmetic sequence. Prove that the following 
are also consecutive terms of an arithmetic sequence: 
1 1 it 


a b+c cta and a+b, b >-——, >—— am ———— 
vb+ vc ve+va va+vb 


Shoyithat QU o) is a perfect square. 
RR se 
Proa Zi 


(For example: 11-2=9=3º and 1111-22=1089=332,) 





Exponentials 


Index notation 
Evaluating powers 
Index laws 


Algebraic expansion and 
factorisation 


Exponential equations 


Graphs of exponential 
functions 


Growth and decay 
The natural exponential “e' 


sam Es Ns Contents: 


vawp 


EO 


Review set 3A 
Review set 3B 
Review set 3€ 
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We often deal with numbers that are repeatedly multiplied together. Mathematicians use 
indices or exponents to represent such expressions. For example, 5x5x5= 5. 


Indices have many applications in areas such as finance, engineering, physics, electronics, 
biology and computer science. Problems encountered in these areas may involve situations 
where quantities increase or decrease over time. Such problems are often examples of 
exponential growth or decay. 


OPENING PROBLEM 


According to Hindu legend, Lord Krishna once appeared as a sage before the 

Dq king who ruled a region of India, and challenged him to a game of chess. The 

prize if Lord Krishna won was based on the chessboard: that the king would 

provide him with a single grain of rice for the first square, two grains of rice 

for the second square, four grains of rice for the third square, and so on doubling the rice 

on each successive square on the board. Lord Krishna of course did win, and the king 
was most unhappy when he realised he owed more rice than there was in the world. 


Consider the following questions: 
1 Is there a function which describes the number of grains of rice on cach square”? 
2 How many grains of rice would there be on the 40th square? 
3 Using your knowledge of series, find the total number of grains of rice that the king 





owed. 
Rather than writing 3x3x3x3x3, we can write such a product as 3º. 5 
3º reads “three to the power of five” or “three with index five”. 3 
Thus 4=4x4x4 and 58 =5x5x5x5x5x5. ] 
( power, 
a a ; index or 
If n is a positive integer, then a” is the product of n factors of a. base — exponent 
CR O Rd x a 
ss E ss 
n factors 


EXERCISE 3A 


1 List the first six powers of: 
a 2 b 3 c 4 


2 Copy and complete the values of these common powers: 


a Bl=.., B=.., BS=.., Bl=.. 
b 6=..., G=.., G=.., G6f=... 
CTN=i, P=u, P=.., = 
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HISTORICAL NOTE 


Nicomachus discovered an interesting number 1= 
É) pattern involving cubes and sums of odd 345 E 8=93 
numbers. Nicomachus was born in Roman Ro 


7+9+11=297=3 


Syria (now Jerash, Jordan) around 100 AD. 
He wrote in Greek and was a Pythagorean. 


So far we have only considered positive bases raised to a power. 
We will now briefly look at negative bases. Consider the statements below: 

















(1)! = —1 (2)! = —2 

(-12=-1x-1=1 (-292=-2x-2=4 
(-13=-1x-1x-1=-1 (-298=-2x-2x-2=-8 
(-Ajps=ix=ix=ix=t=] (-9)==2x=2x-2%-2=16 


From the patterns above we can see that: 


A negative base raised to an odd power is negative. 
A negative base raised to an even power is positive. 


CALCULATOR USE 


Although different calculators vary in the appearance of keys, they all perform ss 
operations of raising to powers in a similar manner. 


Power keys bi] squares the number in the display. 
[4] 3 raises the number in the display to the power 3. 


[4] 5 raises the number in the display to the power 5. 














[A] o) 4 raises the number in the display to the power —4. 


53 Eu) 





Find, using your calculator: a 6 b (-5) 


Answer 


a Press: 6 5 ENTER TITO 


b Press: [O lol 5 DI [2] 4 [ENTE 625 
c Press: m 4 —2401 














Note: You will need to check if your calculator uses the same key sequence as in the 
examples. If not, work out the sequence which gives you the correct answers. 
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Example 2 


Find using your calculator, and comment on: 


Answer 


a Press: 5 [4] o) 2 0.04 
b Press: 1/5) 5 2 0.04 


En il - 
The answers indicate that 572 = o Notice the 
o effect of the 
brackets in 
these examples. 














EXERCISE 3B 


1 Simplify, then use a calculator to check your answer: 
a (-1) b (-1) ce (1)! d (-1)8 


e (-1) ft —18 gs (IB h (-25 

io? | tab ok =to Po = co 
2 Use your calculator to find the value of the following, recording the entire display: 

a 4 b 7 c —5 d (-5) e 8º 

ft (-8) g -—8 ho 215º : DAS ij (-2.13)º 


3 Use your calculator to find the values of the following: 


1 1 
= —2 
a 9 b ai c 6 d 2 
n 1 
e 3 f E g 17º h (0.366)º 
What do you notice? 
4 Consider 3!, 32, 33, 34,35... . Look for a pattern and find the last digit of 3101, 


What is the last digit of 72179 
6 Answer the Opening Problem on page 78. 


The following are laws of indices for m, ne Z: 





a” b 


e (ar) = am e (ab)” =a”b” e a=1 forala£o 


So quis or q (1£0) o (5) == 020) 


-—n 


1 
e a” anda” are reciprocals, ie, a” = — foralla Z0. 
a 
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Example 3 


Write as powers of 2: 
a 


16 
O e E DS) 
= 94 


Example 4 


ape 
Write without negative indices: 

















Íl 
Write in non-fractional form. = 9-U-n) 
91-n 91-n Ea 
E gn-1 
EXERCISE 3€.1 
1 Write as powers of 2: 
1 1 
a 4 b 1 c 8 di 32 f 
: 1 1 
g 2 h 5 i 64 i g k 128 Lo 
2 Write as powers of 3: 
1 1 
a 9 b 5 c 27 d 5 3 ft 5 
g 81 h g E à | 243 k 53 
3 Write as a single power of 2: 
a 2x2º b 4x2 € Bx2 ap é Qt 
2º are 4 Rs 4” 
— — h — o — | o — 
, 4 5 Qin 21-n Pi ! qi=e 
& Write as a single power of 3: 
a 9x9 b 27º e 3x9 d 27x3º e 9x2 
3” 3 9 E 9º q 
f — gg — h — o —>— | =>— 
3 3y 927 91-a 32n 1 
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5 Write without negative indices: 




















ab 1 
a ab? b (ab)? c (2ab!)2 d (3a2b)2 e 5 
c 
e i a o Ba E 12a 
FÊ mes dC 3 E a 
E” am b-3 d? mr 
6 Write in non-fractional form: 
1 1 ] a” q" 
— b — € d e S— 
ar bn 32—-n b-m a2+n 
RATIONAL INDICES 
1 1 Td 
Notice that a? xa” =a” * =al=a (for index laws to be obeyed) 
and Vaxy/a=a also. 
So, q = Va (by direct comparison) 


1 A 1 
Likewise a xa* xaº =al=a 


and Yax ax Ya=a 


1 
3 


suggests a = 4a 
o 
Thus in general, qo where «/a reads “the nth root of a”. 
2 2 2 
Notice also that a“ xa” xa” = a? 
2,3 
(a”) = a" DE (o p=" jeto bensed) 
3 ss S/D 
a = Vo? 











EXPONENTIALS (Chapter3) 83 


Example 7 z 
Use your calculator to evaluate 2º. 





Calculator: Answer: 


Ea 
5 


For 2º press:  2/A [(]7/=]5 |D] ENTER] = 2.639015 





























Example 8 


Without using a calculator, write in simplest rational form: 








EXERCISE 3€.2 
1 Write as a single power of 2: 
1 1 
a v2 b — c 2v2 d 4v2 e = 
va = vz vz x 
f 2xv2 9 a h (v2 =: Es 
v2 V16 v8 
2 Write as a single power of 3: 
1 1 
a 43 b — c “8 d 3/3 É —= 
v3 93 


3 Write the following in the form a” where a is a prime number and x is rational: 











a Y7 b Y27 ce 16 d 32 e v49 
1 1 1 a 1 i 1 
“3/7 g 4 h 5 À 3 ) 7 
7 v27 16 32 49 
4 Use your calculator to find: 
3 Ei tdo —8 
a 3 2 Es d 4? 
5 Use your calculator to evaluate in three different ways: 
1 
a v9 b “8 c 27 d — 
VT 
6 Without using a calculator, write in simplest rational form: 
3 > 3 3 2 
a 4º b 8º ê 16” d 25” & ao 


sd Is “4 .4 .2 
4? g 9* h 8º 27 E nD5 
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PANSION 


EXPANSION LAWS (a+b)(c+d) =ac+ad+bc+ bd 
(a+b)(a—-b)=a? — b? 
(a+b)? =a2 + 2ab+b? 
(a—-b)2=a2? —-2ab+4b? 


Example 9 


pve! 8) 1 dl 
Expand and simplify: x “(xº +27" —-3r *) 





Eq 5 -3 
ga” +2rº — 3x *) 


=at od = 5 -3 = -1 
ESA ape Rap AN DO pa q [each termis x by 272) 
=914+27º 3971 [adding indices) 

3 
Ao (2 ou 
Sh 





Example 10 


Expand and simplify: a (22 +3)(2º +41) 


(2º +3)(27 +1) (e7 +eT)2 
= x242"4+3x27+4+3 (e7)2+2e” xe T+ (e) 
do) SGD) peso da 
| — e2z ER 








EXERCISE 3D.1 
1 Expand and simplify: 


tj 





a q2(xº +272 +41) b 27(22 41) e gx (xl+a *) 
d (e +92) e 3(2-37-º) t 2i(u! 4% +3e 5) 
9 2F(2245) h 5-2(522 457) do zWre+re?) 
2 Expand and simplify: 
a (2 +1)(2243) b (32+2)(32 45) ce (52-2)(52—4) 
d (22+3) e (3º —- 1) f (42 +47? 
gs (2i+)(zi-2) h (rar) à (etro ata?) 
| (z+ =P E le -e"p Lo (5— 272) 


FACTORISATION AND SIMPLIFICATION 


ELA E 


Factorise: a O E grado 


gn+3 Bo 
= Dr) 
SRD 





Example 12 
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€ 93n SE 92n 
g3n JE 92n 
E, 92ngn A 92n 
SD) 


Factorise: b 9 +4(37)+4 


42 9 


= (DP? (difference of two squares) 


= (02 +3)(2º —3) 
9 +4(37)+4 


=(3")2+4(37)+4 fcompare a? +4a+4) 
= (9º 4 2y fas a2+4+4=(a+2)) 


Example 13 


n 


Simplify: a E 


ELA 
Simplify: 


3n 
ar ppras 
a 
Sao 
E EJA 
=14+2 
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SA Solve for x: 


42 +22-20=0 
E 





(27 -4)(22+5)=0 
. 92 4 

92 — 92 

ER 


EXERCISE 3D.2 


1 Factorise: 


a 5-5 b 

a srs 

gs 3(27) +2m+H h 
2 Factorise: 

a 9-4 b 

d 25-47 e 


g 9 +10(37)+25 h 


3 Factorise: 
a 4 +9(27)+18 
d 9+4(37)-5 e 


4 Simphfy: 
12” 
6 
35” 
- 


2a 
6% 
8a 


5 Simplify: 
9m 
6” + 12” 


d —>——— e 





1+2" 


9n — gn-1 


9n 
6 Simphfy: 
a 2(n+D)+2"(n—1) 
7 Solve for x: 
a 4º -6(27)+8=0 b 
d 97 =-3746 e 


20º 





4º +2º-20=0 


(compare a2+a-20=0) 
fas aà2+a-20=(a-4)(a+5) 


2 = 


[2” cannot be negative) 


gn+2 +97 
Gr 6 


gn+2 Ejs gn+1 EE gn 








42 — 95 
gr — 4x 
47 — 14(27) +49 














c e” a em 
f 42-16 
po papa pr 





c 16-9” 
f 47 +6(27)+9 
i 257 —-4(5")+4 














4º — 92-20 c 97 +9(37)+14 
25º +5” — 2 fo Age = er! 4.12 
6º ar 
c = d — 
2» 207" 
gnt 5n+1 
9 ma 5 
qr 19r a A 
ar Po 
gn4l — 5n ' gn+l — 5n 
4 o" 
Mm + gn-1 gnr+1 — gn 
9n + 9n+1 3n + gn—1 
n—l n+1 
b 3” — 3º 
(E) 
42-92 -2=0 c 9º-12(3)+27=0 


25” —23(5")-50=0 f 


49º 4+1=2(77) 
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E JUATIONS 


An exponential equation is an equation in which the unknown occurs as part of the index 
or exponent. 





For example: 27 =8 and 30x3” =7 are both exponential equations. 
IH 27=8, then 27 =2%. Thus xz=3, and this is the only solution. 


Hence: If a” =o*, then gv =k. 


So, if the base numbers are the same, we can equate indices. 








Example 16 


Once we have 
the same base 
we then equate 


Solve for x: 
the indices. 








3 EL AD) 
42=8 b = 
(22) = os E (32)7-2 =D 
922 — 93 . g4r-2) =83 
2x —- 4=—1 
PRE 


Es 
di = 


Solve for x: 

a 42 s 
z—2 0 1 

b 9 2=5 


Remember 
to use the 
index laws 


1 


1 


correctly! 





EXERCISE 3E 


1 Solve for x: 


4 Fe) b 27 =4 & Sf=27 d %=i 
e 2 =5 f 3º =5 g 2 =4 h 2t1=8 
| 22 =4 jo o3t=s k 25H — 64 | Rs 
2 Solve for a: 
a 4 =32 b 8º =1 ce 9=5 d 497 =5 
e 4=4 f 257 =5 g 8 t=32 h 82 =4 
i 422-1 — à ij 93=3 k (det e) I (d)z+2 =9 
m 4=8"? n (gi2=8 o (5) =49 p (5) =32 
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3 Solve for x: 
a q2r+1 = gi-z b g2- Es (aj c 9% x gi-z e z 


& Solve for x: 
a 3x27=24 b 7x2 =56 c 3x297H =94 


d ibxa*=5 e 4x(1) =36 ft sx(1f=2 


We have learned to deal with b” where n € Q, i.e., n is any rational number. 





But what about b” where n E R, 1.e., where n is not necessarily a rational? 


To answer this question, we can look at graphs of exponential functions. 




















The most simple general exponential function |? 
has the form y=b" where b>0, 61. 8 
For example, y = 2” is an exponential function. 6 
Table of values: j »+2” 
- ElBIBILUBEH ) 
a 1 1 1 1I2I4 
EE s 4 2 1 
> 
































We notice that for x = —10, say, y=2"1º x 0.001 -3-2-1 12 Í 
Also when x=-50, y=25 = 8.88 x 10-16 





So, it appears that as x becomes large and negative, the graph of y = 2” approaches the 
a-axis from above it. 


We say that y = 2” is “asymptotic to the x-axis”, or “y = O is a horizontal asymptote”. 


Dic fo 
“O 
Sm We will investigate families of GRAPHING 
exponential functions. —p=— 
What to do: 


1 a On the same set of axes, use a graphing package or graphics calculator to 
otaph the following functions? y=2" yu-8", v-10", v=- (13. 
b The functions in a are all members of the family y=b”. 
i What effect does changing b values have on the shape of the graph? 
ii What is the y-intercept of each graph? 
ili What is the horizontal asymptote of each graph? 
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On the same set of axes, use a graphing package or graphics calculator to 
graph the following functions: y=2”, y=2"+1, y=2"-—2. 
The functions in a are all members of the family y=2"+d where dis a 
constant. 

i What effect does changing d values have on the position of the graph? 

ii What effect does changing d values have on the shape of the graph? 
iii What is the horizontal asymptote of each graph? 

iv What is the horizontal asymptote of y=2"+d? 


To graph y=2"+d from y=2” what transformation is used? 


On the same set of axes, use a graphing package or graphics calculator to 
praph the following funcions: y=2", 27" => 2. 
The functions in a are all members of the family y = 27"€. 

i What effect does changing c values have on the position of the graph? 

ii What effect does changing c values have on the shape of the graph? 
iii What is the horizontal asymptote of each graph? 


To graph y=2""º from y=2”, what transformation is used? 
On the same set of axes, use a graphing package or graphics calculator to 
graph the functions y=2” and y=2"7. 

i What is the y-intercept of each graph? 


ii What is the horizontal asymptote of each graph? 
il What transformation moves y=2” to y=2772 


On the same set of axes, use a graphing package or graphics calculator to 
graph the following functions: 

Ly u= 402 p= 5020 Djs Ps JAP o 
The functions in a are all members of the family y = ax 2” where a is a 
constant. Comment on the effect on the graph when i a>0 HH a<o. 
What is the horizontal asymptote of each graph? Why? 


From your investigation you should have discovered that: 


For the general exponential function y=axb”“+d 


> 


> 
> 
> 


b controls how steeply the graph increases or decreases 


c controls horizontal translation 


d controls vertical translation and y = d is the equation of the horizontal asymptote. 


DOR DR eia 0a bE<di 

the function is A the function is Ne 
increasing. decreasing. 

Ti dO OT dO O ED E 

the function is Ss the function is O 
decreasing. increasing. 
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We can sketch reasonably accurate graphs of ia 


exponential functions using: are similar in shape 
and have a horizontal 
asymptote. 


e the horizontal asymptote 
e the y-intercept 


e two other points, say when 
2=2, 2=—2 





Example 18 
Sketch the graphof y=2""-—83. 


RoraE=2a 
the horizontal asymptote is y=-—3 
Wien =D pj 2 
=1-3 
=—2 














the y-intercept is —2 





Wien 2 
1 


RR: 
ER) 
=-25 



































When 2=-2, y=2-3=1 








We now have a well-defined meaning for b” where b,n € R because simple exponential 
functions have smooth increasing or decreasing graphs. 


EXERCISE 3F 


1 Given the graph of y = 2” we can find 
approximate values of 2” for various x 
values. 























For example: 
» 218=3.5 (seepoint A) 
» 223=5 (see point B) 





Use the graph to determine approximate 
values of: 

a 2% or v2 b 208 

c 91.5 d 971.6 

e 2º 2-2 





2 Draw freehand sketches of the following pairs of graphs using your observations from 
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the previous investigation: 


a yv=2º and y=2"—2 b y=2" and y=2"" 
e yr and y- 7 dy=-27" and y=2(2") 
Check your answers to 2 using technology. na 
Draw freehand sketches of the following pairs of graphs: “E” 
a y=3" and y=37? b y=3" and y=3"41 
c y=3º and y=-3º dy="P md y=P 
Sketch the graphs of: 
a y=2241 b y=2-27 c y=27483 d y=3-27* 


Use your GDC to graph the functions in question 5 above and find 3 when x = 2. 


For the graphs of the functions in question 5 above, discuss the behaviour of y as 
z — +oo. Hence determine the horizontal asymptotes for each graph. 








In this exercise we will examine situations where quantities are either increasing or decreasing 
exponentially. These situations are known as growth and decay, and occur frequently in the 


world around us. 


For example, populations of animals, people, and bacteria usually grow in an exponential 
way. Radioactive substances and items that depreciate usually decay exponentially. 


GROWTH 


Consider a population of 100 mice which under 
favourable conditions is increasing by 20% each week. 


400 | 
To increase a quantity by 20%, we multiply it by 120% 

or 1.2. 300 
So, if P, is the population after n weeks, then 200 | 


Po = 100 (the original population) 
P=P,x1.2=100x1.2 

P =P, x1.2=100x (1.2)? 

P= Px 12=100x (12), etc 


and from this pattern we see that P, = 100 x (1.2)”. 


Alternatively: 





so 

















(weeks) 
































This is an example of a geometric sequence and we could find the rule to generate it. 
Clearly 7» =12 andsoas P, = By", he P.=IM0x(127 for n=0,1,2,3, 
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Example 19 


An entomologist monitoring a grasshopper plague notices that the area affected by 
the grasshoppers is given by A, = 1000 x 2º:2" hectares, where n is the number 
of weeks after the initial observation. 

a Find the original affected area. 

b Find the affected area after i 5 weeks ii 10 weeks. 

ce Find the affected area after 12 weeks. 

d Draw the graph of A, against n. 





a A = 1000x 2º 


= 1000 x 1 
= 1000 . original area was 1000 ha. 
b i 4; =1000x 21 ii Ajo = 1000 x 22 
= 2000 = 4000 
i.e., area is 2000 ha. i.e., area is 4000 ha. 


Ç Ass E OO nE ala 
nn Des (Press: 1000 [x] 2 [2] 2.4 : 
as 5278 


after 12 weeks, area affected d A 


is about 5300 ha. A (ha) 
6000 











4000 


2000 






































204 o SO aa 





EXERCISE 36.1 


1 The weight W, of bacteria in a culture t hours after establishment is given by 
W, = 100 x 2º1t grams. Find: 
a the initial weight 
b the weightafter i 4hours il 10hours iii 24 hours. 
ce Sketch the graph of W, against t using the results of a and b only. 
d Use technology to graph Y, = 100 x 2º1* and check your answers to a, b and c. 


2 A breeding program to ensure the survival of pygmy possums was established with an 
initial population of 50 (25 paiírs). From a previous program, the expected population 
P, inn years” time is given by P, = Po x 28%, 

a What is the value of Py? 
Whatis the expected populationafter: i 2years il Syears iii 10 years? 
Sketch the graph of P, against n using a and b only. 


aa o 


Use technology to graph Y4 = 50 x 2º:3X and check your answers in b. 
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3 The speed V, of a chemical reaction is given by VW = Vo x 2205 where t is the 
temperature in ºC. Find: 
a the speed at 0ºC b the speed at 20ºC 


ce the percentage increase in speed at 20ºC compared with the speed at 0ºC. 


Voo — Vo 
d Find (“ee x 100%. What does this calculation represent? 
20 


4 A species of bear is introduced to a large island off Alaska where previously there were 
no bears. 6 pairs of bears were introduced in 1998. It is expected that the population 
will increase according to B, = Bo x 2º-18t where t is the time since the introduction. 

a Find Bo. b Find the expected bear population in 2018. 
€ Find the expected percentage increase from 2008 to 2018. 




















DECAY 
Now consider a radioactive substance of original 25ty ( ) 
weight 20 grams which decays or reduces by 5% fi 
each year. The multiplier is now 95% or 0.95. 
So, if Wa, is the weight after n years, then: au 
Wo = 20 grams 
Wi = Wo x 0.95 = 20 x 0.95 grams ta 
Wa = Wi x 0.95 = 20 x (0.95)? grams 
Wa = Wa x 0.95 = 20 x (0.95)? grams 10 
, 5 
Wo = 20 x (0.95)20 = 7.2 grams 
: n (years) 






































Wioo = 20 x (0.95)199 = 0.1 grams 10 20 
and from this pattern we see that W, = 20 x (0.95)”. 


Alternatively: 


Once again we have a geometric sequence with Wo = 20 and 1 = 0.95, and consequently 
Wa=20x(0.95)” for n=0,1,2, 3, 


Example 20 


When a diesel-electric generator is switched off, the current dies away according to 
the formula T(t) = 24 x (0.25) amps, where t is the time in seconds. 
a Find I(t) when t=0,1,2 and 3. 

What current flowed in the CD player at the instant when it was switched off? 


b 
c Plot the graph of T(t) for t > 0 using the information above. 
d 


Use your graph and/or technology to find how long it takes for the current 
to reach 4 amps. 
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a I(t)=24x (0.25)* amps 


(0) (1) 12) 13) 
=294x(0.25)º  =2x(0.25)!  =2x(0.252  =2x(0.25) 
= 24 amps = 6 amps = 1.5 amps = 0.375 amps 

b When =D 1(0)-24 “. 24 amps of current flowed. 





€ 






































t (seconds) 








d From the graph above, the approximate time to 
reach 4 amps is 1.3 seconds. or 


By finding the point of intersection of 
Y/=24x(0.25)X and Y,=4 

on a graphics calculator, Dn qi 
the solution is = 1.29 seconds. 








The weight of radioactive material remaining after t years is given by 
Wa = Wa x 25088 oram: 

a Find the original weight. 

b Find the percentage remaining after 200 years. 


a When t=0, Vo = Wa = Wo 
Wo is the original weight. 


b When t= 200, W500 = Wo x nO 
VV Do 
a Wo x 0.8706 
x 87.06% of Wo “ 871% remains. 








EXERCISE 36.2 


1 The weight of a radioactive substance t years after being set aside is given by 
W(t) = 250 x (0.998)* grams. 

a How much radioactive substance was put aside? 

b Determine the weight of the substance after: 
i 400 years ii 800 years ill 1200 years. 

c Sketch the graph of W(t) for t > 0, using the above information. 

d Use your graph or graphics calculator to find how long it takes for the substance to 

decay to 125 grams. 
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2 The temperature T of a liquid which has been placed in a refrigerator is given by 
T(t) = 100 x 270-02t oC where t is the time in minutes. Find: 
a the initial temperature 
b the temperature after: 
i 15 minutes ii 20 minutes ill 78 minutes. 
c Sketch the graph of T(t) for t>0 using a and b only. 
3 The weight W, grams of radioactive substance remaining after t years is given by 
W, = 1000 x 27º-08t grams. Find: 
a the initial weight 
b the weight after: 
i 10 years ii 100 years iii 1000 years. 
c Graph W, against t using a and b only. 
4 The weight W, of radioactive uranium remaining after t years is given by the formula 
Wi = Wo x 200002 sam, t>0 Find: 
a the original weight b the percentage weight loss after 1000 years. 


We have seen that the simplest exponential functions are of the form f(ax)=b” where 
b>0, bX1. 


Below are some graphs of simple exponential functions. 





y=(0.2)"  y=5" 








We can see that for all positive values of the base b, the graph is always positive. 
Hence b” >0 foral b>0. 


There are a vast number of possible choices for the base number. 


However, where exponential data is examined in science, engineering, and other areas, the 
base ex=2.7183 is commonly used. 


e is a special number in mathematics. It is irrational like 7, and just as 7 is the ratio of a 
circle's area to its diameter, e also has a physical meaning. We explore this meaning in the 
following investigation. 
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DAT o REST 


“O A formula for calculating the amount to which an investment grows is 


Un = Uo(l +i)” where 
Un is the final amount uo is the initial amount 


à is the interest rate per compounding period 
n is the number of periods or number of times the interest is 
compounded. 


We will investigate the final value of an investment for various values of n, and allow n 
to get extremely large. 
What to do: 


1 Suppose $1000 is invested for one year at a fixed rate of 6% p.a. Use your 
calculator to find the final amount or maturing value if the interest is paid: 


a annually (n=1, i=6%=0.06) b quarterly (n=4, i= sa = 0.015) 

c monthly d daily e bythe second f by the millisecond. 
Comment on your answers obtained in 1. 
If 1 is the percentage rate per year, t is the number of years, and 


E ; 5 tr 
N is the number of interest payments per year, then i= andam ENA 


N 


Nt 
This means that the growth formula becomes wu, = uq (1 E 5) 


ay rt 
N 1 

Ifwe let a=—, show that u, = uo [(1 + 5) | , 
ii a 


4 For continuous compound growth, the number of interest 
payments per year N gets very large. 


a  Explain why a gets very large as N gets very large. 
b Copy and complete the table: 
Give answers as accurately as technology permits. 


5 You should have discovered that for very large a values, 





1 a 
(1 = -) = 2.118 281 828 235...... 


6 Now use the key of your calculator to find the value of e!, 
es jpess dl =] or 1 =| - What do you notice? 


7 For continuous growth, Un = U9e”" where ug is the initial amount 
ris the annual percentage rate 
t is the number of years 
Use this formula to find the final value if $1000 is invested for 4 years at a fixed rate 
of 6% p.a., where the interest is calculated continuously. 
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From Investigation 2 we observe that: 

“If interest is paid continuously (instantaneously) then the formula for calculating a 
compounding amount un = uo(l+i)” can be replaced by ur = uoe”!, where r is 
the percentage rate p.a. and t is the number of years.” 





RESEARCH 
( What to do: y 
1 The “bell curve” which models statistical 
A distributions is shown alongside. Research 
the equation of this curve. E 


2 e” +1=0 is called Euler's equation where i is the imaginary number —1. 
Research the significance of this equation. 


3 Theseries f(r)=1+2+5202 + 30 + aa! + has infinitely many 
terms. It has been shown that f(x) = e”. 
Check this statement by finding an approximation for f(1) using its first 20 terms. 


EXERCISE 3H 
1 Use the key on a calculator to find the value of e to as many digits as possible. 
2 Sketch, on the same set of axes, the graphs of y=2”, y=e” GRAPHING 
and y=3”. Comment on any observations. PACKAGE 


3 Sketch, on the same set of axes, the graphs of y=e” and y=e?. 7 
What is the geometric connection between these two graphs? 


4 For the general exponential function y = ae*”, what is the y-intercept? 


5 Consider y=2e”. 
a Explain why y can never be < 0. b Findyif E x=-20 dl 2=20. 


6 Find, to 3 significant figures, the value of: 


a e b é é els d ve e e! 
7 Write the following as powers of e: : : 
a Ve b eve Ç Ve d E 
8 Simplify: 
a (e9-36)5 b (eO-064) Tg c (e 0045 d (e-0.886)5 
9 Find, to five significant figures, the values of: 
4 es b e23 c e$4829 d e482 
e 50e” D-1764 f S0e” -6342 g 1000e!-2642 h 0.257 3:6742 


10 On the same set of axes, sketch and clearly label the graphs of: 
firme”, gi: grs er, hizmre +3 


State the domain and range of each function. 


98 
11 


13 


14 
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On the same set of axes, sketch and clearly label the graphs of: 
fizer, qi re”, h:zrs 10—e” 


State the domain and range of each function. 


The weight of bacteria in a culture is given by W(t) = 2e3 grams where t is the 
time in hours after the culture was set to grow, 
a What is the weight of the culture at: 
| t=0 ii t=30min iii t=15 hours iv t= 6 hours? 
b Use a to sketch the graph of W(t) = 2e?. 


The current flowing in an electrical circuit t seconds 
after it is switched off is given by 
It) = The 1% amps. 
a What current is still flowing in the circuit after: 
i t=1sec ii t=10 sec? 
b Use your graphics calculator to sketch 
Kt=7T e“ and I=1. 
ce Find how long it would take for the current to 
fall to 1 amp. 





a Given f:xr>e”, find the defining equation of ft. 
b Sketch the graphsof y=e”, y=z and y=f"!(x) on the same set of axes. 


NAMES 


Simplify: a ——1)1º b —(-3) q So 


Simplify using the index laws: 





5(x2y)? 
ASR 27 Do Md 
a ab x ab b 6xyº = 9xºy (572)? 
Write the following as a power of 2: 

ar DD b 16-27 quis: 
Write without brackets or negative indices: 

a b3 b (ab)! c ab 
Find the value of x, withoutusing yourcalculator: a 273=5 bb 9 =272-2 

2 o 

Evaluate without using a calculator: a 8º boo 
Evaluate, correct to 3 significant figures, using your calculator: 


a 3º b 27º c +“/100 
Li ao) = 30 28 ind the valge of: a f(0) b f(3) c f(-2) 


On the same set of axes draw the graphs of a y=2” b y=2"-4, stating 
the y-intercept and the equation of the horizontal asymptote. 
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10 The temperature of a liquid t minutes after it was heated is given by 

= s00< (0913)0 CC Find; 
the initial temperature of the liquid 
the temperature after | t=12 ii t=24 ili t = 36 minutes. 
Draw the graph of T' against t for t > 0, using the above or technology. 
Hence, find the time taken for the temperature to reach 25ºC. 


2a co 


NAM: 
1 Simplify: a ——2) b 51-50 


2 Simplify using the index laws: 


Sab? 
73 DE ERA 
a (a”) b py xp'q Daib£ 
3 Writeas powersof2: a = [ Zexd eua 
4 Write without brackets or negative indices: 
an qa bo 2fabisê e aba 
5 Solve for x without using a calculator: a 27H =32 b dl (Ur 
6 Writeas powersof3: a 81 b 1 cs d 5 
: - 27 de 1-27 
7 Writeas a single powerof3: a E b (43) 72%9 
8 For y=-3"-5: 
a findywhen x=0, +l, +2 b discussyas z—>o0o andas z > —oo 





c sketchthe graphof y=3"—-5 Jd state the equation of any asymptote. 
9 Without using a calculator, solve for x: a 277 =3 DR =D a 
10 On the same set of axes, sketch and clearly label the graphs of: 
fizme”, gizxmerl, h:iz-3-e 


State the domain and range of each function. 


Nadia s 


1 a Write 4x2” asa power of 2. 


b Evaluate 771 -7º. 
c Write (5)? in simplest fractional form. 
Ri 


2 
Z a : 
d Simplif E . Do not have negative indices or brackets in your answer. 
pliy 2 g y 





ag-+1 


2 a Write 288 as a product of prime numbers in index form. b Simplify E 


3 Write as powers of 5 in simplest form: 


a 1 b 5v5 c d 925%+3 


Si- 
T 
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4 Simplify: 
a —(—2) b (—5 Roe c (-3b 1-3 
5 Expand and simplify: 
a e(eT +e?) b (27245) c (23 = Taz +7) 


6 Expand and simplify: 
a (3-2º) b 


7 Solve for x: a 6x27 = 192 


(Vz+)(VT-2) e 
b 4x (57 =324 


Das (Drs ae De) 


8 The weight of a radioactive substance after t years is given by 


W = 1500 x (0.993)* grams. 


a Find the original amount of radioactive material. 


b Find the amount of radioactive material remaining after: 


i 400 years ii 


800 years. 


€ Sketch the graph of W against t, t > 0, using the above or technology. 
d Hence, find the time taken for the weight to reduce to 100 grams. 














8º il 
(015) Da Es 
Oi = and 7 > 18 find 
TOM Ror ease: 
a findy when x=0, +1, +2 


é sketchthe graphof y=2e“+1 


16º 
2 


b discussy as x — oo andas x — —oo 


d state the equation of any asymptote. 
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Td ARA NARA 


Paulo knows that when he invests €12 000 for n years at an interest rate 
Dq of 8.35% p.a. compounded annually, the value of the investment at the 
end of this period is given by A,41 = 12000 x (1.0835)” euros. 


Consider the following questions: 
1 What is the value of A; and what is its interpretation? 
2 How would we find the value of the investment after 5 years? 


3 Ifweletn = 2.25, 4325 = 12000 x (1.0835)2:2. Does the power 2.25 have a 
meaning? What is the interpretation of the value of As 25? 


4 How long would it take for the investment to double in value? 


5 What would the graph of A,,1 against n look like? 


After studying the concepts of this chapter, you should be able to answer the questions above. 


HISTORICAL NOTE E: 


In the late 16th century, astronomers spent a large 
part of their working lives doing the complex and 
tedious calculations of spherical trigonometry needed 
to understand the movement of celestial bodies. 








A Scotsman, John Napier, discovered a method of simplifying 
these calculations using logarithms. So effective was Napier's 
method that it was said he effectively doubled the life of 
an astronomer by reducing the time required to do these 
calculations. 








Consider the function f: xr 10”. 
=10"ory=10" 

The defining equation of fis f(x) = 10” fe) Re 

or y= 10”. 

Now consider the graph of f and its inverse 

function f-1. 


The question arises: 


How can we write f! in functional form, 
or, what is the defining function of [12 


As fis defined by y = 10”, 
fis defined by «x = 10º. 
[interchanging x and y) 
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So, y is the exponent to which 10 (the base) is raised in order to get x. 
We write thisas y=log;gx 
and say that “y is the logarithm of «x in base 10.” 
So, o if f(x)= 10º, then f(x)=logyos 
o df fm)=b", then fl(a)=logs 


LOGARITHMS IN BASE b 
In general: If A=b”, b£1, b>0, we say that n is the logarithm of A in base b, 
andthat 4=b" & n=log,4, ADO. 
A=b & n=log, A isa short way of writing: 
“ft A=b” then n=log, 4, andif n=log, A then A=b??, 
We say that 4=b” and n=log, A are equivalent or interchangeable statements. 
For example: e 8=2º meansthat 3=log,8 and vice versa. 


e Jl0g,25=2 meansthat 25=52 and vice versa. 


If y=b" then v=log,y, and so x — log; b”. 


If v=b" then y-=log,x, andso ag = blo& 7 provided x > 0. 








a Write an equivalent exponential statement for logo 1000 = 3. 
b Write an equivalent logarithmic statement for 3! = 81. 





a From log; 1000=3 we deduce that 10º = 1000. 
b From 34=81 we deduce that log, 81 = 4. 





Example 2 
Find: a log 100 b l0g,32 c logs(0.2) 


a Tofind log, 100 we ask “What power must 10 be raised to, to get 1007” 
As 102 = 100, then log;5 100= 2 


Do As De ob then los, 92=5; 


c As 51=5=0.2, then log;(0.2) = —1. 





EXERCISE 4A 
1 Write an equivalent exponential statement for: 
a logyo 10000 — 4 b Jlog,,(0.1) = —1 e log v10=1 


d l0g,8=3 e log;(1)=-—2 f Jlog;v27=1.5 
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2 Write an equivalent logarithmic statement for: 


a 2=4 b 2º =5 e 102 =0.01 
d 72=49 e 28 =64 f 3º = 
3 Find: 
a l10g/9100000 | b 10g1,9(0.01) ce log; 3 d log,8 
e log, 64 f log, 128 g logs 25 h log; 125 
i  log,(0.125) | Jlog,3 k log,16 | logsç6 
m logs 243 n logo 2 o loga” p logg2 
q log, (5) r log, 6v6 s log,l t -logg9 
4 Use your calculator to find: 
a logo 152 b log;925 c logo 74 d log,,0.8 


5 Solve for x: 
a logrx=3 b log;x=5 c log,81=4 d logs(x—-6)=3 


6 a Provethat loga” =n. 
b Hence, find: 
i log,16 il log, 4 iii logs (3) iv Jog V100 


v log, (=) vi logs (255) vii logs (+) vil log, (=5) 





Many positive numbers can be For example, 10000 = 104 
easily written in the form 107. 1000 = 102 
100 = 102 
lb= 10 
E = 0" 

pi 0 

0.01 = 102 


0.001 = 10"? etc. 
1 
Numbers like 10, 10/10 and — can also be written in the form 10” as follows: 


v10 
1 
v10 10/10 mi 
= 10º = 10! x 1095 a 
= 10º-5 = In" RE 
o = gde 


In fact, all positive numbers can be written in the form 10” by using logarithms in base 10. 


The logarithm in base 10 of a positive number is its power of 10. 
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For example: 
e Since 1000 = 102, we write l0g191000=3 or log 1000 = 3. 
e Since 0.01=10"2, we write l0g,9(0.01) =—-2 or log(0.01) = —2. 


In algebraic form, q = 1080 oranya dO, E 
If no base is 
: E : indicated we assume 
Notice that a must be positive since 107 > 0 forall zeR. Mes O 


Notice also that log 1000 = log 10º = 3 
and log 0.01 = log 102 = —2 


give us the useful alternative log10” = x 





Example 3 


a Without using a calculator, find: i log 100 ii log(V10). 
b Check your answers using technology. 





i log 100 = log 102 = 2 ii log(X/10) = log(10%) Ee À 


b Ji press [log] 100 DI Answer: 2 
il press log | 10[4] 0.25 [D] ENTER] Answer: 0.25 








Use your calculator to write the following in the form 10” where x is correct to 4 
decimal places: a 8 b 800 c 0.08 





a 8 b 800 c 0.08 
Es 1010g8 = 10!0g 800 e 10!ºg 0.08 
po 10º-9031 ms 102:9031 po 1071-0969 


Example 5 


a Use your calculator to find: i log2 ii log 20 
b Explain why l0g20 = log2+1. 


i log2 x 0.3010 b l10g20 = log(2 x 10) 


ii 10g20 = 1.3010 elos In Tl) 
(calculator! x log 1018010 | adding indices) 


= 1.3010 


x log2+1 
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Example 6 


Find « if: a = 10logz q = 10! 7 


a log x = 9) e £=> 102 E mx 1070-271 





b logzx=-0.271 “+ 3% = 1000 101580 


EXERCISE 4B 


1 Without using a calculator, find: 


a log10000 b 10g0.001 c log10 d logl 

e Jlogv10 f Jog(V10) g log (+) h 10g10,/10 

| log 100 i log (10) k Jlog(10x 4/10) | 10g1000/10 

a a 10 10º 

m log10 n log(10º x 100) o log (=) p log (e) 
2 Find using a calculator: 

a Jl0g10000 b 10g0.001 c logv10 d log V10 

3 1 1 

e log +/100 f 1081010 g log (5) h log (5) 
3 Use your calculator to write these in the form 10” where x is correct to 4 decimal places: 

a 6 b 60 ce 6000 d 0.6 e 0.006 

f 15 g 1500 h 1.5 i 0.15 | 0.00015 
4 a Use your calculator to find: i log3 ii log 300 


b Explain why log 300 = log 3 + 2. 


5 a Use your calculator to find: i log5 il log 0.05 
b Explain why log 0.05 = log 5 — 2. 


6 Find x if 
a logr=2 b logx=1 c logx=0 d logr=-—1 
e logr= > f logr= —+ 9 logzx=0.8351 h loga =x -3.1997 





INVESTIGATION 


Ea What to do: 


1 Use your calculator to find: 
a log2+10g3 b log3+log7 e log4+10g20 


d Jlog6 e Jlog21 f Jlog80 
From your answers, suggest a possible simplification for Ina-lnb. 
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2 Use your calculator to find: 
a log6-—log?2 b Jlogi2-10g3 ce log3-—log5 
d log3 e log4 f Jlog(0.6) 
From your answers, suggest a possible simplification for Ina — lnb. 
3 Use your calculator to find: 
a 3log2 b 2l0g5 c -—4log3 
d log(2º) e log(5?) f log(34) 
From your answers, suggest a possible simplification for nloga. 


From the investigation, you should have discovered the three important laws of logarithms: 


If 4 and B are both positive e log A+logB = log(AB) 
then: 


A 
e log4 —logB = log (5) 


e nlog A = log(A”) 
More generally, in any base c we have these laws of logarithms: 


If 4 and B are both positive e log. A+log. B = log. (AB) 
then: 


A 

log. A-—log. B=1 — 

eo 
e nlog. A=log.(A”) 


These laws are easily established using the first three index laws. 





Example 7 


Use the laws of logarithms to write the following as a single logarithm: 
a log5-+log3 b Jl0g24-— log8 ce log5-—1 


log 5 + log 3 b log 24 — 10g8 log5— 1 
= log(5 x3) = log (3) = log 5 — log 10! 
= log 15 = log 3 = log (5) 
log (8) 


Example 8 


Write as a single 2log 7 — 3l0g 2 2log3— 1 
logarithm in the = log(()-— log(2º) = Jog(32) — log 101 
formas = 10849 — log 8 = log9 — log 10 


a 2log7 — 310g2 49 
= log (> = log(0.9 
b 210g3-1 (5) e 
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Example 9 


1 
Simplify Ei without 


using a calculator. 





Example 10 

log (3) 
um 
2 


Show that: = log(37?) = log ( 
a log (5) = —2l0g3 E = 10g 1000 — log 2 


b 10g500 =3-— log2 = log 10º — log 2 
RO LO 2? 





EXERCISE 4€.1 


1 Write as a single logarithm: 























a log8+log2 b log8-—log?2 ce log40-log5 
d log4+l0g5 e log5-+log(0.4) f Jog2+l0g3+l0g4 
g 1-+log3 h log4-—1 i log5+log4-— log? 
j 2 + log 2 k log40-—2 | Jog6-—log2-— log3 
m log50-—4 n 3-—l0g50 o log (3) + l0g3 + log 7 
2 Write as a single logarithm or integer: 
a 5log2+l0g3 b 2l10g3+43l0g2 ce 3log4- l0g8 
d 2l0g5-— 3l0g?2 e > log 4 + log 3 f 5 log (5) 
g 3-log2—2l0g5 h 1-3l0g2+10g20 i 2— Slog4-— log 5 
3 Simplfy without using a calculator: 
1 
a log 4 b log 27 A log 8 
log 2 log 9 log 2 
á log 3 ê log 25 f log 8 
log 9 log(0.2) log(0.25) 
Check your answers using a calculator. 
4 Show that: 
a log9=2l0g3 b logv2= 5 log 2 c log (5) = —3log 2 
d log (5) = —log5 e log5=1-—log2 f -10g5000 = 4-— log 2 


5 If p=l0g,2, q=l0g,3 and r=log,5 write in terms of p, q and r: 
a log,6 b log, 108 c log,45 
d log, (58) e log; (55) f Jlog;(0.2) 
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6 If logP=z, logsQ=y and log;,R=z writein terms ofx,y and z: 





PR 
a logy(PR) b logo(RQ?) c log, (5) 
q RvQ 
2 
Ee 1 aii a À 
d logo(P vQ) e logo (ss f 082 P3 
7 If log;M =1.29 and log, Nº =1.72 find: á 
N 
a log, N b log (MN) c log, (57) 


LOGARITHMIC EQUATIONS 


ELE 


Write these as logarithmic a gu qb 
equations (in base 10): 


We 020 
log y = log(a2b) E 
log y = loga? +logb * Jlogy=log (=) 
Se “. logy = loga — logb 
log y = loga — 31ogb 


20 20 
CR (=) “ ha? =los (=) and so log P = log 20 — > logn 
ei 


vn 


Example 12 


Write the following equations without logarithms: | a log A = logb+ 2logc 
b logM =3loga-—1 





log 4 = log b + 2log e lo ME Slogan 
“. log A = logb + log e “. Jog M = log a? — log 10! 
"+ log 4 = log(be?) = 
A o “. logM = log (55) 
me 
10 
EXERCISE 4€.2 
1 Write the following as logarithmic equations (in base 10): 
a y=2" b y=20 ce M=ad! d T=5vd 
a 20 
= bvl f = — = ab” h F=D—- 
e R=bvl Q 5 g y=a im 
b m 
É ns É Nes k $=200x2% | y=-É 
c b br 
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2 Write the following equations without logarithms: 


a logD=loge-+log?2 b logF =log5 — logt 

c log P = iloga d logM =2logb+loge 
e logB = 3logm-—2logn f log N = —S log p 

g logP =3logr+1 h logQ=2-—logr 


3 Solve for a: 


a Jlog;27+logs(5) = logs x b log; x = log; 8 — logs (6 — x) 
ce Jl0g;125-log, 5 = log; x d logs x = 1+logo, 10 
e loga -+log(xz + 1) = log 30 f log(z+2)-log(z — 2) =log5 





DJ GARITHMS 


In Chapter 3 we came across the natural exponential e = 2.71828. 





If f is the exponential function ve” (ie, f(x)=e” or y=e”) then its inverse 
function, flisrx=e” or y-log, x. 


So, y=log.x is the reflection of y= e” in the mirror line y =. 
Ing is used to represent log, x. Ing is called the natural logarithm of x. 


Notice that: Inl=lhne?=0 he=-he=i lne*=2 
1 
Inve=lnei => and In (=) =lnel=—1 
In general, ineZ= e and erros. 
Also, since a” = (einer pi qr er e 


Example 13 


Use your calculator to write the following in the form e* where k is correct to 4 
decimal places: a 50 b 0.005 


50 0.005 


E eln 50 [using = E = en 0.005 


po e3-9120 po e 9-2983 





Find x if: E = —(0.384 
a Inx= 2.17 aee = E = e 1.384 
b Inz=-0.384 E RAN O SI 
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Example 15 


Use the laws of logarithms to write the following as a single logarithm: 
a In5+1ln3 b In24-m8 ce ln5-1 


nl 





In5+1ln3 b In24 — In8 In5-—1 
= In(5 x 3) En (5) =In5-lnel 
= Joia lins, = | (2) 





Example 16 
2In7 — 31n2 2In3-—1 
e Ee a on = = In(72) — In(2º) = In(32) -lne 
ogarithms to simplify: 
= ln49 —-In8 =In9-1 
a 2In7-3ln2 ã ú E Sn 


b 2m3-1 = In (42) -n(7) 


€ 


ELA! 


1000 
Show that: b 1n500=ln (5) 


a In(5)=-2n3 = In 1000 — In 2 
b 1n500 = 6.9078 — In 2 = x 6.9078 — In 2 


Example 18 


Write the following equations without logarithms: 
a InÃA=2Inc+3 b nM=3lhna-? 


an Diner Ban Ina 
n4A-2Inc=3 “ hnM-3lna=-—? 
In4A- Inc =3 E a vn nto o 


A M 


EXERCISE 4D 
1 Without using a calculator find: 1 
a lne b Int c Invye d mn (=) 


2 Check your answers to question 1 using a calculator. 


3 Explain why In(-2) and In0 cannot be found. 
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4 Simplify: 








a lneº b In(exe?) c In(exe”) d In(e?) e In (5) 
5 Use your calculator to write these in the form e” where x is correct to 4 dec. places: 

a 6 b 60 ce 6000 d 0.6 e 0.006 

f 15 g 1500 h 1.5 i 0.15 1 0.00015 
6 Find x if 

a Invx=3 b Iny=1 c Inz=0 d Inz=-1 

e Inx=-—5 f Inxx 0.835 g Inv= 2.145 h Inxax -3.2971 
7 Write as a single logarithm: 

a Inl5+1n3 b Inl5-m3 ce n20-In5 

d In4+1ln6 e In5+In(0.2) f In2+In3+1n5 

g 1+ln4 h mn6-1 ij mn5+n8-mn2 

| 2+m4 k In20-2 | m1i2-m4-In3 
8 Write in the form lna, ae Q: 

a 5ln3+ln4 b 3In2+4+2In5 ce 3n2-1In8 

d 3m4-2m2 e SIn8+ln3 f dln(5) 

g —n2 h —ln (5) i —2mn (3) 
9 Show that: 

a In27=3n3 b Inv3=3ln3 c In(5) =-4n2 

d In (5) =—In6 e In (35) =—4n2 f m(5)=1-m5 

“a fis i fls 

g In V5= 55 h In (5) = —5n2 i Im (45) = —1ln2 
10 Write the following equations without logarithms: 

a InD=Inz+1 b InF=-Inp+2 € nP=na 

d nM=2lIny+3 e InB=3lnt-l1 f InN=-slng 


gs InQx3lnzx+2159 h InDx=0.4nn-— 0.6582 





In Chapter 3 we found solutions to simple exponental equations by creating equal bases and 
then equating indices. However, it is not always easy to make the bases the same. In these 
situations we use logarithms to find the solution. 


Example 19 


Solve for x, giving your answer to 3 significant figures: 27 = 30. 





DRESS 
log 2” = log 30 (find the logarithm of each side) 
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x log 2 = log 30 (log a” = nloga) 
— log30 
“log? 


vm 49 (35f.) 


Example 20 


Solve for t to 3 significant figures: 200 x 20-04 = 6, 





200 x 20:04t = 6 





20044 — (dividing both sides by 200) 
RDNS OS 
log 2004 = 1000.08 (find the logarithm of each side) 
0.04t x log 2 = log 0.03 (log a” = nloga) 
log 0.03 
=>" = -126 (35sf 
E 0.04 x log 2 fa 
EXERCISE 4E 
1 Solve for x, giving your answer correct to 3 significant figures: 
a 27 = 10 b 37=20 ce 4º = 100 
d (1.277 = 1000 e 2º =0.08 f 3” =0.00025 
s (5) = 0.005 h (4) = 1074 à (0.99)” = 0.00001 
2 Find the solution to the following correct to 4 significant figures: 
à 200 x 22-25 = 600 b 20x 200% = 450 e sxy ts 
dd pr =não a ixhrM=i E 300 x 20-00% = 1000 


To solve exponential equations of the form 


E mma fm 
e” = a we simply use the property: e 


This rule is clearly true, because if e” =a 
then lne” =lna (finding In of both sides 


v=lna (ne” =2) 
Example 21 
Eindix tos ft ane = 80 b ef ESB STO e 20: “= 00 


(E = 80) eÉ = 21.879 20e*” = 0.0382 


= 1 : dr — 
z n30 E “ -m91.879 Ee. 0.00191 


x = 3.401 RR EO OO 


ERROR “ 423 —6.2607 
GERIR) (90) 
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3 Solve for x, giving answers correct to 4 significant figures: 


a e=10 b e” =1000 c e =0.00862 
d e=s e e =1578 ft eF =0.01682 
& xe = Rai h boxe" =q8io À 41,83 = 1000 


Note: Remember that you may not need to use logs when solving exponential equations. 
K is usually much easier if you can get the same base on both sides. 


' BASE RULE 





If log, Ã=4, then b” = A 
log, b” = log, A [taking logarithms in base c) 
v log, b = log, A (power law of logarithms> 











—* Jog A 
“ log,b log, A 
e So, oa e 
log, b 
Find log,9 by: a letting log;9=« 
b using the rule log, A= Fe with: 
8 Bb = log, b y 
[RO [| g=E 
asi los 9 E logio 9 
b i l0g,9=——— 
log 2” = log 9 SBN 
x log 2 = log 9 19 
ii log,9= 
= log 9 = 317 OB no 
ogia = 3.17 













Solve for x: 





— 5(4º) = 0 
(22) =0 
e -5j=0 
a a fas 22 00 foral) 
x = log, 5 


— logõ : 


RO ax 2.32 (Check this using technology.) 
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EXERCISE 4F 
logo A al 
1 Use the rule log, A = To to find, correct to 3 significant figures: 
10 
a logs 12 b loga 1250 c logs(0.067) d logo 4(0.006 984) 


In A 


In b 
a 27 = 0.051 b 47 - 213.8 ce 322+H = 4.069 


2 Use the rule log, 4 = to solve, correct to 3 significant figures: 


Hint: In2a 27 = 0.051 implies that «x = log,(0.051) . 


3 Solve for a: 
a 25” —-3(5")=0 b 8(97)-37 =0 


4 Solve for x: 
a logyxº+log,yT=8 b log; x” = logs, 125 — log, VT 


5 Find the exact value of x for which 47 x 54243 = 1027+3 


Consider the general exponential function fix>a”, a>0, al. 





The defining equation of fis f(x)=a” (or y=a”). Thegraphof y=a” is: 
For 0O<ac<l: For a>1l: 





These functions have the horizontal asymptote y = O (the x-axis). They have domain R 
(all real numbers) and range (y:y>0h or ye]0,oo |. 


Obviously the function y=a” is one-to-one and has an inverse function fl. 


Soiffis y=0", then fig g=a”, ie, v=log,a. 
EE Re) — 0" en o lr) log q 


Note: e Thedomainof f lis fx:x>0) or x€]0,00[. 
The rangeof f lis yeR. 
e Thedomainof f —therangeof f1. 
The range of f = the domain of fl. 
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LOGARITHMIC GRAPHS 
The graphs of y=log,x are: 


For 0O<a<l: 


y=logax 





Note: e both graphs are reflections of y=a” intheline y=a 
e both functions have domain fx: x >0h or x€]0,00 | 
e we can only find logarithms of positive numbers 
e both graphs have the vertical asymptote x = 0 (the y-axis) 
e for0<a<l1l,as z>00, y->-o andas x — O (from right), yo 
for a>1, as t>00, y>o andas x — O (from right), y->-—oo 


e to find the domain of log, g(x), we find the solutions of g(x) > 0. 








Consider the function f:x->logo(z—1)+1. 
a Find the domain and range of f. 
b Find any asymptotes and axis intercepts. 
ce Sketch the graph of f showing all important features. 
d Find f! and explain how to verify your answer. 











A colo O yhen no So, the domainis x€]1,00] 
and therangeis yeR 


b As zx>1 fromtheright, y—>-—oco. .. v=1 isthevertical asymptote. 
Às %£>00, y-—> 00. 
When «z=0, y is undefined . there is no y-intercept. 
When 0 logo po cr 


So, the a-intercept is 15 





VA 





ce To graph using your calculator we 
will need to change the base. 




















1 —1 
So, we graph y= foste) +1 
log 2 
d fis defined by y=loga(z—-D)+1 |* 











+ frlisdefinedby x =log(y-D)+1 
z—1 =logo(y—1) 
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=> = SO 
RO a 





flo) 2 wbichhasa HA o yu 14 
Its domainis x ER, rangeis yE]1,00]. 





Graphics calculator tip: 

When graphing f, f! and y= x on the same axes, it is best to set the scale so that 
y=a makes a 45º angle with both axes. Why? 

To ensure the graphs are not distorted, use a square window. 


Recall that: e inverse functions are formed by interchanging x and y 
e y=f!(x) isthereflectonof y= f(x) intheline y=z. 


Example 25 


Given f: xr» er 


a find the defining equation of fr! 

b sketch the graphs of f and f”! on the same set of axes 
c state the domain and range of f and fr! 

d find any asymptotes and intercepts. 





For f: HA is y=0, for NA is 
Bor aim isi(o es) or E inc is (e 





EXERCISE 4G.1 


1 For the following functions f: 
i Find the domain and range. 
il Find any asymptotes and axes intercepts. 
ili Sketch the graph of y= f(x) showing all important features. 
iv Solve f(x) = —1 algebraically and check the solution on your graph. 
v Find f”! and explain how to verify your answer. 


a f:zr-logs(z+1) b f:z>1-logs(zx+1) 
c f:zlogs(z—2)-2 d f:z>1-logs(x-—2) 
e f:zx1-log, x” f fi:x-loga(r?-3x—4) 
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2 For the following functions: 
i find the defining equation of fr! 
il sketch the graphs of f and ff! on the same set of axes 
ili state the domain and range of f and fr. 
iu Find any asymptotes. 


a fire +5 b firzretl-s 
c f:zxrsInz—4 where x >0 d f:zoln(z—-1)+2 where x>1 


3 Given fizer 


a (fogta) b (go (x) 


& Consider the graphs A and B. One of them is the 
graph of y= Inx and the other is the graph 
of y=In(x-—2). 

a Identify which is which. Give evidence for 
your answer. 


and g:zx> 2x-—1, find the defining equations of: 





b Redraw the graphs on a new set of axes and 
add to them the graph of y = In(x + 2). 


ce Find the equation of the vertical asymptote 
for each graph. 


5 Kelly said that in order to graph y = In(x2), 
you could first graph wy = Inx and then double 
the distances away from the x-axis. Connecting 
these points will give the graph of y=Ing?. 


Is she correct? Give evidence. 





6 Forthe function fizxett4a 
a Find the defining equation for ft. 
b Find the values of «x for which: 
| f(x)<21 di f(x)<2.01 di f(x)<2.001 dv f(x) < 2.0001 
and hence conjecture the horizontal asymptote for the graph of f. 


ce Determine the horizontal asymptote of f(x) by discussing the behaviour of f(x) 
as Lt — T0o. 





d Hence, determine the vertical asymptote and the domain of f1. 


FURTHER INEQUALITIES 


We have seen on many occasions what it means to solve an equation. Usually the equations 
have been presented to us in one of the forms f(x)=0 or f(x) = g(x). 


Simply, it means we must find all possible values of the pronumeral, x in this case, that make 
the equation true. 


LOGARITHMS (Chapter4) 119 


For equations of the form f(x) = 0, we can graph f(x) and then find where the graph 
meets the x-axis. 


For equations of the form f(x) = g(x), we can either graph f(x) and g(x) separately 
and find the x-coordinate(s) of their point(s) of intersection, or, we can graph 
y = f(x) — g(x) and find where this graph meets the x-axis. 

We can use these same principles in order to solve inequalities. 

Note that when solving inequalities, only real number solutions are possible. 


ELAS 


Solve for x: a C=9x2414+41 be ora 





a Wegraph f(x)=e” 


Ay 
and g(x)=272+x+1. 





Using technology we find the points of y=22+x+1 
intersection of f(x) and g(x). 


z=0 and 7x 3.21 are solutions. 


Note: We need to be sure that the 
graphs will not meet again. We 
could graph f(x) — g(x) and 
find where the graph meets the 
x-axis. 





b Using the same graphs as above, we seek values of x for which f(x) > 0. 
This is where the graph of f(x) either meets or is higher than the graph of 


g(x). 

he solutions 0or = Bi a Eu 
Fm sis 

We could even graph the solution set: 0 ER o 


and could describe itas z=0 or x € [3.21, 00|. 





EXERCISE 4G.2 
1 Solve for x: 
a xº>e” b xº<er” c 5-v>lng 


2 State the domain of f:z-«2lnx. Hence find where f(x) < 0. 


2 2 
3 a Use technology to sketch the graphof fix — err, 
x 


b State the domain and range of this function. 


2 
c Hence find all xeR for which e-z+1s 2. 
x 
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E] ID DECAY 


In Chapter 3 we showed how exponential functions can be used to model a variety of 
growth and decay situations. These included the growth of populations and the decay of 
radioactive substances. In this section we consider more growth and decay problems, focussing 
particularly on how logarithms can be used in their solution. 





POPULATION GROWTH 


A farmer monitoring an insect plague notices that the area affected by the insects 

is given by A, = 1000 x 2º" hectares, where n is the number of weeks after 

the initial observation. 

a Draw an accurate graph of 4, against n and use your graph to estimate the 
time taken for the affected area to reach 5000 ha. 

b Check your answer to a using logarithms and using suitable technology. 
























































a a b When A, = 5000, 
a 1000 x 207" = 5000 
6000 om =5 
5000 — E 
4000 = OQínlog2= log'5 
log 5 
2000 RE CD SIDE 
/ E Ennis do 
0 1 2 SRA “. It takes about 3 weeks and 
n (weeks) 2 more days. 


Using technology we find the intersection of 3 — 1000 x 22:77 and 
y = 5000. This confirms nx 3.32. 








EXERCISE 4H.1 


1 The weight W, of bacteria in a culture t hours after establishment is given by 
W, = 20 x 2º-15t orams. Find the time for the weight of the culture to reach: 
a 30 grams b 100 grams. 


2 The mass M, of bacteria im a culture t hours after establishment is given by 
M, = 25 x elt grams. Find the time for the mass of the culture to reach: 
a 50 grams b 100 grams. 


3 A biologist monitoring a fire ant infestation notices that the area affected by the ants 
is given by A, = 2000 x e?:57" | hectares, where n is the number of weeks after the 
initial observation. 

a Draw an accurate graph of A, against n and use your graph to estimate the time 
taken for the infested area to reach 10 000 ha. 
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b Find the answer to a using logarithms. 
ce Check your answer to b using suitable technology. 


FINANCIAL GROWTH 


Suppose an amount wj is invested at a rate of r% each compounding period. In this case the 
value of the investment after n periods is given by unsi =uU xr”. In order to find n, 
the period of the investment, we need to use logarithms. 





Example 28 


Iryna has €5000 to invest in an account that pays 5.2% p.a. interest compounded 
annually. How long will it take for her investment to reach €20 0002 


un+1 = 20000 after n years Nora RA 
u, = 5000 = 20000 = 5000 x (1052) 


r = 105.2% = 1.052 da 052 = 
log(1.052)” = log 4 
n x log 1.052 = log 4 
— Tog4 
" 2 Jog 1.052 


a 27.3 years 
it will take at least 28 years. 





EXERCISE 4H.2 


1 A house is expected to increase in value at an average rate of 7.5% p.a. If the house is 
worth £160 000 now, how long is it expected to take for the value to reach £250 0002 


2 Thabo has $10000 to invest in an account that pays 4.8% p.a. compounded annually. 
How long will it take for his investment to grow to 815000? 


3 Dien invests $15000 at 8.4% p.a. compounded monthly. He will withdraw his money 
when it reaches $25 000, at which time he plans to travel. The formula u,,1 = uy x 7” 
can be used to calculate the time needed where n is the time in months. 

a Explan why = 1.007. 
b After how many months can he withdraw the money? 


4 Revisit the Opening Problem on page 102 and answer the questions posed. 


DECAY 
EXERCISE 4H.3 


1 The mass M, of radioactive substance remaining after t years is given by 
M, = 1000 x e-º:º4 grams. Find the time taken for the mass to: 
a halve b reach 25 grams c reach 1% of its original value. 


2 A man jumps from an aeroplane and his speed of descentis givenby V = 50(1-e-:2t) 
1 


ms”! where t is the time in seconds. Find the time taken for his speed to reach 40 ms” 1. 
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3 The temperature T of a liquid which has been placed in a refrigerator is given by 
T=-4+96x e! oC, where t is the time in minutes. Find the time required for 
the temperature to reach: a 25ºC b 5º. 


4 The weight W, of radioactive substance remaining after t years is given by 
W, = 1000 x 29-04 grams. Find the time taken for the weight to: 
a halve b reach 20 grams c reach 1% of its original value. 
5 The weight W(t) of radioactive uranium remaining after t years is given by the formula 


W(t) = Wo x 200002 grams, t>0. Find the time taken for the original weight to 
falto: a 25% ofits original value b 01% ofits original value. 


6 The current 1 flowing in a transistor radio t seconds after it is switched off is given 
by 1I= 1x2 amps. Find the time taken for the current to drop to 10% of its 
original value. 


7 A parachutist jumps from the basket of a stationary hot air balloon. His speed of descent 


is given by V=50(1-2-0:2) ms! where t is the time in seconds. Find the time 


taken for his speed to reach 40 ms” 1. 


REVIEW SET 4A 
1 Find the following without using a calculator. Show all working. 
a log,64 b Jl0g, 256 c Jl0g5(0.25) d logo;5 e loggl 
f Jlogç6 g Jlogg3 h Jlogo(0.1) à Jl0g3 | log, vk 


1 
2 Without using a calculator, find: a logv10 b log 0 c log 10º x 10º+! 


3 Findxifl a log;zx=-3 b log;r = 2.743 c log;r= —3.145 


co 


& Write as logarithmic equations: a P-=-3xb” b m=5 


p 
Write the following equations without logarithms: 
a log,k=1.699+x b log, Q=3log, P+log, R 


c log4x 5log B — 2.602 
6 Solve for x, giving your answer correct to 4 significant figures: 
ans bo Dor DO 


t 
7 The weight of radioactive substance after t years is W; = 2500 x a ua grams. 
a Find the initial weight. 
b Find the time taken for the weight to reduce to 30% of its original value. 
c Find the percentage weight loss after 1500 years. 
d Sketch the graph of W, against t. 


Solvel form IGE sas O 
9 Solve the equation logs(1072 —- x — 2) =2+2]0g; x 


10 Find the exact value of a which satisfies the equation 5% x 42041 — 1g3a+2 


: : Ing 
Give your answer in the form E where x, y € Z. 
ny 
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Rem 
2 Solve for a: 

a logz=3 b logs(x+2)=1732 « loga(15) E oa 
3 Write as a single logarithm: 

a logl6+2l0g3 b log, 16 — 210g,3 c 2+log,5 


4 Write the following equations without logarithms: 
a logT = 2loga — logy b log, K = log, n + logo t 


Solve for x: a 3º =300 bo S0x552= 015 Co Oie 


6 If A-=l0g,2 and B=l0g,3, write the following in terms of 4 and B: 
a log, 36 b log,54 ce Jlog,(8/3) d J10g5(20.25) e log5(0.8) 
7 Forthe function g:zx-logs(r+2)—2: 
a Find the domain and range. 
b Find any asymptotes and axes intercepts for the graph of the function. 
c Sketch the graphof y=g(a). 
d Find g!. Explain how to verify your answer for g1. 
e Sketch the graphsof 9, g ! and y=x on the same axes. 
8 Solve exactly for a in the equation log, a” + logs ai = logg 625. 
9 A straight line has equation y = max +c. Its gradient is —2 and it passes through 
the point (1, logs 55). 
a Find the equation of the line. 
b If y=-log; M, find an expression for M in terms of x. 
c Hence, find the value of x when M = 25. 


10 Solve simultaneously for x and y: 4º x27=16 and 8º =925. 


11 Solve log; V22+7=5 


Nadia ES 


1 a On the same set of axes sketch and clearly label graphs of: 


x 


x 


fizer, g: TH em and h:zxis e”, 


b What is the geometric connection between: | fandg ii q and h? 
2 Sketch on the same set of axes the graphs of y=e” and y=3e”. 
3 A particle moves in a straight line such that its displacement from the origin O is 
given by s(t) = 120t — 40e * metres, where t is the time in seconds, t > 0. 
a Find the position of the particleat i t=0 ii t=5 iii t=20. 
b Hence sketch the graph of s(t) = 120t — 40 * for t aih 
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Jl 
Without using a calculator, find: a In(e>) b In(ve) en (=) 
e 
Simplify: a In(e?”) b In(e2e”) Gin (=) 
e 


Write as a single logarithm: 
a In6+ln4 b In60-n20 e In4+ln1 d In200-In8+In5 


Write in the form alnk where a and k are positive whole numbers and k is prime: 
a In32 b 1In125 c In729 


Solve for x, giving answers correct to 3 significant figures: 
a e: =400 b emti=im e 2ef=7%,0 d er=7f2-12 


NOR à 
Solve 12(27) =7+ o &iving your answer in the form m +logon, m, n E Z. 


NAMES) 


On the same set of axes, sketch and clearly label the graphs of: 


fire, gire, h:vseT—s4, 
State the domain and range of each function. 
Sketch on the same set of axes, the graphs of y=e” and y= e”, 


Without using a calculator, find: 


a In(ey2) b in(5) c (E) 


Write in the form e”: a 20 b 3000 c 0.075 
Simplify: 
a 4ln2+421ln3 b 2In9-—In2 c 2ln5-1 d 4In81 


Write the following equations without logarithms: 

a InP=1.5InQ+4+InT b InM=12-0.5mN 
Consider g:x>2e7 — 5. 

a Find the defining equation of g1. 

b Sketch the graphs of g and g! on the same set of axes. 


c State the domain and range of g and 91. 


The weight W, grams of radioactive substance remaining after t weeks is given by 
W, = 8000 xe *” grams. Find the time for the weight to: 

a halve b reach 1000 g c reach 0.1% of its original value. 
The function f is defined for x >4 by f(x) =In(x2- 16) -Inx — In(x — 4) 


a Express f(x) inthe form In Eae 





E stating the value of a E Z. 


b Find an expression for f1(x). 





Graphing and 
transforming functions 





Families of functions 
Transformations of graphs 
Simple rational functions 


Further graphical 
transformations 


Contents: 


vawp 


Review set 5A 
Review set 5B 
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Name | General form Function notation 





Linear p= 02% Eb 00 zrarto, a£0 
Quadratic = Hbr+c, a0 orar Ebrle 0 
Cubic hr er i da-0 rar br cs do-o 





Absolute value ae je] 
Exponential Al BRT do RO 
Logarithmic ao = rr 


Reciprocal 








These families of functions have different and distinctive graphs. We can compare them by 
considering important graphical features such as: 
e the axes intercepts (where the graph cuts the x and y-axes) 
slopes 
turning points (maxima and minima) 
values of x where the function does not exist 
the presence of asymptotes (lines or curves that the graph approaches). 


INVESTIGATION 


LA, 








In this investigation you are encouraged to use the graphing | GRAPHING 
package supplied. Click on the icon to access this package. er 


What to do: ) 


1 From the menu, graph on the same set of axes: 
Comment on all lines ofthe form y=2x-+b. 


2 From the menu, graph on the same set of axes: 
Esso o 2 2d nR 2 NR) as 7 Ro OR a RD y=-32+2 
Comment on all lines of the form y=ax+2. 


3 On the same set of axes graph: 
RR a 52, e ia — — sa? 
Comment on all functions of the form y=-ax?, ao). 

4 On the same set of axes graph: 
v=22?, y=(2-12+4+2, y=(2x+12-3, y=(2-2)2-1 
and other functions of the form y=(z-h)2+k of your choice. 
Comment on the functions of this form. 
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5 On the same set of axes, graph these absolute value functions: 
a y=l|z), y=2|z), y=|22] 
bim=[2). u=[e[po v=|alos 
op lop  po ElE: 


Write a brief report on your discoveries. 


6 On the same set of axes, graph these functions: 








1 o) 10 —1 —2 —5 
a Ul=A seo UU Ce b y=-—, URU MR 
E db x x ip, x 
1 1 1 il 1 1 
EE = pa do 
y . Es y EE y T y E y E 
2) 2 2 
e y=Í, y=+2, y= = 
q ão Es E Rain, 


f(x) = «2, find in simplest form: 


fu) 


PR nO A 

= Do? 41 =(2+83)2-4 
=72+62+9-4 

=22+62+5 








EXERCISE 5A 
11º f(x)=<=, find in simplest form: 
a f(2x) b f(x)+2 ce af(a) d 2f(x)+3 
2 If f(x) =, find in simplest form: 
a J(4x) b Sf(2u) Re Mal) d 2fzx+1)-3 
Note: (vx+1))=7º)+3172+31r+1. See the binomial theorem, Chapter 8. 


3 If f(x) = 2º, find in simplest form: 
a f(2x) b fH-g)+1 c f(ex-D)+3 d 2f(1)+3 





4 If 1a) => find in simplest form: 
a f(—-x) b f(5a) c 2Ff(x)+3 d 3f(x-1)+2 
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For the following questions, use the graphing package or your graphics | GRAPHING 
calculator to graph and find the key features of the functions. seno 
5 Consider f:ixo21+3 or y=21+83. F 


a Graph the function. 
b Find algebraically, the: | x-axis intercept li y-axis intercept ill slope. 
c Use technology to check the axes intercepts found in b. 


6 Consider f:izx-(x-2)2-9. 

a Graph the function. 

b Find algebraically the x and y axes intercepts. 

«e Use technology to check that: 

i the x-axis intercepts are —1 and 5 ii the y-interceptis —5 
il the vertex is (2, —9). 

7 Consider f:rx27º-9224127—5. 

a Graph the function. 

b Check that: | the x-intercepts are 1 and 25 ii the y-interceptis —5 

ill the minimum turning point is at (2, —1) 


iv the maximum turning point is at (1, 0). 


8 Sketch the graphof y=[|z|. 


Note: |2|=» f2z>0 and |2]|=-a fr<o0. — reads 
“approaches” 
9 Consider f:axr>2”. Graph the function and or “tends to 


check these key features: 
a as 2x>00, 2º > o 
b as «> —oo, 2” — 0 (from above) 
c the y-intercept is 1 
d 2º is >0 forala. 





10 Consider f:x-log,r. 
Graph the function and then check that: 
a as vx>00, Intx>o00 b as «> 0 (from the right), Inyx — —oo 
c Inx only exists if x > 0 d the a-intercept is 1 
e the y-axis is an asymptote. 


In the next exercise you should discover the graphical connection between y = f(x) and 
functions of the form: 





e y=f(z)+b, bisa constant e y=f(z—a), aisa constant 
e y=pf(a), pisa positive constant e y=f(ka), kisa positive constant 


e y==f(x) o y=f(-2) 
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TYPES y= f(x) +b AND y=f(z—a) 


EXERCISE 5B.1 


1 a Sketch the graphof f(x) = «2. 

b On the same set of axes sketch the graphs of: 

Ii yv=f(0)+2, ie, y=22+2 ii y=f(x)-3, ie, y=72-3 

c What is the connection between the graphs of y = f(x) and y=f(x)+b if: 

i b>0 ii b<0? 
2 For each of the following functions f, sketch on the same set of axes y = f(x), 
yv=f(a)+1 and y=f(x)-—2. 

a Jaw)=Iz| b Har)-2º ce Ha)=aº d fx)= 
Summarise your observations by describing the graphical transformation of q 
as it becomes y= f(x)+b. 

3 a Onthe same setofaxes, graph: f(x)=a2, y=f(zx-3) and y=f(x+2). 

b What is the connection between the graphs of y= f(x) and y=f(x-—a) if: 

i a>0 ii a<o0? 
4 For each of the following functions f, sketch on the same set of axes the graphs of 
v= fm), u=flr=-1) amd v= flar. ; 

a Jw)=Iz] b Ha)=zº ce Hx)=nz d Hr)=- 
Summarise your observations by describing the geometrical transformationof y= f(x) 
as it becomes y=f(x-—a). 

5 For each of the following functions sketch: 
v=f(x), yv=f(x-2)+3 and y=f(x4+1)-4 on the same set of axes. 




















































































































1 
a fa)=2º b Ja)=e? c Ha)=- 
x 
6 Copy these functions and then draw the graph of y=f(r-2)-—3. 
a b 
VA y 
X 
[e x 
Y 
7 Given f(x)=x? istransformedto g(x)=(x—-3)2+2: 
a find the images of the following points on f(x): 
i (0,0) ii where z=-—3 il where x =2 


b find the points on f(x) which correspond to the following points on g(x): 
i (1,6) ii (-2,27) ii (15,45) 
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TYPES y=pjf(lx),p>0 AND y=Jf(kz),k>O 


EXERCISE 5B.2 
1 Sketch on the same set of axes, the graphs of y= f(x), y=2f(x) and y=3 f(x) 


for each of: 
a Hx)=a b fx)=|z| c f(x)=a 
d fix)-=e e fx)=lIngz f a)=> 
2 Sketch on the same set of axes, the graphs of y= f(x), y= af(a) and y= 1 f(x) 
for each of: 
má bd Ha)=aº e faj=e 


3 Using 1 and 2, summarise your observations by describing the graphical transformation 
É vejo) do v= pila) Tr p>0, 


& Sketch on the same set of axes, the graphs of y = f(x) and y= f(2x) for each of: 
a y=2º b y=(x-1)2 c y=(2x+3) 


5 Sketch on the same set of axes, the graphs of y = f(x) and y= f(3x) for each of; 
a y=z b y=2? ce y=e” 


x 


6 Sketch on the same set of axes, the graphs of y = f(x) and y= f (5) for each of: 
a y=g? b y-2z c y=(x+2) 
7 Using 4, 5 and 6, summarise your observations by describing the graphical transformation 
of y=f(x) to y=f(kr) for k>0. 


8 Consider the function fix ag. 


On the same set of axes sketch the graphs of: 
a yv=jf(x), yv=3f(x—-2)+1 and y=2f2+1)-3 


by=f(z), y=f(2-3), v=S(5-3), v=2$(5-3) andy=2f(5-3)+4 
c y=f(x) and y=If(22+5)+1. 


9 a Given that the following points lie on y = f(x), find the corresponding points on 
the image function y=3f(2x): 
i (3,5) ii (1,2) il (2,1) 
b Find the points on y = f(x) which are moved to the following points under the 
transformation y=3f(2x): 
i (2,1) ii (3,2) il (—7,3) 
10 The function y= f(x) is transformed to the function g(x)=3+2f(Ja +1). 
a Fully describe the transformation that maps f(x) onto g(x). 
b Using a, find the image points of the following points on f(x): 
i (1,-—3) ii (2,1) il (—1,—2) 
c Find the points on f(x) which correspond to the following points on g(x): 
i (-2,-5) io (1, —1) iii (5,0) 
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TYPES y = —f(x) AND y=f(—a) 
EXERCISE 5B.3 


1 On the same set of axes, sketch the graphs of: 
a y=3z and y=-3r b y=e” and y=-e” 


2 2 


c y=zl and y=— d y=lnz and y=-Ing 


e y=72-2 and y=-12+2 f y=22+1)2 and y=-2(2+1) 
2 Based on question 1, what transformation moves y=f(x) to y=-f(x)? 


3 a Find f(-x) for: 

















i f(x)=22+41 io f(a)=22+22+1 ii f(x)=|2x-—3| 
b Graph y=f(x) and y=f(-x) for: 
i f(x)=21+41 à flv)=224+27+41 ii f(x)=|2x-—3] 


4 Based on question 3, what transformation moves y=f(x) to y=f(-x)? 


5 The function y = f(x) is transformed to g(x) = —f(a). 


a Find the points on g(x) corresponding to the following points on f(x): 


à (3,0) à (2,-1) ii (-3,92) 
b Find the points on f(x) that have been transformed to the following points on g(x): 
| = à (5,0) ii (-3,-2) 


6 The function y = f(x) is transformed to A(x) = f(—x). 
a Find the image points on h(x) for the following points on f(x): 


| 0-1 ii (0,3) ii (-1,9) 
b Find the points on f(x) corresponding to the following points on A(x): 
à (5,-4) ii (0,3) ii (2,3) 


7 Afunction y= f(x) is transformed to the function y=-f(-x) = g(x). 
a Describe the nature of the transformation. 
b If (3,-7) leson y= f(x), find the transformed point on g(x). 
c Find the pointon f(x) that transforms to the point (—5, —1). 


Summary of graphical transformations on y= f(x) 


>» For y=f(x)+b, the effect of b is to translate the graph vertically through 
b units. 


e If b>0 itmoves upwards. e If b<0 itmoves downwards. 


>» For y=f(a-a), the effect of a is to translate the graph horizontally 
through a units. 


e If a>0 itmovesto the right. e If a<O0 itmovesto the left. 


>» For y=f(a-a)+b, the graph is translated horizontally a units and 


vertically b units. We say it is translated by the vector E : 


b continued next page 
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continued from previous page 
>» For y=pf(x), p>o0, the effect of p is to vertically stretch the graph by a 
factor of p. 
e If p>1 itmoves pointsof y= f(x) further away from the x-axis. 
e If O<p<1 itmoves pointsof y= f(x) closer to the x-axis. 
>» For y=f(kx), k>o0, the effect of k is to horizontally compress the graph by 
a factor of k. 
e If k>1 itmoves points of y= f(x) closer to the y-axis. 
e If 0O<k<1 itmovespointsof y= f(x) further away from the y-axis. 
» For y=-—f(ax), the effect is to reflect y = f(x) in the a-axis. 
>» For y=f(-x), the effect is to reflect y = f(x) in the y-axis. 
Note: Stretching by a factor of E is equivalent to compressing by a factor of p. 
For example, y = 5 f(x) indicates that y = f(x) is vertically stretched by 
a factor of ão or compressed by a factor of 3. 
Likewise, y = f(1x) indicates that y = f(x) is horizontally compressed by 
a factor of 5 or stretched by a factor of 4. 


EXERCISE 5B.4 


1 Copy the following graphs for y= f(x) and sketch the graphs of y=—f(ax) 
the same axes. 


a b 
y 





2 Given the following graphs of y= f(x), sketch graphs of y=f(-a): 


Ç 
. >» n x x 





b > c é d 4 








on 


GRAPHING AND TRANSFORMING FUNCTIONS (Chapter 5) 133 


4 Forthe graphof y= f(x) given, draw 
sketches of: 


a y=2f(a) b y=5f(x) 
c y=f(r+2) d y=f(2x) 
e y=f(52) 





For the graph of y=g(x) given, draw 
sketches of: 


a yv=g(7)+2 bb y=-g(z) 
c y=9(-2) d y=-g9(x+1) 












6 For the graph of y= h(x) given, draw 
sketches of: 
a y=h(z)+1 b y=ih(x) 


€ v=h(—s) d y=h(5) 





ax + b 





: d 
Any function x av *-—- where a, b, c and d are constants 
e 


cx + d' 
is called a simple rational function. 


These functions are characterised by the presence of both a horizontal asymptote (HA) and 
a vertical asymptote (VA). 


Any graph of a simple rational function can be 
; ; : 1 
obtained from the reciprocal function x» — 
x 

by a combination of transformations including: 


e a translation 








(vertical and/or horizontal) - 


e stretches and compressions 
(vertical and/or horizontal) 
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Example 2 
Find the function y=g(x) that results when transforming the reciprocal 
function, x - by: a vertical stretch with factor 2 then a horizontal 
compression with factor 3, then a translation of [8] : 


Find the asymptotes of each function found in a. 
Is the function found in a a self inverse function? Explain. 





il il 
Under a vertical stretch becomes 2 (=) Ca 
with factor 2, E ad 


à 2 
Under a horizontal com- becomes — ((3x)) 
ip (39) 
pression with factor 3, 


2 2 
Under a translation of E E becomes GES 2 Lf(x—-3)-—-2) 


20 2 2(32—-9) -6r+20 


E RED E DO O 


1 
The asymptotesof y=-— are: VA z=0, HA y=0 
E 


for the new function VA is x =3, HAis y=-—2 fas translated E 


From a graphics calculator the graph 
is found as shown. 


It is not symmetrical about y =. 
Hence, it is not a self inverse function. 





k 1 ; 
Note: f(z)=— isaverticalstretchof zm — with factor k. 
É E 


EXERCISE 5€ 





: b : 1 
1 a Find, inthe form y= E z the function that results when x — 
is transformed by: fee e 
i a vertical stretch of factor > ii a horizontal stretch of factor 3 
iii a horizontal translation of —3 iv a vertical translation of 4 
v allofi, ii, iii and iv. 
, : ax + b : 
b Find the domain and range of y=-——— as foundin av. 


crx+d 
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Example 3 

gp (5 

For the function firm E » find: 
dale 1 

a the asymptotes b how to transform the function to give a — 

ah 
2x—-6 2(x+1)-8 8 o 
a = = = 2 — E 
Ha) E da Ra Rr 


—8 : 
This represents a translation of [| from f(x) =— which has 
5 
VASO and ELAS =0! 
— 21-—6 
— z+1 





So, J(s) has VA z=-1 and HA y=2. 


2x — 


Note: o is undefined when x =-—1 





e as |z/—+00, f(x) >2 
p= (0) 








e the domainof f(x) = E Is do vn) 
27006 
= É 2; 
the range of f(x) = É dy 2 
Zap = (6) 1 





Bios from de= = we 


E 
: Il 1 8 

vertically stretch by a factor of 8 (— becomes 8[— | =—) 
x x x 


E : 8 8 
then reflect in the x-axis (— becomes ——) 
T E 


—8 Ro 
then translate by [5] (— becomes Ea o 
jo 


So, to do the opposite we 


translate by E , then reflect in the x-axis, then vertically stretch by factor Ê. 


2x — 6 2(x— 1) — 6 2x — 8 8 
Check: y E becomes % GEES E = 
8 8 1 
then ne becomes and becomes 
eb o e 





2 For these functions find: 


a a ã ; 1 
i the asymptotes ii how to transform f(x) to give the function qm -—. 
x 


2x +44 3x — 2 2x +1 


b : € Ê 
= eo g-+1 PR 2— 








a firm 
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Example 4 


42 +3 a Find the asymptotes of y = f(x). 
Condo e b Find the axes intercepts. 


Discuss the behaviour of f near its i VA ii HA, 
Sketch the graph of the function. 1 
Describe the transformations which move x--— to 

x 


EI 
E o RR 
So, the function has VA x=2 (where y is undefined) 
andhas HA y=4 fas |z|— 00, y>4) 
Ven 0 — “. y-intercept is -15 
when y=0, 42+3=0 
v=-P «. a-interceptis —4 


i as x > 2 (from theleft),y—-—oo li as x —> —oc, y—> 4 (from below) 
as x — 2 (from the right), y — oo as > 00, y— 4 (from above) 


E ' 
— becomes — under a vertical 
x x 


stretch with factor 11, and then 


1 4 3 
— becomes Est under a 
z g— 


translation of E 





3 For the following functions: 


i find the asymptotes ii find the axes intercepts 
iii | discuss the graph's behaviour near its VA and its HA 
iv | sketch the graph. 


1 
w Describe the transformations which move xr» — to the given function. 
x 
2143 3 2% — À ox —1 


HC gr “E 2 o = RE 














4 Im order to remove noxious weeds from her property Helga sprays with a weedicide. The 
chemical is slow acting and the number of weeds per hectare remaining after t days is 


1 
modelled by N = 20+ a weeds/ha. 
t+2 


How many weeds per ha were alive before the spraying? 
How many weeds will be alive after 8 days? 


How long will it take for the number of weeds still alive to be 40/ha? 
Sketch the graph of N against t 


According to the model, is the spraying going to eradicate all weeds? 


o Ma co 
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Graphics calculator tips: 


e To find the zeros of a function y = f(x), simply graph the function and find 
its a-intercepts. 
This is equivalent to finding the roots or solutions of the equation f(a) = 0. 


e To check that you have found the correct asymptotes (VA and HA): 
> Try to find y for the x-asymptote value. It should be undefined. 


» Try to find y for large x values, e.g., «10º. It should give a value close 
to the y-asymptote value. 





In this exercise you should discover the graphical connection between y = f(x) and 


y=|f(x)| and y=f(x]). 





1 
functions of the form y= To 
x 

1 


THE RECIPROCAL FUNCTION y = -—— 
f(x) 


Example 5 


Graph on the same set of axes: 


il 
O uy e->2 ei ha 











EXERCISE 5D.1 


1 Graph on the same set of axes: 


2 ns = Re : 
a ums amd y= 51 6 y=(e-D6-3) md vos 


Je 
2 Invariant points are points which do not move under a transformation. 





Show that if y = f(a) is transformed to y = » Invariant points occur at y = +1. 


E 
f(x) 


Check your results in question 1 for invariant points. 
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DISCUSSION 


45 





True or false? Discuss: 





1 
e Thezerosof f(x) become VA values of 7) and the VA values of f(a) 
become the zeros of ——. 
f(x) : 
e Maximum values of f(x) become minimum values of Fa) and the minimum 
values of f(x) become maximum values of Te) 
1 1 
e When f(x)>0, -—— >0 alsoand when f(x)<0, -—— <0 also. 
Rd Ri 
1 1 
e When f(x) —>0, -—— > +too andwhen -—— 50, f(x) > +oo. 
Rm 7 7º ft 


THE MODULUS FUNCTIONS y = |f(x)| AND y= f(lx)) 


Example 6 












Draw the graph of f(x) = 3x(x — 2) and on the same axes draw the graphs of: 
a y=f(2)| b y=f(lzl) 





te dano j Ba 
É == oco : = 106) (OC 2o 


This means the graph is unchanged for This means the graph is unchanged if 
f(x) >0, reflected in the x-axis for f(x) <0. x>o0, reflected in the y-axis if a <0. 











True or false? Discuss: 


e y=|Ha| => y=f(x) for f(x)>0 and y=-f(x) for f(x) <0 


e Thegraphof y= |f(x)| can be obtained from the graph of y = f(x) by 
reflecting in the x-axis. (Try a y=7? b y=e"-2 ec y=In(x4+2)) 
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e Points on the y-axis are invariant for f(x) > | f(x) | 


e Thegraphof y=f(|x|) can be obtained from the graphof y= f(x) by 
reflecting in the y-axis. 


e ir pm => = (o) or E = 0 ando Ro) or ao 


e Points on the x-axis are invariant for f(x) > f(|x|) 


EXERCISE 5D.2 


1 Draw y=a(z+2) and on the same set of axes graph: 


a y=|fa)| b y=f(|2]) 

1 
2 Copy the following graphs for y = f(x) and on the same axes graph y = FE 

x 

a b c 

y E 
v=f0) 
v=f0) 
1 





(15,—2) 


3 Copy the following graphs for y = f(x) and on the same axes graph y =| f(x)|: 
Ç 





4 Repeat question 3, but this time graph y=f(|x|) insteadof y=|f(ax) 


5 Suppose the function f(x) is transformed to | f(x) |. 
For the following points on f(x) find the image points on | f(x)|: 
a (3,0) b (5,-2) c (0,7) d (2,2) 


6 Suppose the function f(x) is transformedto f(|x|). 
a For the following points on f(x) find the image points: 
i (0,3) i(,3) ii (7,4) 
b For the points on f(|x|) find the pointson f(x) that have been transformed: 
à (0,3) à (1,3) iii (10, —8) 
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REVIEW SET 5A 


1 If f(x)=22 — 2x, find in simplest form: 

a (3) b H(-2) e f(a) d H-x) e 3Ha)-2 
2 f(x)=5-x-—a2, find in simplest form: 

a fo  bfH-1) e sa-1) d f(5) e 2H0)-S-2) 


3 Consider the function f:x-—ax?. On the same set of axes graph: 


a yv=jf(z) bb vy=f(x+2) ce y=2f(21+2) d y=2f(x+2)-3 


4 The graphof f(x)=372-212+ax+2 is translated to its image g(x) by the 
vector [1]. Write the equationof g(x) intheform g(x)=azº+ba?+cr+d. 


5 Consider f(x)=(x+1)2-4. 
a Use your calculator to help graph the function. 
b Find algebraically i the x-intercepts ii the y-intercept. 
c What are the coordinates of the vertex of the function? 
d Use your calculator to check your answers to b and c. 


6 Consider f:zx>2*. 
a Use your calculator to help graph the function. 
b True or false: i asz>o, 2750 idiasz>-oo, 27 >0 
iii the y-intercept is 5 7 272 = oe ella 


7 Sketch the graph of f(x) = —x2, and on the same set of axes sketch the graph of: 
a y=f-s) b y=—F(a) c y=f(2x) d y=fHr-2) 
8 The graph of y = f(x) is shown alongside. 


The x-axis is a tangentto f(x) at zx=a ” 
and f(x) cuts the x-axisat x =b. 


On the same diagram sketch the graph of 

yo =Jf(zx-—c) where O<c<b-a. 

Indicate the coordinates of the points = b 
of intersection of y> with the x-axis. 





=y 


9 The graph of f(x) is drawn alongside. 
a Copy the graph of f(x) and draw 
the graph of | f(x)| on the same 
set of axes. : 
b Find the y-intercept of FE 
«e Show on the diagram the points that 


! : ; 1 
are invariant for the function ——. 


Fla) 


1 
d Drawthe graphof y=-— on the same set of axes. 


f(x) 
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10 a If f(x) =x+2, find the equation of the function F obtained by stretching the 
function f vertically by a factor of 2 and compressing the function horizontally 
by a factor of 2, followed by a translation of > horizontally and —3 vertically. 

b i Check that the point (1, 3) remains invariant under the transformation de- 
scribed in part a. 
ii What happens to the points (0, 2) and (—1, 1) under the transformation 
given in part a? 
ili Show that the points in ii lie on the graph of y = F(a). 


11 The graph of f(x) = «x? is transformed 
to the graph of g(x) by a reflection and 
a translation as illustrated in the diagram 
alongside. 





Find the equation of y = g(x) in the 
form ax2 + br +c. 





REVIEW SET 5B 


AO - find in simplest form: 
a 49) db f(22) cf (5) d 4f(z+9)-3 
2 Consider f(x):zx> 3x -—2. 


a Sketch the function f. 
b Find algebraically the i -intercept ii gy-intercept iii slope. 


c ài Findywhen z=0.3 ii Find a when y=0.7 
3 For what values of x, where a is a positive real number, is |x-al=|z|-a? 
Boer a) E ER e OR 





q +oe 

a Onaset of axes like those shown, sketch the graph 
of f(x). Label clearly any points of intersection 
with the axes and any asymptotes. 


it 
b On the same set of axes, sketch the graph of TE 
o 
Label clearly any points of intersection with the 
axes. 





5 Forthe graphof y= f(x), sketch graphs of: 
a y=f(-a) b y=—f(a) 
c y=f(x+2) d v=f(x)+2 
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The graph of y = f(x) is given. 
On the same set of axes graph each pair 
of functions: 


b y=Jf(z) and y= 


b 
c 
d 


Discuss and sketch the graph of y= 


yv=f(x) and y=f(r-29)+1 
ll 


o) 
y=f(x) ond y=|f(2)| 


Find the equation of the function y= f(x) that results from transforming the 





: 1 BD : E 
function vs — by: a reflection in the y-axis, then a vertical stretch of 
sf 


factor 3, then a horizontal compression of factor 2, then a translation of [1] : 
Sketch y = f(x) and state its domain and range. 

Does y = f(x) have an inverse function? Explain. 

Is the function f a self-inverse function? Give graphical and algebraic evidence. 


2x — 3 
3x +5 





Your discussion should include: the asymptote equations, axes intercepts, and what 
happens near the asymptotes. 


The graph alongside is that of a rational relation. 


Find its equation in the form y= 


ax +b 
cx+d 








10 For cach of the following functions: 


E S il 
i find y= f(x), the result of a translation [5] E 


ii Sketch the original function and its translated function on the same set of 
axes. 

iii Clearly state any asymptotes of each function. 

iv State the domain and range of each function. 


y= a b (Us loga x 
Sketch the graph of f(x) = —2x +3, clearly showing the axis intercepts. 


i 
Find the invariant points for the graph of y= RE 
x 
State the equation of the vertical asymptote and find the y-intercept of the graph 
1 


Fa). 
Sketch the graph of y = 


UU 

Íl : : 
6 on the same axes as in part a, showing clearly 
the information found in parts b and e. 


On a new pair of axes, sketch the graphs of y = |f(x)| and y = f(|x|) 
showing clearly all important features. 





Quadratic equations 
and functions 


Contents: 





Solving quadratic equations (Review) 
The discriminant of a quadratic 

The sum and product of the roots 
Graphing quadratic functions 
Finding a quadratic from its graph 
Where functions meet 

Problem solving with quadratics 
Quadratic optimisation 


Review set 6B 
Review set 6D 


Review set 6A 
Review set 6C 
Review set 6E 


144 | QUADRATIC EQUATIONS AND FUNCTIONS (Chapter 6) 


QUADRATICS 
A quadratic equation is an equation of the form ax2+bx+c=0 where a, b and c are 
constants, a 0. 


A quadratic function is a function of the form f(x)=ax2+br+c, a£o. 
Alternatively, it can be writtenas f:irzsaxl+br+e, ao. 


Quadratic functions are members of the family of polynomials. 





fixar br+er+d, a£0 isa cubic polynomial. 











fivxrar+br+er?+dr+e, a£0 isa quartic polynomial. 


HISTORICAL NOTE j 


Galileo Galilei (1564 - 1642) was bom in Pisa, Tuscany. He was a philosopher 
3) who played a significant role in the scientific revolution of that time. 

Within his research he conducted a series of experiments on the paths of 

projectiles, attempting to find a mathematical description of falling bodies. 


Two of Galileo's experiments consisted of rolling a ball down a 
grooved ramp that was placed at a fixed height above the floor 
and inclined at a fixed angle to the horizontal. In one experiment 
the ball left the end of the ramp and descended to the floor. In the 
second, a horizontal shelf was placed at the end of the ramp, and 
the ball travelled along this shelf before descending to the floor. 
In each experiment Galileo altered the release height (h) of the 
ball and measured the distance (d) the ball travelled before landing. 
The units of measurement were called “punti” (points). 

In both experiments Galileo found that once the ball left the ramp 
or shelf, its path was parabolic and could therefore be modelled 
by a quadratic function. 





Galileo 








Td ARA NR 


Farmer Brown wishes to construct a rectangular pen E 
for her chickens using her bar for one of the sides. 
The other three sides will be constructed out of 
80 m of chicken wire as illustrated. 
She can make the pen long and thin, or short and fat, or any E ban 
rectangular shape in between, as long as she uses exactly 80 m of 
chicken wire. However, what she really wants to know is which 
rectangular shape will give her chickens the maximum area. 





Can you: 
e decide on a suitable variable to use and construct an area function in terms of this 
variable 
e use the area function to find the maximum area that the pen may have and the shape 
of the pen when this occurs? 
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UATIONS 
(REVIEW) 





Acme Leather Jacket Co. makes and sells x leather 
Jackets each week and their profit function is given 
by P=-12.5272 + 550r — 2125 dollars. 


How many jackets must be made and sold each week 
in order to obtain a weekly profit of $3000? 


Clearly we need to solve the equation: 
—12.522 + 5507 — 2125 = 3000 
ie. 12.572 — 5507 +5125=0 





This equation is of the form ax2+br-+c=0 and is thus a quadratic equation. 


To solve quadratic equations we can: 
e factorise the quadratic and use the Null Factor law: “if ab=0 then a=o0 
or b=(0? 
complete the square 
use the quadratic formula 
use technology. 


Definition: 


The roots or solutions of ax? +br+c=0 are the values of x which satisfy the 
equation, i.e., make it true. 


For example, z=2 isarootof z2-32x4+2=0 since when v=2, 
q —-3x4+2=(2)2-3M2D)+2=4-642=0 V/ 


SOLVING BY FACTORISATION 


Step 1: Make one side of the equation O by transferring all terms to one side. 
Step 2: Fully factorise the other side. 

Step 3: Use the “Null Factor law”: “if ab=0 then a=0 o b=0. 
Step 4: Solve the resulting elementary linear equations. 


Example 1 


Solve for x: a 3722457 =0 b 72=5716 


Su on 0 o or 6 
antes ais =) o 22-be-6=0 
z=0 o 32x+5=0 + (x-6)(x+1)=0 
v=0 or x=-— RO Not MR) 
m=06 o =] 


5 
3 
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Example 2 


Solve for x: a 4224+1=4g b 6x2 = 11x +10 


6x2 = 11x + 10 
6x2 — 11x — 10=0 
(2x — 5)(3x + 2) = 0 
5 


— 5 E 
T=5 or 3 





Example 3 


Solve for x: 9 


a(3x +—) = —Tx (multiply both sides by x) 
E 


2 
on 


dv 3X +2=-—Tã 
32 +774+2=0 
Rss UNS 
1 


v=-—-2or = 


[expand the brackets) 
(make the RHS 0) 
(factorising) 








EXERCISE 6A.1 


1 Solve the following by factorisation: 








a 4722 477=0 b 672427=0 €c 3x -77=0 

d 2x2 -112x=0 e 3x2 =-8x f 9x = 6x 

g 2 -52x+6=0 h 2722-2248 i 224+21= 10x 

i 94+272=6r k zvº+7x=12 | xº+87=33 
2 Solve the following by factorisation: 

a 9º -127x4+4=0 b 27º2-132-7=0 c 3x? = 16x+4 12 

d 3x2 4572=2 e 22 4+3=5r f 3x2 =42+44 

g 32x2=-10x+8 h 472447=3 | 47 =112+3 

| 12x =11lx415 k 77224+6x=1 | 1572427 =56 


3 Solve for a: 


a (2+1)2=222-52x+11 


c 5-472=3(2x+4 1)4 


1 
e 2x-=2=-1 
JJ 





+ 2 


b (L+)I-a)=-4 





2 
d z+-=3 
x 
f T+3 9 
l=-2 0 & 
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SOLVING BY “COMPLETING THE SQUARE' 


As you would be aware by now, not all quadratics factorise easily. For example, 72 +4x+1 
cannot be factorised by using a simple factorisation approach. This means that we need a 
different approach in order to solve 72 +4r+1=0. 


One way is to use the *completing the square” technique. 






Equations of the form ax? +br+c=0 can be converted to the 
form (x+p) =q from which the solutions are easy to obtain. 





Notice that if 
Xº= a, then 


EEE 







Example 4 


(x— 1)2=—5 

has no real solutions since 
the perfect square (x — 1)2 
cannot be negative. 











ELAS 









Solve for exact values of x: 2 +47r+1=0 









2 +4x+1=0 






12 +47 =-—1 (put the constant on the RHS) 
12 +41 4+22=-1+22  (completing the square) 
(m+-22=3 (factorising) 












T+H2= tv3 The squared number we 
Di 2l=E add to both sides is 














coefficient of q)? 
2 
EXERCISE 6A.2 
1 Solve for exact values of x: 
a (x+5)2=2 b (x+62=-11 c (x-42=8 
d (zx-82=7 e 2x+3)2=10 f 3(x—-2)2=18 
g (vx+1)2+1=11 h (2x+1)22=3 | (1-32)2-7=0 


2 Solve for exact values of x by completing the square: 











a x2-42+4+1=0 b 27246242 =0 c x2-142+46=0 
d x)=4243 e x +62x4+7=0 f 22=22+46 
g x 14+6x-=2 h z24+10=8z | 2246z=-11 
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If the coefficient of x? is not 1, we first divide throughout to make it 1. 
For example, 272 +10x+3=0 becomes «2 +52x+5=0 
—322 + 122 +5=0 becomes «q? -42-2=0 


3 Solve for exact values of x by completing the square: 
a 27º4+42x4+1=0 b 27º-102x+3=0 ce 372 +127+4+5=0 
d 37º=67x+4 e 5xº-152+2=0 f 47º +47 =5 





THE QUADRATIC FORMULA 


Many quadratic equations cannot be solved by factorising, and completing the square can be 
rather tedious. Consequently, the quadratic formula has been developed. This formula is: 








—b+t vb? —4 
Ff ax 4+bz4c=0, then x= E 
2a 
Proof: If av +br+c=0, 
b 
then 22 + af — =) (dividing each term by a, as a £ 0) 
a 
. 
22 +- E 

a” a 

b c bs? 

q? + 2 +[—) =-=+([— (completing the square on LHS) 
2a a Za 
— bt —4ac 
— 4a? 

n = bº — 4ac 

RO 4a? 
—b+ vb 4ac 
fi = 
2a 


For example, consider the Acme Leather Jacket Co. equation from page 145. 
We need to solve: 12.572 — 5507 + 5125 = 0 


so in this case a= 12.5, b=-—550, c= 5125 Trying to factorise 
this equation or 

using “completing 

the square” would 








2(12.5) not be easy. 
— 55904 v46250 
o 25 ) 
= 30.60 or 13.40 E) 
However, x needs to be a whole number, so x = 13 or 31 would y 


produce a profit of around 83000 each week. 
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Example 6 
Solve for x: o GD b 272437 -4=0 


a zº-2x-—-6=0 has b 2x2+3x-6=0 has 
c=-—6 qu be Se 0 





= + 3(-2)2 — 4(1)(—6) E SE ACO) 


2(1) 


ii= 








Solutions are: 


= 
4 





p= ils 


Solutions are: 1+7 and 1— 7. 














EXERCISE 6A.3 
1 Use the quadratic formula to solve exactly for x: 
a 2º -42-3=0 b 224+62+7=0 c v+1=4% 
d xº+47x=1 e xº-4242=0 f 27º-2x-3=0 
g 72 -2/224+2=0 h (3x+1)2=-2x | (x+39)(2x+1)=9 
2 Use the quadratic formula to solve exactly for x: 
a (1+4+2)(x-)=2-37r b (Qx+1)2)=3-1 ce (r-292=1+2 
—1 1 1 
d >" =2+41 e v->=1 f 2-—=3 
2-2 z x 


In the quadratic formula, the quantity b2 — 4ac under the square root sign is called the 
discriminant. 





The symbol delta A is used to represent the discriminant, so A=b? — 4ac. 


—b JEM A 
The quadratic formula becomes x = OR where A replaces b2 — 4ac. 
a 
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—b 
Note: e IRA 0 — a is the only solution (a repeated or double root) 
a 


e IfAÃ>O0, vA isa positive real number, so there are two distinct real 


DEN —b—-vA 
roots: ————— and ———— 
2a 2a 
e IfÃA<O, vA isnota real number and so there are no real roots. 


e JIfa,b and c are rational and À is a perfect square then the equation has 
two rational roots which can be found by factorisation. 


Example 7 


Use the discriminant to determine the nature of the roots of: 
a 27º -27x4+3=0 b 372-47-2=0 


A =b2 — 4ac b A =b2-—-4ac 
= (2)? — 4(2)(3) = (—4)2 — 4(3)(—2) 
= 90 which is < O = 40 which is > 0 


there are no real roots 40 is not a perfect square so there 
are 2 distinct irrational roots. 


Example 8 


For 72 -2zr+m=0, find A and hence find the values of m for which the 


equation has: a arepeatedroot b 2 distinct real roots c no real roots. 


po Oo has a bo Dland cm 
A=b-4ac=(-2)2-4(1m)=4-4m 
a Fora repeated root b For 2 distinct real roots ce Forno real roots 
AE) AE) A <0 
4—-4m = 0  4-4m>0 . 4-4m<0 
Rm  —im> -—A4  —Am<-—A4 
ço ER RI RR 


Notice: 2 distinct repeated imaginary 
la «fis => o 





> m values 





Summary: [ ; 


[Dmcrim 
two real distinct roots 
two identical real roots (repeated) 





O moramos | A50 
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Example 9 


For the equation kx2+[k-+3]z=1 find the discriminant A and draw a sign 
diagram for it. Hence, find the value of k for which the equation has: 


151 








a two distinct real roots b two real roots 
c a repeated root d no real roots. 
For kx2+[k+3]z-1=0, au RD Ti cal 
So PA 
=(k+3)2 —4(k)(—1) and has sign diagram: 
= k2 + 6k + 9 + 4k 
+ - + 
=k2+10k+9 CSS Si 
= (k+9)(k+1) 
a For two distinct real roots, NO a OB or E 
b For two real roots, AZO v. k<-9 or k>-1. 
ce Fora repeated root, PARE O RR o O O E IE 
d For no real roots, Aa 9 ski 
EXERCISE 6B 
1 By using the discriminant only, state the nature of the solutions of; 
a v2+77-3=0 b 2724+2/32+3=0 c 3224+27-1=0 
d 5x2447-3=0 e 722421+45=0 f 1672-87+1=0 








2 By using the discriminant only, determine which of the following quadratic equations 


have rational roots which can be found by factorisation. 
a 62-57 -6=0 b 27º -77-5=0 ce 3x24+42+1=0 
d 6x2 -47x-8=0 e 422 -32x4+2=0 f 87224+27-3=0 





3 For the following quadratic equations, determine A in simplest form and draw a sign 


diagram for it. Hence find the value of m for which the equation has: 
i a repeated root il two distinct real roots iil no real roots. 
a 1º +4x4+m=0 b mz24+3742=0 ec mz?-37r+1=0 


4 For the following quadratic equations, find the discriminant A and hence draw a sign 


diagram for it. Find all k values for which the equation has: 














a 2x2 +kz-k=0 b kx?-2x+k=0 
c v2+[k+2]z+4=0 d 222 +[k-2]r+2=0 
e xw+[3k-1|x+[2k+10]=0 f [k+1]x2+khz+k=0 


two distinct real roots ii tworealroots ill arepeatedroot iw no real roots. 
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b 
If ax? +br+c=0 hasroots a and 8 then Cao ee and ap =. 





For example: ifa and Bare the rootsof 212 -2x-1=0 
then a+8=1 and aB= —. 














Proof: 
Method 1 (Quadratic formula) Method 2 
—b+vA —b— VA 
Let gas pese As ax +br+c=a(x-— o)(x — 8), 
a a 
ax? + br +c= a(x? — [a + Br + af) 
-b+VA-b—- VA bg 
RS E rt ="-lo+Br+as 
se =2b = -b Equating coefficients, 
2a a b ê 
a+8=-— and ab =-— 
-b+ VA) [-b—- VA a a 
and aB= 
2a 2a 
2P-A bB-(bB-4c) 4ac 
4a? 4a? 42 a 
Example 10 


Find the sum and product of the roots of 2572 —- 207 +1=0. 
Check your answer by solving the quadratic. 


2 4 

If a and 8 are the roots then ath=-*= 5-5 
e 1 
d = >D— 
and af Gs 


Check: 2572-207 +1=0 has roots 





























20 + 4/400 — 4(25)(1) = 20-EN/B00 20 103 Dus vs 
50 E 50 E 50 PAGE 
2] 2 — 4 
These have sum = +v3 + 3 = / 
5 E) 5 
ea ae] 
t — = E O 
and produc 5 = 35 35 





EXERCISE 6€ 


1 Find the sum and product of the roots of: 
a 372-2x47=0 b 2 +1ll4=13=0 c 5x2 -6x-14=0 
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2 Theequation kr? —-(1+k)x+(3k+2)=0 is such that the sum of its roots is twice 


their product. Find k and the two roots. 


3 ax? -6r+a-2=0, a£0 has one root which is double the other. 


a Let the roots be a and 2a and find two equations involving a. 


b Find a and the two roots of the quadratic equation. 


4 ka2+(k-8)x+(1-k)=0 has one root which is two more than the other. 


Find k and the two roots. 


5 The roots of the equation 12 -6x4+7=0 


Find the simplest quadratic equation with roots 


6 Therootsof 272 -3x-5=0 arep and q. 


1 
Gs 


are o and 9. 


B 


Find all quadratic equations with roots p2+q and q? +p. 


7 kr? +[k+2]z—3=0 has roots which are real and positive. 
Find the possible values that k may have. 


1 
and B+-. 
a 





REVIEW OF TERMINOLOGY 


The equation of a quadratic function is given 
by y=-ax2+br+c, where a£0. 


The graph of a quadratic function is called a 
parabola. The point where the graph “turns” is 
called the vertex. 


If the graph opens upward, the y-coordinate of 
the vertex is the minimum and the graph is 
concave upwards. 


If the graph opens downward, the y-coordinate 
of the vertex is the maximum and the graph is 
concave downwards. 


The vertical line that passes through the vertex is 
called the axis of symmetry. All parabolas are 
symmetrical about the axis of symmetry. 





Ay 









minimum 


vertex 


The point where the graph crosses the y-axis is the y-intercept. 








B 
DD: 
E 
o a 
E parabola 
E »x 


Zero 


y-intercept 





The points (if they exist) where the graph crosses the x-axis are called the x-intercepts, and 


correspond to the zeros of the function. 
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AS O 


a This investigation is best done using a graphing 


GRAPHING 
package or graphics calculator. PACKAGE B 
E do What to do: F E 


1 a Use technology to help you to sketch: 
y=(2—-12x-3), y=2H2-1(2-3),  y=—(2— 1x3), 
y=-3(x— (x —3) and  y=-5(2-D(x—3) 
Find the x-intercepts for each function in a. 
c What is the geometrical significance ofa in y=a(x— D(x—3)? 
2 a Use technology to help you to sketch: 
y=2(2—1(z-4), y=22-3)[(2-5),  y=2(2+1(a-—2), 
y=2x(x+5) and y=22x+2(x+4) 
b Find the x-intercepts for cach function in a. 
c What is the geometrical significance of a and Bin y=2(x-a)(x— 8)? 
3 a Use technology to help you to sketch: 
uv De 12 2a sd 2a u=-2» 
b Find the x-intercepts for each function in a. 
ce What is the geometrical significance of a in y=2(x—a)2? 
4 Copy and complete: 
e fa quadratic has factorisation y=a(x—-a)(z— 8) it... the x-axis at ...... 
e fa quadratic has factorisation y=a(x—- a)? it... the x-axis at ...... 


AS Lo 


AL . . . . . . 
sao This investigation is also best done using technology. RE 


RD What to do: e 


1 a Use technology to help you to sketch: 
yv=(r-3)2+2, y=2r-3)2+2, y=-2(r-3)2+2, 
y=-(2-3)2+2 and y=-(2-32+2 


b Find the coordinates of the vertex for each function in a. O B 








c What is the geometrical significance ofa in y=a(r—3)2+2? 
2 a Use technology to help you to sketch: 
y=2(2-1)2+3, y=22-22+4, vy=2A2-32+1, 
y=2A2+12+4, y=2(2+22-5 and y=2(2+3)-2 
b Find the coordinates of the vertex for each function in a. 
c What is the geometrical significance ofh andkin y=2(x-h)2+k? 
3 Copy and complete: 
Ifa quadraticisin the form y=a(x—h)+k then its vertex has coordinates ...... 
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From Investigations 1 and 2 you should have discovered that: 


e The coefficient of x2 (which is a) controls the degree of width of the 
graph and whether it opens upwards or downwards. 


» a>0 produces Na or concave up. a<0O produces a or concave down. 


» If -I<a<l, a£O0 thegraphiswiderthan y=z2. 


If a<-1 or a>1 the graphis narrower than qy =x. 


y=a(x— a)(ax — 8) a-intercepts are a and 8 


a, 3 are real a+B 
2 


axis of symmetry is 7 = 


vertex is (ai2, 1(e32)) 





y=a(r— a)? | touches x-axis at a 
a is real axis of symmetry is v=a 
| vertex is (a, 0) 


axis of symmetry is q = h 
vertex is (A, k) 


y=ar) +br+c axis of symmetry is 
(general quadratic | “8 
form) | ni 2a 


a-intercepts for A > O are 


-“b+VA 


2a 





where A = b2 — 4ac 





irrespective of the sign of A. 


AR DE RR 
on PO cn 


b.. — 
Note: —— is the average of 
2a 2a 
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SKETCHING GRAPHS USING KEY FACTS 


Example 11 


Using axes intercepts only, sketch the graphs of: 
a y=2(x+3)(z—1) b vy=-2(x—-1)(x—2) 








v=2(2x+3)(x—1) b y=-2(x— 1x —2) y= (2 +27 
has x-intercepts —3, 1 has x-intercepts 1, 2 touches x-axis at —2 
When x =0, When x =0, When x = 0, 


y =2(8)(-1) y =-2(-1)(2) 
= =-4 


y-intercept is —6 “. y-interceptis —4 





The vertex is (—1, 4). 
The axis of symmetry is q = —1. 


Vipent=A(0 0 


a<0 





For the quadratic y=272+6x-3, find: 
a the equation of the axis of symmetry b the coordinates of the vertex 
ce the axes intercepts. d Hence, sketch the graph. 
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E rc nr cm RO 1Y' shape 









E O E 
a E b When ba 
= (EP sn 
axis of symmetry is v=-—5. a DeCs 
= 75 (simplifying) 
vertexis (-5, —75). 
(4 Nil g=0, m==8 d 






y-intercept is —3. 





When y=0, 2724+6x-3=0 


Esteio 


4 













vm 3.44 or 044 





The vertex is called the 
maximum turning point or 
the minimum turning point 

depending on whether the 
graph is concave down or 
= 2 ro metas ee] concave up. 
= ==5 
andso — = =:2 
2a DA, 






ELA! 


Determine the coordinates of the vertex of y=-2x72 --8x+1. 





equation of axis of symmetry is v=2 


and when z=2, yvy=22)2 —- 8(20)+1 
= 


the vertex has coordinates (2, —7). 


EXERCISE 6D.1 


1 Using axes intercepts only, sketch the graphs of: 
a y=(2-4)(x+4+2) b y=-(x—-49(x+2) c 
d y--3a(x+4) e y=2(r+3) f 


2 What is the axis of symmetry of each graph in question 1º 


3 Use the vertex, axis of symmetry and y-intercept to graph: 
a y=(2-1)2+3 b y=2(1r+2)2+1 c y=-2x-1)2-3 
d y=5(2-3)2+2 e y=-a(x—-12+4 f y=-m(2+2)2—3 


& Find the turning point or vertex for the following quadratic functions: 
a y=7º-41+2 b y=724+27-3 € y=2eº+4 
d y=-3241 e y=272+8r-—-7 f y=-22-47-9 
g y=2r7º+4+6x-1 h y=27º-102+43 i y=-50 +2-—5 
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5 Find the x-intercepts for: 





a y=72-9 b y=27º-6 ce y=7)+472+410 
d y=rº+x-—12 e y=4r-g f y=-22-6x-8 
g y=-27º -47-2 h y=47º- 247436 | y=7º-42+41 

ij y=22+47-3 k y=22-61r-2 | y=22+82+411 





6 For the following quadratics, find: 
i the equation of the axis of symmetry | ii the coordinates of the vertex 


il the axes intercepts, if they exist. iu -Hence, sketch the graph. 

a y=7º-27+5 b y=zº+47-1 c y=27º-5r+2 

d y=-224+31-2 e y=-372447-1 f y=-22242+41 

gs y=-6r-g? h y=-72-67-8 i y=-422+22+1 


SKETCHING GRAPHS BY COMPLETING THE SQUARE 


If we wish to find the vertex of a quadratic given in general form y=ax?+br+c then 
one approach is to convert it to the form y=a(z—h)+k where we can read off the 
vertex (h, k). To do this we may choose to “complete the square”. 





Write y=r2+4r+3 intheform y=(x-h)2+k by completing the 
square. Hence sketch y=72+4x+3, stating the coordinates of the vertex. 





y=12+42+3 
y=2"+4r +22 43-22 
y=(2+2)2-1 


shift 2 shift 1 
units left unit down 








. . E y=x2+4x + 
Vertex is (—2, —1) and y-intercept is 3. 





Example 16 


Convert y=372-4x+1 intotheform y=a(x-h)2+k by 'completing 


the square”. Hence, write down the coordinates of its vertex and sketch the graph 
of the function. 





y=37 4241 
=3[72 - Sa+a] [take out a factor of 3) 
=3[02 -AS)x+ (5) — (3) +35] (complete the square) 


=3(r-3)2-5+35] (write as a perfect square! 
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=3(x— 2)2- 1  fexpand to desired form) 


So the vertex is (5, —3). 


The y-intercept is 1. 








V($,—3) 





We can use technology to confirm this. For example: 





Hiram ur 
n=.bhhbr V=0.23353 


EXERCISE 6D.2 


1 Write the following quadratics in the form y = (z-—-h) +k by 'completing the 
square”. Hence sketch each function, stating the vertex: 


a y=7º-22+3 b y=72+47-2 Cc y=7º-4z 
d y=z7+3z% e y=r+57-2 f y=rº-37+2 
g y=rº-61+5 h y=724+87-2 i y=72-52+41 








2 For each of the following quadratics: 
i convertinto the form y=a(x-—-h)+k by 'completing the square” 
ii state the coordinates of the vertex 
ill find the y-intercept. 
iu Hence, sketch the graph of the quadratic. 
vw Use technology to check your answer. 





a is always the 
factor to be 
“taken out”. 











a y=-272+4745 b y=27º -87+3 

c y=27º-6x+41 d y=37º-62+5 

e y=-rº+47+42 f y=-27-52+3 

3 Use your graphing package or graphics calculator GRAPHING Ss 

to graph each of the following functions. Hence ips ag 
write each function in the form y=a(xz — h)2+k. il 

a y=7º-4247 b y=7º+6743 € y=-22442+45 
d y=27º+6x-4 e y=-272-10x+1 f y=37]-9r-—5 


THE DISCRIMINANT AND THE QUADRATIC GRAPH 


Consider the graphs of. y=xº-2743, y=7º-22+41, y=7º-27-83. 
All of these curves have the same axis of symmetry: x =1. 
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= (23 =4(1D)(-3) 











= 16 
does not cut the x-axis touches the x-axis cuts the x-axis twice 
The discriminant A determines if the e does not cut the zr-axis (A <0) 
graph: e touches the x-axis (NO) 
e cuts the x-axis twice (A > 0). 


3 EL AD) 


Use the discriminant to determine the relationship between the graph and 
the x-axis for: a y=r24+37+4 b y=-27+5x+41 


a RIR) = Re A 


A = — 4ac a>0 .. concave up NA 
=9-4(1)(4) 


sy X 
= —T whichis< 0 


The graph does not cut the x-axis. It lies entirely above the x-axis. 


Blo— 20 b- 5 el 
.A=b-4ac a<0O .. concave down Ls 
=25-4(-2)(1) 


— 33 whichis > 0 . the graph cuts the x-axis twice. 





POSITIVE DEFINITE AND NEGATIVE DEFINITE QUADRATICS 


Positive definite quadratics are quadratics which are positive RA 
for all values ofx, ie, ax?+bx4+c>0 foral xe 








Negative definite quadratics are quadratics which are negative 
for all values of x, ie, axº+brx+c<0 foral zeR. Fa 





x 














Tests: e A quadratic is positive definiteif a > 0 and A <0. 
e A quadratic is negative definiteif a < O and A <0. 
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EXERCISE 6D.3 
1 Use the discriminant to determine the relationship between the graph and x-axis for: 
a y=7)+77-2 b y=-22+4V22+8 ce y=-27º+4+32+41 
d y=6r2+57-4 e y=-224+27+46 f y=9r72+67+1 
2 Show that: 
a 7º-324+6>0 forallz b 4 -72-6<0 foralz 


c 2x2 -4r +47 ispositive definite d -272+3x-—4 is negative definite 


3 Explain why 372 +kz—1 is never positive definite for any value of k. 
p 


4 Under what conditions is 272 + kz +2 positive definite? 





ITS GRAPH 


+, 


If we are given sufficient information on or about a graph we can determine the quadratic 
function in whatever form is required. 


Example 18 


Find the equation of the quadratic with graph: 


y 


a Since the ax-intercepts are —1 and 3, Since it touches at 2, 
yv=a(x+I)(x—3), a<o0. y=a(x-2)2, a>0. 
But when x=0, y=3 But when x=0, y=8 

3=a(1)(—3) . 8=a(-2) 
RPA o a=2 
So, y=-(2+I)(x-—3). So, y=2(x-2)2. 





DELA) 
The axis of symmetry is x = 1, 
so the other x-intercept is 4 
en o a) 
But when x=0, y=16 
16 = a(2)(—4) 


a=—2 


Find the equation of the 
quadratic with graph: 


the quadraticis y=-2(x+2)(x—4) 
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Example 20 


Find, in the form y=ax?+br+c, the equation of the quadratic whose graph 
cuts the x-axis at 4 and —3 and passes through the point (2, —20). 


Since the x-intercepts are 4 and —3, the equation is 
y=a(x—4)(x+3) where a 0. 
But when z=2, y=-20 co —20=a(2-4)(2+3) 
—20 = a(—2)(5) 
QuE, 


the equationis y=2(xr—-4)(x+3), or y=272-2r-24 


Example 21 


Find the equation 
of the quadratic 
given its graph is: 


a Fora vertex (3, —2) the b Fora vertex (—4, 2) the 
quadratic has the form quadratic has the form 
y=a(z—3)2 —2 y=a(x+4)2+2 
Butiwhent= 06 

16=a(-3)2 — 2 
NOR RO 2 
Ja = 18 
=, 
So, y=2(2-3)2-2 


EXERCISE 6E 


1 Find the equation of the quadratic with graph: 
a y b y c 
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2 Find the quadratic with graph: 





x=3 x=-3 


3 Find, inthe form y=azx?+br+c, the equation of the quadratic whose graph: 
a cuts the x-axis at 5 and 1, e passes through (2, —9) 

cuts the x-axis at 2 and —5, and passes through (3, —14) 

touches the x-axis at 3 a passes through (—2, —25) 

touches the x-axis at —2 and passes through (—1, 4) 

cuts the x-axis at 3, passes through (5, 12) and has axis of symmetry x = 2 

cuts the x-axis at 5, passes through (2, 5) and has axis of symmetry x = 1. 


- o Ma g 


4 Jf Vis the vertex, find the equation of the quadratic given its graph is: 


a b c 
” vo) E Do (38) 





AS LO E 


AL, à g 
Dr y=2?+30+7 is a quadrstio [z[0[1[2[5[47[5| 








function from which the following 


table of values is obtained: 


Consider adding two further rows to this table: 
a row called A, which gives differences between successive y-values, and 
a row called As which gives differences between successive A,-values. 





So, we have: x 0 1 92 3 4 5 
py [r[i[2[ [51 [rn] 
A go 17 
Ao no 4 | 4 4 | 


9t5 34-21 eo 
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This table is known as a difference table. 
What to do: 


1 Construct difference tables (for x = 0, 1,2,3,4, 5) for each of the following 
quadratic functions: 


a y=24+4+3 by-3%-4 ec y=5r-x dy=-47º-5142 
2 What do you notice about the As row for the quadratic functions in 1? 


3 Consider the general quadratic y=ax2+br+e, af0. 
a Copy and complete the following difference table: 


o O il 2 3 4 5 
y (o a+b+c é USE O Nie CAR 
Ai ue aÃ Coros” ND Ge e mN obs 

As dO Ram DO mete q duto 


b Comment on the As row. 
ce What can the encircled numbers be used for? 


4 Use what you have noticed in 3 to determine, if possible, the quadratic functions with 
the following tables of values: 


E E csjojij2]3/4] 
[y |6[5]8[15726| [y |8 [10 [18/32/52] 
€ [x[0[1/213]4 d [470 
yli[2[-1|-8/-18 y [5 








1/2 3 4 
3/1 | —T| —15 











5 Cutting up Pizzas 


Given a pizza, we wish to determine the maximum number of pieces into which 1t 
can be cut using n cuts across it. 


For example, for mn=1 we have ires ED ipieces 


for n=3 we have Aga ie. Y pieces 


a Copy and complete: a 


[O Nmberotoism  [o[i[2[S[5[5] 


Maximum number of pieces, P, 





b Complete A; and As rows and hence determine (if possible) a quadratic formula 
TOR 


c For a huge pizza with 12 cuts across it, find the maximum number of pieces 
resulting. 
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Consider the graphs of a quadratic function and a linear function on the same set of axes. 





Notice that we could have: 


APDO NL NL 


cutting touching missing 
(2 points ofintersection) (1 point of intersection) (no points of intersection) 


If the graphs meet, the coordinates of the points of intersection of the graphs of the two 
functions can be found by solving the two equations simultaneousl). 


Example 22 


Find the coordinates of the points of intersection of the graphs with equations 
mn o Rand 





y=2-x-—lI8 meets y=z-—3 where 


gv —-r-—-18=7-3 
q2 —-27x-—-15=0 TRES 08 
(x— 5)(x+3)=0 (factorisingh 
EEE RO ao) 
Substituting into y=xz—3, when x=5, y=2 and when x=-3, y=-—6. 
the graphs meet at (5, 2) and (—3, —6). 





Example 23 


y=2x+c isatangentto y=212-37+44. Findc. 


y=2x+c meets y=27º-3x+4 where 
272 —-3r+4=24+4c 
222 —-5r+(4-0)=0 


Now this quadratic has A =0 since thegraphs touch. 
(=5)2 = 4(2)(4— c) = 0 
8(4-c)=25 
4-c=34 


1 
8 


Gu 
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EXERCISE 6F 


Find the coordinates of the point(s) of intersection of the graphs with equations: 
a y=22-2x4+8 and y=246 bb y=-24324+9 and y=27-3 
c y=7º-414+3 and y=27x-6 d y=-2+42-7T and y=52-4 





Use a graphing package or a GDC 


: GRAPHING =“ 
to find the coordinates of the points of PACKAGE 
intersection (to 2 decimal places) of the “5 Gg 
graphs with equations: 


a y=zº-3z+7and y=2+5 y=r-br+2 and y=2—7 


b 
c y=-rº-2r4+4 and y=1+48 d y=-2v24+41-2 and y=51-6 


Find, by algebraic means, the points of intersection of the graphs with equations: 
a y=xº and y=7+2 b y=72+27-3 and y=7-1 
c y=27º-z4+3 and y=242+7 do xy=4 and y=2+3 


Use technology to check your solutions to the questions in 3. 


Find possible values of c for which the lines y=3x+4c are tangents to the parabola 
with equation y=72-52+4+7T. 
Find the values of m for which the lines y=ma—2 are tangents to the curve with 
equation y=Tº-47+2. 
Find the slopes of the lines with y-intercept (0, 1) that are tangents to the curve 
yv=322+51+4. 
a For what values of c do the lines y = x +c never meet the parabola with 
equation y=272-3x—7? 
b Choose one of the values of c found in part a above and sketch the graphs using 
technology to illustrate that these curves never meet. 


DAI lcr fo 





AL, 





A parabola is defined as the locus of all points 


E e which are equidistant from a fixed point called 
= o the focus and a fixed line called the directrix. 


Suppose the focus is F(a, 0) and the directrix is 





the vertical line x = —a. 
What to do: 
1 Suggest a reason or reasons why we would let the focus O RIRDE 
be at (a, 0) and the directrix be the line x = —a. GRAPH PAPER 
2 VUse the circular-linear graph paper provided to graph the ) 


parabola which has focus F(2, 0) and directrix « = —2. 


Use the definition given above to show that the equation of the parabolais y? = 4azx. 
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4 Let y=mz+c beatangentto y”=4az za 
at the point P. Pp 
Use quadratic theory to show that: 
a a=mc E e 
; a 2a =mx+c 
b Pisat (= e). 4 
mm 


5 Suppose a ray of light comes in parallel to 
the axis of symmetry (the x-axis). It strikes 
a parabolic mirror at P and is reflected to 
cut the x-axis at R(k, 0). 


ay = q» by the Reflection Principle. 





a Deduce that triangle PQR is isosceles. 
b Hence, deduce that k=a. 





Clearly state what special result follows from 5 b. 


7 List real life examples of where the result in 6 has been utilised. 


When solving some problems algebraically, a quadratic equation results. We are generally 
only interested in any real solutions which result. If the resulting quadratic equation has no 
real roots then the problem has no real solution. 





Any answer we obtain must be checked to see 1f it is reasonable. For example: 
e if we are finding a length then it must be positive and we reject any negative solutions 


e if we are finding “how many people are present” then clearly a fractional answer 
would be unacceptable. 


General problem solving method: 


Step 1: If the information is given in words, translate it into algebra using a pronumeral 
such as x for the unknown. Write down the resulting equation. 

Step 2: Solve the equation by a suitable method. 

Step 3:  Examine the solutions carefully to see if they are acceptable. 

Step 4: Give your answer in a sentence. 


Example 24 


A rectangle has length 3 cm longer than its width. Its area is 42 cm2. Find its width. 


If the width is x cm, then the length is (x +3) em. 


Therefore x(x+3) = 42 [equating areas) 
g +3x—-42=0 
gx 8.15 or 5.15 (using technology) (x + 3) em 
We reject the negative solution as lengths are positive .. width = 5.15 em. 
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Example 25 


Is it possible to bend a 12 cm length of wire to form the legs of a right angled 
triangle with area 20 cm2? 


becomes 








12 cm 








Area, A=Su(l2-2) 
s2(12— a) = 20 
no) = 40 
p= 22 40=0 











IE 
x — 12x +40 =0 whichgives x= 





There are no real solutions, indicating the impossibility. 


Example 26 


A wall is 12 m long. It is timber panelled using vertical sheets of panelling of equal 
width. If the sheets had been 0.2 m wider, 2 less sheets would have been required. 
What is the width of the timber panelling used? 





Let «a m be the width of each panel. 


2, 
— is the number of sheets needed. 
z 


Now if the sheets are (x + E) m in width 








12 
(= E 2) sheets are needed. 





vn 
RR ato 
So, (r+W)(——-2)=12 [length of wall) 
a 
Sa 
Di [expanding LHS) 
da 
IE2 
o) 
a: 
—1072 +12 -27x =0 (x each term by 5x) 
5a? + x —-6=0 (+ each term by —2) 
(Dx +6)(x—-1)=0 
Ê v=-S orl where v>0 


each sheet is 1 m wide. 





EXERCISE 6G 


1 Two integers differ by 12 and the sum of their squares is 74. Find the integers. 
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our win 


10 


12 


13 


The sum of a number and its reciprocal is 5. Find the number. 

The sum of a natural number and its square is 210. Find the number. 
The product of two consecutive even numbers is 360. Find the numbers. 
The product of two consecutive odd numbers is 255. Find the numbers. 


The number of diagonals of an n-sided polygon is given by the formula D = 
A polygon has 90 diagonals. How many sides does it have? 


g(n=3). 


The length of a rectangle is 4 cm longer than its width. Find its width given that its area 
is 26 cm?, 


A rectangular box has a square base, and its height is 1 cm 
longer than the length of each side of its base. 
a Ifeach side of its base has length x cm, show that its total 
surface area is given by A=6xº +42 cm. 
b If the total surface area is 240 cm?, find the dimensions 
of the box. 








An open box contains 80 em?. It is 


made from a square piece of tinplate 
with 3 cm squares cut from each of its 
4 corners. Find the dimensions of the 














original piece of tinplate. 





Is it possible to bend a 20 cm length of wire into the shape of a rectangle which has an 
area of 30 cm2? 


The golden rectangle is the rectangle defined by the following A 
statement: 





The golden rectangle can be divided into a square and a smaller 
rectangle by a line which is parallel to its shorter sides, the 
smaller rectangle being similar to the original rectangle. D X C 


Thus, if ABCD is the golden rectangle, ADXY is a square and BCXY is similar to 
ABCD. 














AB 
The ratio of AD for the golden rectangle is called the golden ratio. 


1+v5 


5 Hint: Let AB = x units and AD = 1 unit. 


Show that the golden ratio is 





A A triangular paddock has a road AB forming its 
longest side. AB is 3 km long. The fences AC 
and CB are at right angles. If BC is 400 m longer 
than AC, find the area of the paddock in hectares. 


3 km 


B 





Cc 


Find the width of a uniform concrete path placed around a 80 m by 40 m rectangular 
lawn, given that the concrete has area one quarter of the lawn. 


170 


14 


15 


16 


17 


19 


For 
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Chuong and Hassan both drive 40 km from home to work each day. One day Chuong 
said to Hassan, “If you drive home at your usual speed, I will average 40 kmh”! faster 
than you and arrive home in 20 minutes less time.” Find Hassan's speed. 


If the average speed of a small aeroplane had been 120 kmh”1 less, it would have taken 
a half an hour longer to fly 1000 km. Find the speed of the plane. 


Two trains travel a 160 km track each day. The express travels 10 kmh”! faster and 
takes 30 minutes less than the normal train. Find the speed of the express. 


A group of elderly citizens chartered a bus for 
$160. However, at the last minute 8 of them 
fell ill and had to miss the trip. 


As a consequence, the other citizens had to 


pay an extra $1 each. How many elderly 
citizens went on the trip? 


dl 


A tunnel is parabolic in shape with dimensions shown: 





A truck carrying a wide load is 4.8 m high and 3.9 m 
wide, and needs to pass through the tunnel. 


Determine whether the truck will fit. 





B parabolic arch 
; vertical supports 





AB is the longest vertical 
support of a bridge which 
contains a parabolic arch. The 
vertical supports are 10 m 
apart. The arch meets the 
vertical end supports 6 m 
above the road. 



































a If axes are drawn on the diagram of the bridge above, with x-axis the road and 
y-axis on AB, find the equation of the parabolic arch in the form y=ax?+c. 


b Hence, determine the lengths of all other vertical supports. 





a quadratic function y=ax2+4+br+c, we have already seen that: 
O] 


the minimum 


e ad! 
the maximum 


value of y occurs 


b 
t O at SR 
E: Za E 2a 


value of y occurs 
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The process of finding the maximum or minimum value of a function is called optimisation. 


Optimisation is a very useful tool when e maximising profits 


looking at such issues as: e minimising costs 


Example 27 


Find the maximum or minimum value of the following quadratics, and the 


corresponding value of x: 


For y=27+7-3 
= DIR Die 


As a>b0, shapeis ND, 


the minimum value occurs 


—b 
h —2— =D— 
when x a 


a y=2+7-3 


b y=3+37-27º 


For y=-27º+32+3 
Uia OO CO 


As a<o0, shapeis A 


the maximum value occurs 
Sin SSL E 


h —— —D— => 
when x E E 


and y =(DP+(-B-3 


a) 
= dl 
E 37 


the minimum value of y is —3: . the maximum value of y is 45 


3 


occurring when x = —s occurring when q =. 


Example 28 


A vegetable gardener has 40 m of fencing to enclose a 
rectangular garden plot where one side is an existing 


brick wall. If the two equal sides are x m long: 


ER brick wall 
a show that the area enclosed is given by 


A = 2(40 — 2x) m? 
b find the dimensions of the vegetable garden of 
maximum area. 








x Ui a SideXY =40-27m. 
Now area = length x width 
A = v(40 — 27) m?. 
b 4=40x-2xº = 2724 40x 
is a quadraticin x, witha = —2,b = 40, c=0. 
VA As a<0, shape is a 
—b —40 
The max. area occurs when = — = -—— = 10 
Za —4 


the area is maximised when YZ = 10m and XY =20m. 
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EXERCISE 6H 


Find the maximum or minimum values of the following quadratics, and the corresponding 
values of x: 


a y=72-2 b y=7-2x-2? c y=8+27- 3x? 
d y=27º4+7-1 e y=47º-z+5 f y=7z-2x7º 
The profit in manufacturing x refrigerators per day, is given by the profit relation 


P = —3x2 + 2407 — 800 dollars. How many refrigerators should be made each day 
to maximise the total profit? What is the maximum profit? 





A rectangular plot is enclosed by 200 m of fencing and 

has an area of A square metres. Show that: 
a A=1007-ax2 where x m is the length of one of xm 
its sides 








b the area is maximised when the rectangle is a square. 





A rectangular paddock to enclose horses is to be made with one side being a straight 
water drain. If 1000 m of fencing is available for the other 3 sides, what dimensions 
should be used for the paddock so that it encloses the maximum possible area”? 


1800 m of fencing is available to fence six e ym—— 
identical pig pens as shown in the diagram. 


a Explam why 9x + 8y = 1800. 


b Show that the total area of each pen is | 
given by A= —30? + 225z m?. 








xm 








c TIfthe area enclosed is to be maximised, f 
what is the shape of each pen? 





If 500 m of fencing is available to a b 
make 4 rectangular pens of identical 
shape, find the dimensions that 
maximise the area of each pen if the 



































plan is: 
y="—3 Thegraphsof y=22-3zr and y=2r-4? 
are illustrated. 
2 a a Prove that the graphs meet where x =0 
3 and x= 25. 
b Find the maximum vertical separation 
== between the curves for 0<xr< 25. 
Infinitely many rectangles may be inscribed 
within the right angled triangle shown alongside. | A B 
One of them is illustrated. o 
a Let AB=zx cm and BC=ycm. | 
Use similar triangles to find y in terms of «x. D. 8&em E 


b Find the dimensions of rectangle ABCD of maximum area. 
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A manufacturer of pot-belly stoves has the following situation to consider. 


If x are made per week, each one will cost (50 + ADO) dollars and the total receipts 
per week for selling them would be (5502 — 272) dollars. 


How many pot-belly stoves should be made per week in order to maximise profits? 


10 The total cost of producing x toasters per day is given by C = (a? + 20x + 25) 


euros, and the selling price of each toaster is (44 — 22) euros. How many toasters 
should be produced each day in order to maximise the total profit? 








11 A manufacturer of barbeques knows that if « of them are made each week then each one 
will cost (60 + *º2) pounds and the total receipts per week will be (10001 — 3x2) 
pounds. How many barbeques should be made per week to maximise profits? 

12 The points Pi(ay, bi), Pa(as, bo), Palas, ba), 

Eae » Pa(an, bn) are obtained by experiment. 
These points are believed to be close to linear 
through the origin O(O, 0). 
To find the equation of the “line of best fit” 
through the origin we decide to minimise 
« E (PiM1)2 + (P5M5)2 + (P3M3)2 + sssses +(PaM,)? 
x where [P;M;] is the vertical line segment 
comnnecting each point P; with the line. 
Find the slope of the “line of best fit” in terms of a; and b; (i = 1,2,3,4,..... » no). 
13 Write flr)=(zx-a-b)(x-a+b)(z+Ha-b)(zx+a-+b) in expanded form and 





hence determine the least value of f(x). Assume that a and b are real constants. 


14 By considering f(x) =(ax-—b)2+ (asa —bo)2, use quadratic theory to prove the 


Cauchy-Schwarz inequality: |a1by + asbo | < vVat ras vo +? . 


15 by, ci, bo and co are real numbers such that bb, = 2(c; + c>2). Show that at least 


one of the equations x2+bx+tc;=0, x2+box4+c)=0 has two real roots. 


NAMES 


1 For y=-22+2)(x—1): 
a state the x-intercepts b state the equation of the axis of symmetry 
€ find the coordinates of the vertex dd find the y-intercept 
e sketch the graph of the function | f use technology to check your answers. 


2 For y=5(0—-2)2-4: 
a state the equation of the axis of symmetry 


b find the coordinates of the vertex e find the y-intercept 
d sketch the graph of the function | e use technology to check your answers. 
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Hora ar Ga 

a convertinto the form y=(x-h)+k by 'completing the square” 

b state the coordinates of the vertex e find the y-intercept 

d sketch the graph e use technology to check your answers. 
Solve the following equations, giving exact answers: 

a 2º - 11x = 60 b 372-7-10=0 c 3x2 -127=0 


Solve the following equations: 


a x4+10=7% b 14 =7 c 27 -724+3=0 
x 


Solve the following equation by completing the square: 12 +7x-4=0 


Solve the following using the quadratic formula: 
a xº-714+3=0 b 27º -57244=0 
a For what values of c do the lines with equations y = 3x +c intersect the 
parabola y=x2+ax—5 in two distinct points? 
b Choose one such value of c from part a and find the points of intersection. 


The roots of 2x2 —- 3x = 4 are a and 3. Find the simplest quadratic equation 


which has roots E and a 
a B 


NAMES: 





3 


Draw the graphof y=-x2+27. 
Find the equation of the axis of symmetry and the vertex of y= 312 +87 +47. 
Use the discriminant only to determine the number of solutions to: 
a 322 -52+7=0 b -272-41+3=0 
Find the maximum or minimum value of the relation y=-272 44x +3 and the 
value of x for which the maximum or minimum occurs. 
Find the points of intersectionof y=x2-3x and y=372-5r-—24, 
For what values of k does the graph of y= —272 + 5x +4+k not cut the x-axis? 


60 m of chicken wire is available to construct a chicken E D 
enclosure against an existing wall. The enclosure is to be 
rectangular. 


a If BC=axm, show thatthe area ofrectangle ABCD xm 
is givenby A = (3027-542) m?. 


existing wall 





b Find the dimensions of the enclosure which will 
maximise the area enclosed. B A 


For what values of m are the lines y = ma — 10 tangents to the parabola 
yv=302+71+22 


One of the roots of kr2+(1-3k)x +(k-— 6) =0 is the negative reciprocal of 
the other root. Find k and the two roots. 
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REVIEW SET 6C 


Solve using the quadratic formula: a 124+51+3=0 b 31224+117x-2=0 











2 Solvethe following equations: a 12-57-3=0 b 272-7%-3=0 
1 
3 Use technology to solve: a (x-2(r+1)=32-4 b 2x-—-=5 
E 
& Using the discriminant only, determine the nature of the solutions of: 
a 272 -57-7=0 b 37º -247448=0 
5 Find the values of m for which 272 —- 3x +m =0 has: 
a a repeated root b two distinct real roots e no real roots 
6 If AB is the same length as CD, BC is 2 cm D 
shorter than AB, and BE is 7 cm in length, E 
find the length of AB. 
A B e 
7 Find the length of the hypotenuse of a right angled triangle with one leg 7 cm longer 
than the other and the hypotenuse 2 cm longer than the longer leg. 
8 Find the y-intercept of the line with slope —3 that is tangential to the parabola 
= Di al 
9 ax2+[3-alz—4=0 has roots which are real and positive. What values can a 
have? 
REVIEW SET 6D 
1 Use the vertex, axis of symmetry and y-intercept to graph: 
a y=(x-2)2-4 b y=-5(2+4)2+6 
2 Forthe quadratic y=272 +47 -1, find: 
a the equation of the axis of symmetry b the coordinates of the vertex 
€ the axes intercepts. d Hence sketch the graph. 
3 Use the discriminant only to find the relationship between the graph and the x-axis 
for: 
a y=2r (Sr q BRR 
& Determine if the quadratic functions are positive definite, negative definite or neither: 
a y=-272 43242 b y=3242+11 
5 Find the equation of the a 
quadratic relation with 
graph: 
6 The sum of a number and its reciprocal is 255. Find the number. 
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An open square container is made by cutting 4 cm square pieces out of a piece of 
tinplate. If the capacity is 120 cmê, find the size of the original piece of tinplate. 
Find the points where y=-x2-52+3 and y=272+32+11 meet. 


Show that no line with a y-intercept of (0, 10) will ever be tangential to the curve 
with equation y=372+Tx-—2. 


] Lo 

Find all quadratic equations which have roots m — — and n— — given that m 
n m 

and n are the roots of 312 -27—-2=0. 


Naa ES: 


Find the equation a 
of the quadratic 
relation with graph: 





Find an expression for a quadratic which cuts the x-axis at 3 and —2 and has 
y-intercept 24. Give your answer in the form y=ax2+br+c. 


Find, in the form y=ax2+br+c, the equation of the quadratic whose graph: 
a touches the x-axis at 4 and passes through (2, 12). 
b has vertex (—4, 1) and passes through (1, 11). 


Find the maximum or minimum value of the following quadratics, and the correspond- 
ing value of x: a y=3724+42+47 b y=-27 -5r+42 


For what values of k would the graph of y =? —-2x+4+k cut the x-axis twice? 


Check your answer(s) using technology. o 





600 m of fencing are used to construct 
6 rectangular animal pens as shown. 
600 — 8x: 
ORNE 

b Find the area À of each pen in terms of x. 





a Show that y= 











€ Find the dimensions of each pen if each pen is to have maximum area. 
d What is the maximum area of each pen? 


Show that the lines with equations y = —5x + k are tangents to the parabola 
y=12-3r+c ifandonlyif c-k=1. 


47º — 3x — 3 = Q has roots p, q. Find all quadratic equations with roots p? and q. 





Complex numbers 
and polynomials 


Contents: 





my amw 


Solutions of real quadratics 
with A < 0 


Complex numbers 

Real polynomials 

Roots, zeros and factors 
Graphing polynomials 
Theorems for real polynomials 


Review set 7A 
Review set 7B 
Review set 7C 
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In Chapter 6, we determined that: 


If ax +bxtc=0, a£0 and a,b,ceR, then the solutions or roots are found 


: —b+t vA : 
using the formula x = peão where A =b? —- 4ac is known as the discriminant. 
a 
We also observed that 1f: e A>0 we have two real distinct solutions 


e A=0 we have two real identical solutions 
e A<0O we have no real solutions. 


However, it is in fact possible to write down two solutions for the case where A <0. To 
do this we need imaginary numbers. 

In 1572, Rafael Bombelli defined the imaginary number à = /—1. It is called “imaginary” 
because we cannot place it on a number line. With à defined, we can write down solutions for 
quadratic equations with A <0. They are called complex solutions because they include a 
real and an imaginary part. 


Any number of the form a-+bi where a and barerealand i=v—1 is 
called a complex number. 


36) 





(quadratic formula 








E, 
= o dest 





In Example 1 above, notice that A <0O inbothcases. In each case we have found two 
complex solutions of the form a bi, where a and b are real. 


LELEO ond 


8) 18th century mathematicians enjoyed playing with these new 








“Imaginary” numbers, but they were regarded as little more 
than interesting curiosities until the work of Gauss (1777 - 
1855), the German mathematician, astronomer and physicist. 











For centuries mathematicians attempted to find a method of trisecting an 
angle using a compass and straight edge. Gauss put an end to this when he 
used complex numbers to prove the impossibility of such a construction. From his 
systematic use of complex numbers and the special results, he was able to convince 
mathematicians of their usefulness. 
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Early last century Steinmetz (an American engineer) used complex numbers to solve 
electrical problems, illustrating that complex numbers did have a practical application. 


Complex numbers are now used extensively in electronics, engineering, and various 
scientific fields, especially physics. 


[DE] [A 


Write as a product of 
linear factors: 


a] 


Example 3 


Solve for x: 
a 722 +9=0 
b 2)4+27=0 





a 4 bo ou 
=q2-— 42 =2º-— 11% 
= ( 


= (v + 2i)(x — 2) +iv1D)(a — iy11) 





pe) 
22-92 =0 
(zx+3i)(z— 3) =0 


EA dy 


12 +27 =0 

e(x2 +2)=0 

o ago Di) = 
g(x + iv2(x — iv2) = 0 





g=0 or tiv2 








Solve for x: 
Ear RIR) 


12 —-42+13=0 








ERR RD ES O TR 











Solve for x: no 6 
Tt +a2=6 vt +22 -6=0 
(22 +3)(x2 —- 2) =0 
(x +iv3)(x— iv3(x + vB(x— 2) =0 
E RENO ORE = 
EXERCISE 7A 
1 Write in terms of 1: 
a 55 b 0 cl o dv5o es 
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2 Write as a product of linear factors: 


a 7º -9 b 2249 c x)-7 d 2247 
e 472-1 f 47241 g 272 -9 h 27249 
| xê-r ij v+r k g!4-1 | z!-16 


3 Solve for a: 


a x2-25=0 b 72425=0 c x2-5=0 d 2x24+5=0 
e 472-9-=0 f 42249-000 g x)-4r=0 h 2º)4+47=0 
| w)-37=0 | zº+37=0 k z!4-1=0 | z!=81 
& Solve for x: 
a z2-107+29=0 b 224672+25-=0 c 224142 +50=0 
1 
d 2724+5=6 e x2-2/3244=0 É des i 
x 
5 Solve for x: 
a q44+272=3 b q!=7246 c at+5x2 = 36 
d 74972 +14=0 e q 4+1=27? f 24+22241=0 





“NUMBERS 








FORMAL DEFINITION OF A COMPLEX NUMBER (IN CARTESIAN FORM) 


Any number ofthe form a-+bi wherea and barerealand i=/—1 is called a 
complex number. 


Notice that real numbers are complex numbers in the special case where b = 0. 


A complex number of the form bi where b £ O is called purely imaginary. 


THE 'SUM OF TWO SQUARES' 





Notice that: a2 + b? 
= q — bi? fas 2 =-1) 
(atoa) 
Compare: al-b=(a+b)(a-b) (the difference of two squares factorisation) 
and a2+b2 =(a+bi)(a-—bi) (the sum of two squares factorisation) 





REAL AND IMAGINARY PARTS OF COMPLEX NUMBERS 


Ifwe write z=a--bi where a and b are real then: 
e aisthe real part of 2 and we write a = Re(z), 
e bisthe imaginary partofz andwewrite b= JIm(z). 


So, if 2z=2+3i, Re(2)=2 and JIm(z)=3 
if 2z=-v2, Re(z)=0 and Im(2) = -—v2. 
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OPERATIONS WITH COMPLEX NUMBERS 




















Notice that: forradicals, (2+V)+(4+2V3)=(2+9)+(1+2)V3=6+43V3 
and for complex numbers, (2+:) +(4+2%) =(2+9)+(1+2) =6+3 
Also, notice that  (24+v3)(4+2V3) =8+4/3+4V3+2(V3)? =8+8V3+46 














and Q+H)4+M)=844 +44 +W =8+8 -2 


In fact the operations with complex numbers are identical to those with radicals, but with 
i2=-1 ratherthan (V2)2=2 or (V3)2=83. 


So, we can add, subtract, multiply and divide complex numbers in the same way we perform 
these operations with radicals: 











(a + bi) + (c+ di) = (a+c) + (b+ di addition 
(a+bi)— (c+di)=(a-c)+(b-— di subtraction 
(a + bi)(c + di) = ac + adi + bei + bdi? | multiplication 





division 











ar+bi (fa+rbi c— di — ac— adi + bei — bdi? 
cedo e Ne c2+d? 


Notice how division can be performed using a multiplication technique to obtain a real number 
in the denominator. 


Example 6 


If 2z=3422 and w=4>% find: 
a z+uw b z—-w 


Z2+UW b Z—uw 
=(3+2)+4(4-i) =(3+2) (4-1) =(3+2)(4- 1) 
=7+i SD, = 12-34 8 — 2? 
Ri =124+5+2 
Su. 




















Example 7 
9 
RD ad ED ant 
o w 4—4 
find E in the form a+bi, Des FR 
where a and b are real. Des 4+1 
— +43 +81 +22 
E 16 — i2 
10 +1li 
iz 
=2+pi 
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EXERCISE 7B.1 
1 Copy and complete: 








21f 2z=5-2; and w=2+%, findin simplest form: 
a z+w b 2z Cc iw d z—-w 
e 22—-3w fo zw g w? h 2 


3 For z=1+i and w=-2+3i, findin simplest form: 


a z+2w b 2 cg) d iz 


e wu” fo zw g 2w h izw 


4 Simplfy à” for n=0,1,2,3,4,5,6,7,8,9 andalsofor n=—1, —2, —3, —4, 
and —5. Hence, simplify i4"+3 where n is any integer. 


5 Write (1 +)! in simplest form and hence find (1 +i)!º! in simplest form. 


6 Suppose (a bi)? =—16 — 30i where a and b are real. 
Find the possible values of a and b, given that a > 0. 


7 For z=2-1i and w=1+3, findintheform a-bi where a and b are real: 








a se b E c E 
Ww Z 12 
a i (2-1) À 2 
8 ify: b Eee ni 
Sp » fd 3-9 4 PH 
9 If 2z=2+% and w=—-1+2%, find: 
a JIm(42-3w) bb Re(zw) c JIm(iz?) d Re E) 
Ww 


10 Check your answers to questions 1 to 4 and 7 to 9 using technology. 


EQUALITY OF COMPLEX NUMBERS 


Two complex numbers are equal when their real parts are equal and their imaginary 
parts are equal. 
Cia RO RR SAC O ERRA CU DE 


Proof: Suppose bd. Nowif a+bi=c-+di where a, b, c and d are real, 
then bi—di=c-—a 
i(b-d)=c-a 
c—a 


a (fas bd) 


and this is false as the RHS is real and the LHS is imaginary. 





Thus, the supposition is false and hence b=d and furthermore a=c. 


COMPLEX NUMBERS AND POLYNOMIALS (Chapter 7) 


Example 8 


If (v+y)(2-)=-— andoz,y 


If (x +yi)(2— 2) =—i, then x 4 





are real, determine the values of x and y. 
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Example 9 


Find real numbers «x and y for which (x+2)(1-)=5-+yi 


(v+2)(1-)=5+yi 
0 ZA Ro 
x+2]+2-zji=5+gyi 





t+2=5 and 2-2=y 
DRE) 


EXERCISE 7B.2 


1 Find real numbers x and y such that: 
a 2x+3yi=—x — 6% 
c (x+y)(2-)=8+1 
2 Findxandyifr,yeR and: 
a 2x+y)=z—yi 
c (x+)(3-%y) =1 +13 


fequating real and imaginary parts) 


and = 


b 2+xi=4-2 
d (3+2)(x+yi) = —i 


b (x+2)(y—)=—4—"Ti 
d (zx+yi)(2+)=2x-(y+l1)i 








3 Write z in the form a+bi wherea,bER and ài = —1, if the complex number z 


satisfies the equation 3z+17i=iz 


+11 


4 
4 The complex number z is a solution of the equation /z = Tri +=. 
i 


Express z in the form a + bi where a and b E Z. 


5 Find the real values of m and n for which 3(m+ni)=n-—2mi-— (1-2). 


3 


6 Express z= --— +1 inthe form a+bi where a, be R, giving the exact 


v2-i 


values of the real and imaginary parts of 2. 
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COMPLEX CONJUGATES 


Complex numbers a-+bi and a-bi are called complex conjugates. 


If z=a+bi we write its conjugateas 2*=a-— bi. 


Recall from page 181 that the conjugate is important for division: 


* * 
z zw zw : ; 

— EE ES which makes the denominator real. 
w w w* ww* 





Complex conjugates appear as the solutions of real quadratic equations of the form 
ax? +br+c=0 where the discriminant A=b —-4ac is negative. 
For example: e 12 -2x+5=0 has A=(-2)2-4(1)(5) = —16 
and the solutions are vx=1+2i and 1-2: 
o 12+4=0 has A=02-4(1)(4) = —16 
and the solutions are x=2: and —2i 


Note: e Quadratics with real coefficients are called real quadratics. This does not 
necessarily mean that its zeros are real. 


e If a quadratic equation has rational coefficients and an irrational root of 
the form c+dvyn, then c— dvyn is also a root. These roots are radical 
conjugates. 

e JIfareal quadratic equationhas A<0 and c+di isa complex root then 
c— di is also a root. These roots are complex conjugates. 


Theorem: If c+di and c— di are roots of a quadratic equation, then the quadratic 
equation is a(x2 -2cx +(c2 +d2)) =0 for some constant a £ 0. 


Proof: The sum of the roots = 2c and the product = (c + di)(c — di) = c2 + d? 
x2 — (sum) x + (product) = O 
12 —2ex +(C+d2)=0 
Alternatively: If c+di and c—di are roots then 
(x — [c+ dil)(x — [c— dil) = 0 
(x—-c—di)(e—-c+di)=0 
(x — c)2 — dei? = 0 


= dbe Sd = 





In general, a(x2 —-2exr+c2+d2) =0 for some constant a £ 0. 
Example 10 


Find all quadratic equations with real coefficients having 1 —2i asa root. 


As 1-2i isaroot, 142% is also a root. 


Sum ofroots =1-2:+1+2i Productofroots = (1-2:)(1+ 2) 
= 


So, as x? — (sum)z + (product) = 0, 
a(x2 —- 27 +5) =0, a£0 gives all possible equations. 
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Note: The sum of complex conjugates c+ di and c— di is 2c which is real. 
The productis (c+di)(c—di)=c2 + d? which is also real. 


ELA E 
Find exact values of a and bif V2+i isarootof z2+az+b=0, a,bEeR. 


Since a and b are real, the quadratic has real coefficients 


v2-—i isalso a root 

sum ofroots =V2+i+V2-i=2V2 

product of roots =(v2+%)(V2-)=2+1=3 
Thus a=-2/2 and b=3. 





EXERCISE 7B.3 
1 Find all quadratic equations with real coefficients and roots of: 
a 3i b 18 c 25 d v2ti 
e 2+83 f O and — g tiv2 h -6+ti 

















2 Find exact values of a and b 1f. 
a 3+i isarootof x2+azx+b=0, where a and b are real 
b 1- VR) isarootof z2? +azx+b=0, where a and b are rational 
catai isarootof x2º+4x4b=0 where a and b are real. [Careful!] 


DAT 


“É The purpose of this investigation is to discover any properties that complex 
conjugates might have. 
What to do: 


1 Given 2z=1-i and 2)=2+% find: 








a a b 2 cla)” dla)p elalo" Tattoo 
n * 7 * * Z á mo 
2 
* *)2 fd * 
m (24) n (2º) e per 


2 Repeat 1 with 2; and zo of your choice. 


3 From 1 and 2 formulate possible rules of conjugates. 


PROPERTIES OF CONJUGATES 
From Investigation 1 you should have found the following rules for complex conjugates: 
Ss Ga 


o (xtz)t=m'+2* and (x —2z9)t= mt — 2% 


E * 
21 z 
o (2122) * = o x 29 and = = e, 292 = 0 
29 Za 
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o (O (2 Po iorinicpensin = 1 2ando 


oe z+tz* and zz* are real. 


Example 12 


Show that (27 +229)*=zt+z5* for all complex numbers z; and 25. 


Esta oo and ed à co ml =e- 

Nom cc RR RD 
UA RO 
=a-bitce-di 
= 


Example 13 


Show that Let 2z,=a+bi and z)=c+di 
(2122)* = 27" X 29º “22 =(a+bi)(c+ di) 
for all complex numbers = ac + adi + bei + bdi? 
2, and 29. = [ac — bd] + ifad + be] 
Thus (2122)* = [ac — bd] — ifad + be] 
Now ztxz* =(a-bi)(c— di) 
= ac — adi — bei + bdi? 
= [ac — bd] — i[ad + be] 


From (1D)and(2), (020) =x x% 








EXERCISE 7B.4 


1 Show that (zy — 29)* = 2* — z5* for all complex numbers z; and za. 
2 Simplify the expression (w* — z)* — (w — 2z*) using the properties of conjugates. 


3 Itis known that a complex number z satisfies the equation z* = —z, 
Show that z is either purely imaginary or zero. 


4 If =a+bi and zo=c+adi: 
2 


a find À (inform X+Yi) b show that (=) = 2 forall 2 and 220. 
22 22 Z9 


* * * 
. . z z . : z 
5 An easier way of proving 2) = + is to start with 2) x Z9". 
292 Z9 Z2 
Show how this can be done, remembering we have already proved that 
“the conjugate of a product is the product of the conjugates” in Example 13. 


6 Prove that for all complex numbers z and w: 
a zw'+z“w is always real b zw* — z*w is purely imaginary or zero. 
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7 a If z=a+bi find 22 intheform X+Yi. 
b Hence, show that (22) *=(2*) for all complex numbers 2. 
c Repeat a and b but for 2? instead of 22. 





—1 
8 w= n a where z=abi. Find the conditions under which: 
z 
a wisreal b ww is purely imaginary. 


CONJUGATE GENERALISATIONS 
Notice that (27 +22 +23)*=(27+22)*+ 25º (treating 2; + zo as one complex number) 
= +20+zgyo a. (1) 
Likewise (2 +tz +23 +2)t=(n+tzo+23)t+zg 
=2 "Fê Fê Pa (from (1) 





Since there is no reason why this process cannot continue for the conjugate of 5, 6, 7, .... 
complex numbers we generalise to: 


(2 +22 +23 +... +an)t=mt+zt+zgft+... +. 
The process of obtaining the general case from observing the simpler cases when 
n:=1,2,5, 4, is called mathematical induction. 


Proof by the Principle of Mathematical Induction is an exercise that could be undertaken 
after the completion of Chapter 9. This is a more formal treatment and constitutes a proper 
proof. 


EXERCISE 7B.5 
1 a Assuming (2729)*=2z,*2%*, explain why (212923)* = 2y* 29t 25%. 
b Showthat (21222324)* = 2," z9t 25º 249º from a. 
ce What is the inductive generalisation of your results in a and b? 
d What is the result of letting all z; values be equal to z in «? 


SUMMARY OF CONJUGATE DISCOVERIES 


e JIfzisany complex number then z+z* isrealandzz* is real. 
e (z E RR z 


e Ifz; and z5 are any complex numbers then 


» (n+tz)t=mt+ 2% » (a-2m)' = -2 
er 
1 1 
> (2122) E Ea 29º > (=) =— ER 


oe (27) =(2*)” for all positive integers n 
e (atotattam)t'=a atalho 


ando e CR o qm 
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Up to this point we have studied linear and quadratic polynomial functions at some depth, with 
perhaps occasional reference to cubic and quartic polynomials. We now tum our attention to 
general polynomials with real coefficients. 


The degree of a polynomial is its highest power of the variable. 





quartic 


ax +br2 +cr+d, a£0 
art +br' +cr +dr+te, 00 





a is the leading coefficient and the term not containing the variable x is the constant term. 


A real polynomial has all its coefficients as real numbers. (They do not 
contain à where i = —1.) 


OPERATIONS WITH POLYNOMIALS 
ADDITION AND SUBTRACTION 


To add (or subtract) two polynomials we add (or subtract) “like terms”. 
















It is a good idea to 
place brackets 
around expressions 
which are subtracted. 


ELA! 










If P(x)=2)-222+37-5 and Q(x)=27º +22 —-11 
find: a P(x)+ Q(x) b P(x) —- Q(x) 


P(a) + Q(x) db P(x)-Q(ax) 


= 2)-27º+32-5 =7º- 27243 












E Rn e = JU =7º-27" +43 
RR E re o Ro RR TR) 





SCALAR MULTIPLICATION 


To multiply a polynomial by a scalar (constant) we multiply each term by the scalar. 


Example 15 


IH P(x)=7!-20º4+4r +47 find: a 3P(x) b -2P(x) 





a 3P(x) b  —2P(x) 
=3(xº —- 24º +47 +47) =-9(x* —- 27º +47 47) 
= 3º — 6xº + 1272421 =-2x* + 47º —- 8x — 14 
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POLYNOMIAL MULTIPLICATION 


To multiply two polynomials, we multiply every term of the first polynomial by 
every term of the second polynomial and then collect like terms. 


Example 16 


E Ps 2 t4 and Qlo)- 22 dr 5 find PO)Q). 





P(x)Q(a) = (1º —- 2x +4)(202 + 3x — 5) 
=7º(222+37-—5)-22(202 +37 —5) +4(272 +31 — 5) 
= 29º 434º — 5x? 

— 473 — 672 4 10x 
8x2 + 12x — 20 
= 295 + 3x1 — 9x3 + 2x2 + 22x — 20 














EXERCISE 7€.1 
11 P(x)=22+27+3 and Q(x) =4172 +57 +06, find in simplest form: 


a 3P(x) b P(y)+QO(x) ce P(x)-20(x) d P(x)Q(x) 
21H f(r)=72-r+2 and g(x)=aê-—-3x+5, find in simplest form: 

a Ha)+g(a) b g(a)— fax) e 2F(x) +3g(x) 

d ga)+xf(a) e Hag(x) fo [Ho] 
3 Expand and simplify: 

a (12-27+3)(220+1) b (x-1)(12+32-2) 

c (x+2) d (222-2+3) 

e (2x1) f (3x-2D(2x+1)(x—4) 


NOTE ON SYNTHETIC MULTIPLICATION (OPTIONAL) 


Polynomial multiplication can be performed using the coefficients only. 

For example, for (xê + 2x — 5)(2x + 3) we detach coefficients and multiply. Tt is 
different from the ordinary multiplication of large numbers because we sometimes have 
negative coefficients and because we do not carry tens into the next column. 





1 0 2 —-5 —— coefficientsof xº+2x-—5 
x 2 3. —— coefficients of 217+3 
3 0 6 —15 
0 4. —10 
4 =4 +I5 So (x34+27-5)(27+3) 
x q q? x constants = 2xº + 3º + 47º — 47 — 15. 


4 Find the following products: 
a (222 -32x+5)(37 —1) b (412 - 2x +2)(20+5) 
c (202+32+2)(5— 2) d (x-22(22+1) 
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e (x2-37x+2)(272 +41 —1) f (302 -2+2)(5102 +27 3) 
g (122-2+3)2 h (2224242. 1 (20+5). | (nê+a2 2? 


DIVISION OF POLYNOMIALS 


The division of polynomials is a more difficult process. We can divide a polynomial by 
another polynomial using an algorithm similar to that used for division of whole numbers. 


The division process is only sensible if we divide a polynomial of degree n by another of 
degree mn or less. 


DIVISION BY LINEARS 


Consider (272 +37 +4)(x+9)+T. 
If we expand this expression we get (212 +37 +4)(r+B)+T7=212+7T272+10x+15. 


Now consider 273 +7x2 + 10x +15 dividedby x+2 





























21º + 712 +107x+15 (222 +30 +4)(r+D)+7T7 
RSA [||| >.—>—————. > DD ————— 
, T+2 T+2 
de de ta” FIOe PIS. (MP pp DES) 7 
Z+2 = T+2 x+2 
22º + Tx? + 10x + 15 Er E 7 E adiados 
Z+2 é x + 2 «— divisor 
quotient 


DIVISION ALGORITHM 


Division may be performed directly using the following algorithm: 

















272 + 3x4 4 Step 1: What do we multiply x by to get 21º? 
x +? 23º + 772 + 10x7+ 15 The answer is 2x2, 
— (Quê + 4x?) and 272(x +2) = 2xº + 4x2, 





3x2 + 10x 
—(322 + 6x) Step 2: Subtract 21º + 472 from 2x3 + 7x2, 
4x + 15 The answer is 3x2. 
— (4a +8) Step 3: Bring down the 10x to obtain 3x2 + 10x. 
7 
| Return to Step 1 with the question: 
| “What must we multiply x by to get 3722” 


s xs xs constants The answer is 37 
2 


and 3x(x+2)=372+4+617 etc. 


2 3 4 
| Apa Tt 4h do The result can also be achieved by leaving 
—(2 a) Tm out the variable, as shown alongside. 
-(8 6) 
4 15 
a 
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E 27º + 7x” + 10 15 
Either way, =D =272 +32 +4+ —s 
x x 


where x-+2 is called the divisor, 
27º +37 +4 is called the quotient, 
and 7 is called the remainder. 





In general, if P(x) isdividedby ax+b until a constant remainder R is obtained, 


o R 
MED 








where ax-+b is the divisor, 
Q(x) is the quotient, and 
R is the remainder. 


Notice that P(x) = Q(x) x (ax +b) + R. 





Example 17 
So 3x — 
Find the quotient and remainder for Ene ngeoo 
TE 
12 +21 +83 
ER g— q2 —- 3x — 5 
—(0º-30?) | e 
EEE TEA . quotientis 72 + 2x + 3 and remainder is 4. 
Ta O 

— (202 — 6) 2 -r 3-5 4 

— (3x — 9) 


A So, x2º-12-3r-5=(124+20+3)(x —-3)+4. 
(Check by expanding and simplifying the RHS.) 





Example 18 


4 2 
aa o id E : ; 
Perform the division dae Si Notice the insertion 
Doo of 0x3 and Og. 


Why? 














qº EDp 
Z+3 





98 

=9º-322 +1l2-33+ — 

x ERR; O 
Soma ei 


=(xº-372+1lx-—-33)(x +3)+98 
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EXERCISE 7€.2 


1 Find the quotient and remainder for: 
2 +27 -—3 b 12 — br +1 é 273 + 612 —- 412 +3 
z+2 gv —l q=2 


2 Perform the divisions: 








x — 3x + 6 b x2 +42 — 11 E 242 — Tr +42 

v—4 xv+3 Tv—2 
d 227º +37º — 3x — 9 à 32º +1lx? + 8x +47 f 244 —- q 2 +4+Ta+4 
2x +1 3x — 1 2x +83 
3 Perform the divisions: 

2 +5 272 + 3x 372 +27 — 5 

a b ———— € —D———— 
v—? zv+1 v+2 

q +227º —- Br +2 223 — q +r —s5 

d — om e ————— 
v—l xv+4 v—? 


DIVISION BY QUADRATICS 


As with division by linears we can use the division algorithm to divide polynomials by 
quadratics. The division process stops when the remainder has degree less than that of the 
divisor, 

P(x) 
2 +brte 


ER 


id ax2 + br +c 


Q(a) + 


The remainder will be linear if e£0 orconstantif e=o0. 


Example 19 


q“ +44) —- 41 


Find the quotient and remainder for 
q2—-2+1 


Z2 Hg A 
ar poe 





—(a4 —xº + a2) 
5x? — q? —x . quotientis 72 +57 +4 
—(5xº —5x2 +52) 
4x2 —6a +1 
—(412 —42-+44) So, 1º +47º) - 741 


Es =(22-2+1)(n2+5 


and remainder is —2x —3 








EXERCISE 7€.3 


1 Find the quotient and remainder for: 


2 +272+2—3 302 — & E 32º +72 —1 g—4 
q +2+41 q2-—-1 q2 +41 q +27 -—1 
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2 Carry out the following divisions and also write each in the form 
P(x) = D(x)Q(x) + R(x): 








q -—-x+1 x? Lp Lp=l 
EE b E c ES Ssss 

x +2+41 x2 +92 x -—-x+1 
d 227º — 2 +6 ” q! f qt - 943 + 245 
(ax — 1)2 (ax + 1)2 (x — D(x + 2) 


3 P(x)=(x-2(12+22+4+3)+7. What is the quotient and remainder when P(x) is 
divided by x — 22 


4 Given that f(x) = (x — (x + 2)(x2 — 3x 45) + 15 — 10x, find the quotient and 
remainder when f(x) is divided by 2 + x —2. 





PRINTABLE 
SYNTHETIC DIVISION (OPTIONAL) SECTION 


Click on the icon for an exercise involving a synthetic division process for F 
the division of a polynomial by a linear. 


ROOTS AND ZEROS 





A zero of a polynomial is a value of the variable which makes the polynomial equal to 
zero. The roots of a polynomial equation are values of the variable which satisfy or are 
solutions to the equation. 


The roots of P(x) = O are the zeros of P(x) and the x-intercepts of the graph of y = P(a). 
E g=2, q +22" -3r=10 





=84+8-6-10 “ 2isazeroof xº+2x2- 3x — 10 
=0 and 2isarootof x) +2xº -37x-—-10=0. 
Note: a isazero of polynomial P(x) + P(a)=0. 


a isaroot (or solution) of P(x) =0 & P(a)=0. 


Example 20 


Find the zeros of: a x 42453 











a We wish to find x such that b We wish to find z such that 
pes SB 22+32=0 
+ 42 VIDE) 2 d2+3=0 
ne  dz+rivI(z-ivV3)=0 
z= o =2+Ti  2=00rtiv3 











If P(x) = (x + 1)(2x — 1)(x + 2), then (x +41), (2x — 1) and (x +2) are its linear 
factors. 


194 | COMPLEX NUMBERS AND POLYNOMIALS (Chapter 7) 


Likewise P(x) = (x +3)2(2x+3) has been factorised into 3 linear factors, one of which 
is repeated. 


In general, (x—a) isafactor ofpolynomial P(x) <> there exists a polynomial Q(ax) 
such that P(x) = (x — a)Q(a). 








a 2244249 b 22)4522-329 





Factorise: 























a 224+42+9 iszero when b DE a 
-4+ /16-40)0) E = (222 + 62 —3) 
RE 3 ee o OD 





2 +42 +9=(2—[-2+iv5)(z— [-2— 45]) 
=(2+2-iv5)(2+2+i/5) 








Find all cubic polynomials with zeros > o Es 


The zeros —-3+2i have sum=-34+2-3-2;=-—-6 and 
product = (—3 + 2:)(—3 — 21) = 13 





and .'. come from the quadratic factor 22 + 6z+ 13 


- comes from the linear factor 2z-—1 


P(z)=a(2z-— 1)(22+62+13), a £0. 





Find all quartic polynomials with zeros of 2-1, -1+v5. 


The zeros -1+5 have sum=-14+V5-1-vV5=-2 and 
product =(-1+v5)(-1- 45) = —4 


and .:. come from the quadratic factor 22+2z-—4 





The zeros 2 and — 3 come from the linear factors (z — 2) and (32 + 1) 


P(z)=a(z- 2)(32+1)(22+22-4), az£0. 








EXERCISE 7D.1 


1 Find the zeros of: 
a 2x2º-5x-—12 b 724 6x+410 c 22-62+6 
d x)-—-4% e 2+9z f 24442205 


2 Find the roots of: 
a 5x2=32+492 b (2x+1)(22+3)=0 c 222º -22+2)=0 
d w=5z e 2+52=0 f 24=322+410 
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3 Find the linear factors of: 
a 2x2 —- Tx — 15 b 22-62+ 16 c +27 -4r 
d 623)-22-92z e A-G+s f 2*º-2-9 


4 If Plx)=a(x-a)(zx— B)(x—y) thena, 8 and 7 are its zeros. 
Check that the above statement is correct by finding P(a), P(6) and P(y). 


5 Find all cubic polynomials with zeros of: 
a +2,3 b -2, ti c 3-1ti d -1,-2+v2 











6 Find all quartic polynomials with zeros of: 


a 1, +v2 b 2-1, tiv3 « v3,1+i d 2 



































Evo, —2+3 


POLYNOMIAL EQUALITY 


Polynomials are equal if and only if they generate the same y-value for each x-value. This 
means that graphs of equal polynomials should be identical. 


Two polynomials are equal if and only if they have the same degree (order) and 
corresponding terms have equal coefficients. 


For example, if 2x)4+372-4r4+6-axº)+br? +ex+d, then 
a=2, b=3, c=-—4 and d=6. 
EQUATING COEFFICIENTS 


If we know that two polynomials are equal then we can “equate coefficients” in order to find 
unknown coefficients. 





Find constants a, b and c given that: 
6x3 +772-19x+7=(27x-1)(ax2 +br+c) forallz. 





IH 6x+77º-19x+7=(22-1)(ax? +br+4c) 
then 6x3 +77º -19x+T7=207242br2+20cr—- ax? — br —c 
6x3 + 772 -19x+7=20x2+[2b-a)z? + [2e— br —c 








Since this is true for all x, we equate coefficients 
2a=6, 2b-a=7, 2e—-b=>-19 and 7=—c 
Ne E e | O SE eee Ne om” 


xs xs xs constants 


aj ="aandic = andiconsequentiyA2D Sand Ab 
ss A 


Dio 
So = b=6 em c=- in both equations 
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Example 25 
: - 4 E 2 When solving 
Findaandbif 2*+9=(2º+az+3)(z2º+bz+3) forall 2. ea 
than unknowns 
F9=(22+az+3(22+bz+3) forallz simultancously, 
4 3 2 we must check 
H9= 20 +bzº +32 that any solutions 


er ur da fit all equations. 
If they do not, 





2 
no o ig dE ia there are no 
2 +9=24+[a+b]2º + [ab+6]22 + [3a +3b]2+9 for all z 


solutions. 





(D) (s) 
Equating coefficients gives ab+6=0 2) (es) 
SO 1 SD =) O fes) 
From (1) and (3) we see that b=-—a 


So, in (2) a(—a) +6 = 0 
b a2 = 6 


t=sev6 piso 0=5E 


a=v6, b=-V6 or a=-v6, b=+v6 











Example 26 
z+3 isafactorof P(x)=7º+ax? —- Tx +6. Find a and the other factors. 


Since x+3 isa factor, 


q +ar? —- Tx +6 =(x+3)(x2 +br+2) for some constant b 
RE a 6 a 


=2'+br +2x437º 43x + 6 
=rº+[b+3]22+[3b+2]2+46 











Equating coefficients gives 3b+2=-T and a=b+3 
RARO an RR O 

P(x) =(x+3)(x2 —- 30 +2) 

= (2 +3)(x — D(ax — 2) 














2x+3 and x-—-1 arefactorsof 2x! +azxº -3rº +br +43. 
Find a and b and all zeros of the polynomial. 


Since 2x+3 and x-—1 are factors, 


274 +arº - 372 +br+3 = (22x +483)(x — I)(a quadratic) 
=(202+27-3(x2 +ecr—1) for some c 
Fo. 
Equating coefficients of 72 gives: —-3=-2+c-—3 
CE 
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Equating coefficients of 7): a=2e+1=44+1=5 
Equating coefficients of x: () = =) — Sie 
DE 


P(x) = (2x +3)(x — 1)(x2 42x — 1) which has zeros of: 


E —-2+)/4-4(N)(-1) =2+22 is 








2 2 


the zeros are —>, and —1+42. 











EXERCISE 7D.2 


1 Find constants a, b and c given that: 
a 212 +42x+5=av2 + [2b-6x+c forallz 
b 27) -7246=(x-1D(2x+a)+br+c forallz. 


2 Find a and b 1f: 
a 2+4=(2+az2+4+2)(22+b2+2) forallz 
b 24 +522 +42 +72+6=(22+02+2)(222+bz+3) forallz 


3 Show that 2? + 64 can be factorised into two real quadratic factors of the form 
22+az+8 and 22+bz+4+8, but cannot be factorised into two real quadratic factors 
ofthe form 2z?+az+16 and 22 +bz+44. 


4 Find real numbers a and b such that q! —-412+82-4= (12 +az+2)(n2+ba—2), 
and hence solve the equation aq! +8x = 472 +4. 


5 a 22-3 isafactorof 22º -22+az-—3. Find a and all zeros of the cubic. 
32+2 isa factorof 322 —-22+[a+1]z-+a. Find a and all the zeros of the cubic. 


6 a Both 2x+1 and x-2 arefactorsof P(x)=21º+arº +br? —- 12x -—8. 
Find a and b and all zeros of P(a). 


b x+3 and 2x-1 arefactorsof 22! +ax)+br? +ar+3. 
Find a and b and hence determine all zeros of the quartic. 


7 a q)+3x2-9x+4c has two identical linear factors. Prove that c is either 5 or —27 
and factorise the cubic into linear factors in each case. 


b 37)44xº —- x +m has two identical linear factors. Find m and find the zeros of 
the polynomial in all possible cases. 


THE REMAINDER THEOREM 


Consider the cubic polynomial P(x)=axº+5r2-1lx+3. Ifwe divide P(x) by x—2, 
we find that: 
3 +52 —-1lr+3 9 -— -— remainder 
Esp lts = +74434+—— 
q ="2 v—2 


so on division by x — 2, the remainder is 9. 
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Notice also that P(2)=8+20-22+3 
= 9, which is the remainder. 


By considering other examples like the one above we formulate the Remainder theorem. 
THE REMAINDER THEOREM 


When a polynomial P(ax) is divided by x — k until a constant remainder R 
is obtained then R= P(k). 


Proof: By the division algorithm, P(x)=Q(x)(r-k)+R 
Now, letting vx=k, P(k)=Q(k)x0+R 
“ Plh)=R 
Example 28 


Use the Remainder theorem to find the remainder when q!-32)+x—4 
is divided by x +2. 





IH P(r)=27!-3724+7-—4, then 
R(2ji= (UP sala (24 
ORA A 
= 34 
when P(x) is divided by «+ 2, the remainder is 34. (Remainder theorem+ 








Example 29 
When P(x) isdividedby «2 -3x+7T the quotientis 12 +x—1 and the 


remainder R(x) is unknown. However when P(x) is divided by x —2 the 
remainder is 29 and when divided by a -+1 the remainder is —16. Find R(x) 
in the form ax +. 
As the divisoris 72-37 +47, 
Pl) (1 Cr bio Se PO sor Eb 
SE em 


Q(a) D(a) Ria) 


But P(2)=29 and P(-1) = —16 (Remainder theorem) 
(2+2-1)(2 -6+7)+2a+b=29 
and ac cu Sc on 














(5)(5) + 2a + b = 29 

(-D(11)-a+b=-—16 
Z2a+b=4 
—a+b=—5 





Solving these gives a=3 and b=-2, so R(x)=3t-—2. 
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When using the Remainder theorem, it is important to realise that 
e P(r)= (2 +D0(g)+3 
e P(-D)=3 
e “P(x) divided by x +2 leaves a remainder of 3º 

are all equivalent statements. 


EXERCISE 7D.3 


1 Write two equivalent statements for: 
a PiDj= 7 them qu b If P(x)=(zx+H)Q(x) —8, then ...... 
c If P(x) divided by x —5 has a remainder of 11 then ...... 


2 Without performing division, find the remainder when: 
a vº+27º—-7x+5 isdividedby x—1 
b q!-2124+31-1 isdividedby x+2. 

3 Find a given that: 


a when xº—-2rx+a is divided by x —2, the remainder is 7 
b when 2x)4+1º +ax—5 is divided by x 1, the remainder is —8. 


4 Find a and b given that when xº+272+ax+b isdividedby x —1 the remainder 
is 4, and when divided by x+ 2 the remainder is 16. 


5 27"+ax? —-6 leaves a remainder of —7 when divided by x—1, and 129 when divided 
by x +3. Find a and n given that ne Z*. 


6 When P(z) isdividedby 22? -32+2 the remainderis 42 — 7. 
Find the remainder when P(z) isdividedby: a z-1 b z-2. 


7 When P(z) is divided by z+1 the remainder is —8 and when divided by z—3 the 
remainder is 4. Find the remainder when P(z) is divided by (z-—-3)(z+1). 


8 If P(x) isdividedby (x -—a)(x —b), P(b) — P(a) 
prove that the remainder is: = x (x—a) + P(a). 


THE FACTOR THEOREM 


kisazeroof P(x) + (x-k) isa factorof P(a). 


Proof: kisazeroof P(x) & P(k)=0 (definition of a zero) 
o R=0 (Remainder theorem) 
o P(x) = Q(x)(x — k) (division algorithm) 


e (a—k) isafactorof P(x) (definition of factor) 


The Factor theorem says that if 2 isa zero of P(x) then (x — 2) isa factor of P(x) 
and vice versa. 
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Example 30 


Find k given that x —2 isafactorof xº+kr? —- 3x +46. Hence, fully 
factorise vê + ka? — 3x + 6. 


Let P(x)=2)4+kr? -32+6 
By the Factor theorem, as x — 2 isa factorthen P(2)=0 
BiCRe so co 
SR = an dis = 2 
Now x3-212 -3r4+6=(x-2)(x2+ax-—3) for some constant a. 
Equating coefficients of x2 gives: —-2=-2+a ie, a=0 
Equating coefficients of x gives: —-3=-2a-3 ie, a=0 


vê —-2a? -3r+6 =(x—-2D(n2 —3) 
= (2-2a+v3)le- 3) 


or Using synthetic division —3 
2k À 


RR o 
P(2)=4k+8 andsince P(2)=0, k=-2 
Now P(x) =(v- (x? + [k + 2]x + [2k + 1]) 
=(2-2)(22-3) 
= (220480 3) 











EXERCISE 7D.4 


1 Find k and hence factorise the polynomial 1f: 
a 2x)4+27º+kz—4 hasafactorof x+2 
b x!-3xº-kzx2 +6x hasafactorof x—s3. 


2 Findaand bgiventhat 2173) 4+ax2+br+5 hasfactorsof x —1 and x+5. 


tw 


a 3isazeroof P(z)=2º)-22+4+[k-5]z+[k2 — 7). 
Find k and hence find all zeros of P(z). 


b Showthat z—2 isafactorof P(2)=2º+mz2+(38m-—2)z— 10m—4 for 
all values of m. For what values of mis (z — 2)? afactorof P(z)? 





4 a Consider P(x)=xº — a? where a is real. 
i Find P(a). What is the significance of this result? 
ii Factorise x? — a? as the product of a real linear and a quadratic factor. 
b Now consider P(x) =xº + aê, where a is real. 
i Find P(-a). What is the significance of this result? 


ii Factorise x? +a? as the product of a real linear and a quadratic factor. 


5 a Provethat “r4+1 isafactorof 1º +1 & nisodd” 
b Find the real number a such that x —1—a isafactorof P(x) =xº —3ax — 9. 
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In this section we are obviously only concerned with graphing real polynomials. Remember 


that 
Use 


these are polynomials for which all coefficients are real. 
of a graphics calculator or the graphing package provided will help in this section. 


AUT Lo 


AL . . . . 
ao Every cubic polynomial can be categorised into one of four types: 


So Type 1: Three real, distinct zeros: P(x)=a(x—-o)(x— B)(x— 7), a 0 


Type 2: Two real zeros, one repeated: P(r)=a(r-a)(x— 8), a50 
Type 3: One real zero repeated three times: P(x)=a(x-—- a), a£0 


Type 4: One real and two imaginary zeros: 
P(r)=(r-ao(ar +br+c), A=b-4c<0, a£0 


What to do: 


Experiment with the graphs of Type 1 cubics. Clearly state the effect of changing 
both the size and sign of a. What is the geometrical significance of a, 8, and y? 


Experiment with the graphs of Type 2 cubics. What is the geometrical significance of 
the squared factor? 


Experiment with the graphs of Type 3 cubics. Do not forget to craPHING 
consider a >0 and a<0. What is the geometrical significance of a? PACKAGE 


significance of a and the quadratic factor which has imaginary zeros? 


From Investigation 2 you should have discovered that: 


Experiment with the graphs of Type 4 cubics. What is the geometrical ii 


Ifa > 0, the graph has dpe Jor RR O a 


All cubics are continuous smooth curves. 


Every cubic polynomial must cut the x-axis at least once, and so has at least one real 
Zero. 


For a cubic of the form P(x) = a(x — a)(x — B)(x — 9) 
the graph has three distinct x-intercepts corresponding to the 
three real, distinct zeros a, / and . The graph crosses over 
or cuts the x-axis at these points, as shown opposite. 


/ SA X 
For a cubic of the form P(x) = a(x — a)2(x — 8) the graph 
touches the x-axis at the repeated zero a and cuts it at the 
other x-intercept 8, as shown opposite. o 
s X 


For a cubic of the form P(x) = a(x — a), the graph 
has only one «x-intercept, a. The graph is horizontal at this 
point, and the x-axis is a tangent to the curve, even though 
the curve crosses over it. 
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e Fora cubic of the form P(x) = (x —- a)(ax? + br +) 
where A<b0, there is only one x-intercept, a. The graph 
cuts the x-axis at this point. The other two zeros are imagi- 
nary and so do not show up on the graph. 


Example 31 


Find the 
equation of 
the cubic 
with graph: 


a The x-intercepts are —1, 2,4 Touching at 5 indicates a squared 
yv=a(x+1)(x-— 2a —4) factor (3x — 2)2. Other a-intercept 
But whenx =0, y=-8 is—3, so y=a(3x — 2)2(x +3) 
a(1)(—2)(—4) = —8 Butiyhent 06 
o gu! So, a(-2)2(3) =6 and .. a 


So, y=-(z+1)(x-—2)(a —4) So, y- 1080 -2(943) 





Note: e Ifan x-intercept is not given, use 
P(x)=(x-k) (ax +). 
nn 
most general form of a linear 
Using P(x)=a(x-k)(x+b) is 
more complicated. 


e Ifthere is clearly only one x-intercept 
and that is given, use 


P(x)=(x—k)(ax? + br +). 


most general form of a quadratic 





What can you say about this quadratic? Fo. É . 
y Either graph is possible. 


Example 32 


Find the equation of the cubic which cuts the x-axis at 2, —3 and —4 and 
passes through the point (1, —40). 


The zeros are 2, -3 and —4, so y=a(x-—-2(x+3)(x+4), 0. 


But when x=1, y=-—40 do a(—1)(4)(5) = —40 
—20a = —40 
GE 


So, the equation is y=2(x-—2(x+3)(x + 4). 
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EXERCISE 7E.1 


1 What is the geometrical significance of: 
a asingle factorin P(x), suchas (x — a) 
b a squared factorin P(x), suchas (x — a)? 


c acubed factorin P(x), suchas (x — a)3? 


2 Find the equation of the cubic with graph: 





3 Find the equation of the cubic whose graph: 
a cuts the x-axis at 3, 1, —2 and passes through (2, —4) 
b cuts the x-axis at —2, O and > and passes through (—3, —21) 
€ touches the x-axis at 1, cuts the x-axis at —2 and passes through (4, 54) 
d touches the x-axis at —& cuts the x-axis at 4 and passes through (—1, —5). 


4 Match the given graphs to the corresponding cubic function: 


a y=2(zx-1(x+2)(2x+44) b y=-(2x+I)(x—-2(x—4) 
c yv=(r—-1D(x-2(x+4) d y=-22-D(x+2)(x+44) 
e y=-(z-D(zx+2)(x+4) f yv=2(z-1)(x—-2(x+4) 
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5 Find the equation of a real cubic polynomial which cuts: 
a the x-axis at > and —3, cuts the y-axis at 30 and passes through (1, —20) 
b the x-axis at 1, touches the x-axis at —2 and cuts the y-axis at (0, 8) 
c the x-axis at 2, the y-axis at —4 and passes through (1, —1) and (—1, —21). 


DAL 


Sr 
There are considerably more possible factor types to consider for quartic 





functions. We will consider quartics containing certain types of factors. 


GRAPHING 
What to do: PACKAGE 


1 Experiment with quartics which have: “E 
four different real linear factors 

a squared real linear factor and two different real linear factors 

two squared real linear factors 

a cubed factor and one real linear factor 

a real linear factor raised to the fourth power 

one real quadratic factor with A <0 and two real linear factors 

two real quadratic factors each with A <o0. 


as Da co 


From Investigation 3 you should have discovered that: 


e Fora quartic polynomial in which a is the coefficient of a? : 
>» If a>0 the graph opens upwards. 
>» If a<0 thegraphopens downwards. 


e fa quartic with a > O is fully factorised into real linear factors, for: 


> a single factor (x — q), the » a squared factor (x — a)2, the 
graph cuts the x-axis at a graph touches the x-axis at a 
e.g. e.g. a 
ER “ 
| F 
X 
» a cubed factor (x — o)?, the » a quadruple factor (x — o), 
graph cuts the x-axis at a, but the graph touches the x-axis 
is “flat” at a but is “flat” at that point 
eg. E a e.g. ) , 
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e Ifaquartic with a> 0 has one real 
quadratic factor with A<0 we 
could have: 


Example 33 


Find the equation of the quartic 
with graph: 





ELA! 


Find the quartic which touches the x-axi 
through (1, —12) and (3, 6). 


e JIfaquarticwith a> 0 has two real 
quadratic factors both with A <0O 
we have: 


» The graph 
does not 
meet the 
x-axis at 
all. 


The graph touches the x-axis at —1 
and cuts it at —3 and 3, so 
y=a(z+1(x+3)(x —3) 
Butiwy nen EE 
—3 = a(1)*(3)(-3) 
EO OC 
1 


a=s3 


v=a(2+1(2+3)(x—3) 


sat 2, cuts it at —3, and also passes 





(x — 2)2 is a factor as the graph touches the x-axis at 2. 


(x +3) isa factor as the graph cuts the x-axis at —3. 


So P(r)=(x-Dx+3)/(ax+b) 
Now P(1)=-12, :. (-D4(ad 
and RD 6, + T(6)(3a A 


where a and b are constants. 
Hb)=-12 ie, atb=-3... (1) 
Hb) =6 Te Sar ab (2) 








Solving (1) and (2) simultaneously gives a=2, b= —5 


P(x) = (x —- (x +3)(2x — 5) 





EXERCISE 7E.2 


1 Find the equation of the quartic with graph: 
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2 Match the given graphs to the corresponding quartic functions: 
a y=(2x-D(x+1(x+4+3) b y=-2x- Dx +1)(x+3) 
ce y=(2x-D(x+1)x+4+3) d y=(x-Dx+Dx-—3) 
e y=-a(2—D(z+D(2+3)? fo y=-(2—D(z+D(z—3)? 








3 Find the equation of the quartic whose graph: 


a cuts the x-axis at —4 and > touches it at 2, and passes through the point (1, 5) 
b touches the x-axis at 5 and —3, and passes through the point (—4, 49) 
Ç 
d 














cuts the x-axis at 5 and +2, and passes through the point (1, —18) 


touches the x-axis at 1, cuts the y-axis at —1, and passes through the points 
(—1, —4) and (2, 15). 


DISCUSSION 





What happens to P(x)=açã” +annl+.... +axtas, anfO0 
a polynomial of degree n, nEN as |x|—> oo, ie, as «> —oo and 
astia OON 





Notice that as |x| —» oo, the term aa” dominates the value of P(x) and the values 
of the other terms become insignificant. 


So, if an >0 and n is even, P(x) > +o0, as 4 > +oo 





and P(x) > +00, as 2 > —oo. 
Discuss the cases where: e a,>0 andn isodd 


e a, <0 andniseven 
e an <0 andn is odd. 
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We have already seen that every real cubic polynomial must cut the x-axis at least once, and 
so has at least one real zero. 


If the exact value of the zero is difficult to find, we can use technology to help us. We can 
then factorise the cubic as a linear factor times a quadratic, and if necessary use the quadratic 
formula to find the other zeros. 


This method is particularly useful if we have one rational zero and two irrational zeros that 
are radical conjugates. 


Example 35 


Find all zeros of P(x)=31º-— 1472 +57 +2. 





Using the calculator we search for any rational zero. 


In this case x = 0.666667 or 0.6 indicates 


r=5 isazeroand .. (3x2) isa factor 


So, 3x3 —- 1472 +57 +2 =(3x-2)(x2 +ax—1) 
= 32º + [30 — 2]Jx2 + [-3 — 2a)x 





Equating coefficients: 3a-2=-14 and -3-20=5 
3a = —12 and (ARO GRAPHING 
a=-—4 PACKAGE 
P(x) = (3x — 2)(x2 — 41 — 1) 


which has zeros 3 and 2+v5 (quadratic formula) 





Example 36 


Find all roots of 6xº +13724+2024+3=0 


vm —0.16666667=& isazero, so (6x+1) isa factor 
(6x + 1)(x2 +ax+3)=0 for some constant a. 
Equating coefficients of w?: 1+6a4=13 .. 604=12 +. a=2 





Equating coefficients of x:  a+18=20 / 


6r+1)(x24+27+3)=0 and zx=-1 or —-1+tiv2 fquadratic formula 
6 








For a quartic polynomial P(x) we first need to establish if there are any x-intercepts at all. 
If there are not then the polynomial must have four complex zeros. If there are x-intercepts 
then we can try to identify linear or quadratic factors. 


EXERCISE 7E.3 


1 Find all zeros of: 
a xº-37º-3x+1 b x7º)-322 447 -2 
c 27º -3r” -47—-35 d 27º -22+207— 10 
e 47! - 47º -2522 41746 fo q! 6x + 22x? — 48x 440 
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2 Find the roots of: 








a 72+272+3724+6=0 b 22)4+37º-32-2=0 
c x)-6x2+12x-8=0 d 2723º+18=572+9r 
e qt-q3-9224117246=0 f 2724-1303 +927x2 = 13x 415 


3 Factorise into linear factors: 








a xº)-37º+47-2 b xw+372447+412 

ce 2xº-972+62-1 d aq -472492-10 

e 412º -8724+243 f 32447) 457 412712 
g 2x!-3xº) 457º +6x—4 h 27)4+5272 487420 














4 The following cubics will not factorise. Find their zeros using technology. 
a xº+27º -6x-—6 b x4r?-Tr-—s 


F LYNOMIALS 


The following theorems are formal statements of discoveries we have made: 





e Unique Factorisation theorem 
Every real polynomial of degree n can be factorised into n complex linear factors, 
some of which may be repeated. 

e Factor theorem 
kisazeroof P(x) & (x —k) isa factor of P(x). 

e Every real polynomial can be expressed as a product of real linear and real 
irreducible quadratic factors (where A < 0). 

e If p+qi (70) isa zero of a real polynomial then its complex conjugate 
p— qi is also a zero. 
Every real polynomial of odd degree has at least one real zero. 
All real polynomials of degree n have mn zeros, some of which may be repeated. 
These zeros are real and/or complex zeros that occur in conjugate pairs. 


Example 37 


If -3+i isazeroof P(x)=axê +92 +ax— 30 where a is real, find a 
and hence find all zeros of the cubic. 





As P(x) isreal, both —3+i and —-3—% are zeros. 
These have sum of —6 and product of (—3 + :)(—-3 — 1) = 10, 
so the zeros —3+i come from the quadratic «2 + 6x +10. 





Consequently, axê + 9x2 + ax — 30 = (22 + 6x + 10)(ax — 3). 
ZA 
ax? o () 


To find a we equate coefficients of x2 and x 


9=-6a-3 and a=10a-18 and a=2 in both cases 


a=2 and the other two zeros are —3—-% and Es 


the linear factor is (ax — 3) ie. (2x — 3) 
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Example 38 





One zero of axê+[a+1]x2+410x+15, aeR, is purely imaginar. 
Find a and the zeros of the polynomial. 


Let the purely imaginary zero be bi, b 0. 
P(x) is real since its coefficients are all real, and so —bi is also a zero. 
For bi and —bi, their sum = O and their product = —b2i;2 — b? 

these two zeros come from 2 +b2. 


15 
So, ax +[a+ 1x2 + 10x +15 = (22 +b)(ax + 2 
SS o 


Es 
= axº + [| x + bax + 15 


15 
Consequently a+1= 2 (1) and bla =10 


ba +b? =15 (using (1) 
10+b2 = 15 (using (2)) 
b2=5 andso b=+V5 
InQ) as BS ba JO. 2 








lo 
The linear factor is ax + 7) or 2x +83 


a=?2 and the zeros are tiv5, —+ 





EXERCISE 7F 


1 
2 


Find all third degree real polynomials with zeros of Ss and 1— 3. 


p(x) isa real cubic polynomialin which p(1)=p(2+:)=0 and p(0) = —20. 
Find p(x) in expanded form. 


2-3i isazeroof P(z) =2º+pz+q where p and q are real. Using conjugate 
pairs, find p and q and the other two zeros. Check your answer by solving for p and q 
using P(2-3i)=0. 


3+i isarootof 2!-22)+az2+bz+10=0, where a and b are real. Find a and 
b and the other roots of the equation. 


One zero of P(z)=2zº+az? +32+9 is purely imaginary. If a is real, find a and 
hence factorise P(z) into linear factors. 


At least one zero of P(x) = 3xº + ka? + 15x 4 10 is purely imaginary. Given that 
k is real, find k and hence resolve P(x) into a product of linear factors. 


A scientist working for Crash Test Barriers, Inc. is trying to design a crash test barrier 
whose ideal characteristics are shown graphically below. The independent variable t 
is the time after impact, measured in milliseconds, such that O <t < 700. The 
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dependent variable is the 
distance that the barrier has 
been depressed because of 
the impact, measured in 
millimetres. 





a The equation for this graph is ofthe form f(t)=kt(t—-a)2, O<t< 700. 
From the graph, what is the value of a? What does it represent? 


b If the ideal crash barrier is depressed by 85 mm after 100 milliseconds, find the 
value of k, and hence find the equation of the graph given. 


c What is the maximum amount of depression, and when does it occur? 


8 In the last year (starting Ist January), the volume of water (in megalitres) in a particular 
dam after t months could be described by the model V(t) = —t3 + 30t2 — 131t + 250. 


The dam authority rules that if the volume falls 
below 100 ML, irrigation is prohibited. During which 
months, if any, was irrigation prohibited in the last 
twelve months? Include in your answer a neat sketch of 
any graphs you may have used. xm| 110m 


9 A ladder of length 10 metres is leaning up against a wall 
so that it is just touching a cube shaped box of edge 
length one metre, that is resting on the ground against 
the wall. What height up the wall does the ladder reach? Im 


REVIEW SET 7A 


1 Find real numbers a and b such that: 
a atb=4 b (1-2)a+bi)=-5-—-106 ec (a+2)(1+b)=17- 19% 


2 1fz=3+i and w=-2-%, find in simplest form: 


A 


a 2z-3uw b — co: 
w 


; o : 3 
3 Find the exact values of the real and imaginary parts of zif z=>— = +V3 


a v3 
& Find a complex number z such that 22z— 1 =iz—%. Write your answer in the form 
z=>a-+bi where a, bER. 


5 Provethat zw“ — z*w is purely imaginary or zero for all complex numbers z and w. 


: 1 . : E À 
6 Given w= + where z=a+bi, a,bER, write w in the form x+yi where 
e 


x, y E R and hence determine the conditions under which ww is purely imaginary. 
7 Expand and simplify;: a (3024+27-5)(42—-3) b (2722-171 +3) 


gº gº 


8 Carry out the following divisions: à —— b ——————— 
ce E Z+2 (x+3)(x +3) 


11 
12 
13 


14 


15 


16 


17 
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State and prove the Remainder theorem. 


—2+bi isa solutionto 22+az+[3+a] =0. Find a and b given that they are 
real. 


Find all zeros of 224 — 52341322 —42-6. 
Factorise 2! +22) - 22248 into linear factors. 


Find a quartic polynomial with rational coefficients having 2-iv3 and V2+4+1 as 
two of its zeros. 


IH fx)=2º-322-9r+4+b has (x—k)2 as a factor, show that there are two 
possible values of k. For each of these two values of k, find the corresponding value 
for b and hence solve f(x) = 0. 


Find k if the line with equation y=2x-+k does not meet the circle with equation 
pe ADO 


When P(x) = 7" + 3x2 + kr +6 is divided by x + 1 the remainder is 12. 
When P(x) is divided by a — 1 the remainder is 8. Find k and n given that 
34<n< 38. 


If a and 8 are two of the roots of xº-x+1=0, show that af isa root of 
gv +a2-1=0 Hint: Let qxê-zx+1=(r-o)(x- B)(x—9). 


REVIEW SET 7B 


ar win 


10 


11 


12 


Find x,y e Z suchthat z=ax+yi satisfies the equation $/z = SEO 3-— 25. 
Without using a calculator, find 5 — 12%. Check your answer using a calculator. 
Prove that zw* — 2“w is purely imaginary or zero for all complex numbers z or w. 
Prove that if z is a complex number then both z + z* and zz* are real. 


If z=44i and w=3-2 find 2w*-—iz. 


2-3 
Find rationals a and b such that a SBIA PA 
2a + bi 


at+ai isarootof x2-6x4+b=0 where a,bER. 
Explain why b has two possible values. Find a in each case. 





Find the remainder when q” —- 3228 +5xº4+11 is divided by v+1. 

A quartic polynomial P(x) has graph y = P(x) which touches the x-axis at (—2, 0), 
cuts it at (1, 0), cuts the y-axis at (0, 12), and passes through (2, 80). 

Find an expression for P(x) in factored form and hence sketch the graph of 
= EE 

If P(x) has remainder 2 when divided by x —3 and remainder —13 when divided 
by x +42, find the remainder when P(x) is dividedby 12 - 7-6. 


Find all polynomials of least degree with rational coefficients that have 3 — 1/2 and 
1— 32 as two zeros. 


Factorise 2224224 102+5 asa product of linear factors. 


212 


13 


14 


15 


16 
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Find the general form of all polynomials of least degree which are real and have zeros 
OLE and 


3-2; isazeroof 2*+kzº +32z+3k-1, where k is real. 
Find k and all zeros of the quartic. 


Find all the zeros of the polynomial 244223 +6224+8z+8 given that one of the 
zeros is purely imaginary. 


When a polynomial P(x) is dividedby «x? —-3x+2 the remainderis 27 +3. 
Find the remainder when P(x) is divided by q —2. 


REVIEW SET 7C 


= tw nW 


10 


13 
14 


15 


Find real numbers a: and y such that (3x +2yi)(1— 1) =(3y+HI)i—a. 
Solve the equation: 22 +iz +10 = 6z 
Prove that zw* + z*w is real for all complex numbers z and w. 
Find real x and y such that: 
a RO BE c (r+riy)l=z-—iy 


z and w are non-real complex numbers with the property that both z + «ww and zw are 
real. Prove that z* — w. 


2 
— 4% 


Find the remainder when 2217 4+5xlº - 77346 is divided by x -—2. 


5-i isazeroof 22º4+azº +62z+[a-—5], where a is real. Find a and the other 
two zeros. 


Find, in general form, all polynomials of least degree which are real, and have zeros 
of: 

a iv2 and 5 b 1-i and -3-i. 
P(x) = 213 +7124+ka—k is the product of 3 linear factors, 2 of which are identical. 
Show that k can take 3 distinct values and resolve P(x) into linear factors when k 
takes the largest of these 3 values. 
Find all roots of 22! —-32º +222 = 62 +4. 


Suppose k is real. For what values of k does 2º +az2+kz+ka=0 have: 
a one real root b 3real roots? 


32x +2 and 2-2 are factorsof 6x) +ax? — 4ax +b. Find a and bd. 


Find the exact values of k for which the line y = x — k is a tangent to the circle 
with equation (r—-2)2+(y+3)2=4. 


Find the quotient and remainder when x!+3xº -712+1lx—1 isdividedby x2+2. 
Hence, find a and b for which «q! +37º -Tx2+(2+a)z+b is exactly divisible 
by x242. 
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OPENING PROBLEM 
At an IB Mathematics Teachers” Conference there are 273 delegates present. 
The organising committee consists of 10 people. 


e Ifeach committee member shakes hands with every 
other committee member, how many handshakes 
take place? 





Can a 10-sided convex polygon be used to solve 
this problem? 


e fall 273 delegates shake hands with all other 
delegates, how many handshakes take place now? 





The Opening Problem is an example of a counting problem. 
The following exercises will help us to solve counting problems without having to list and 
count the possibilities one by one. To do this we will examine: 

e the product principle e counting permutations e counting combinations 





Suppose that there are three towns A, B and C and that 4 different roads could be taken from 


A to B and two different roads from B to €. 
We can show this in a diagram: o E 
How many different pathways are there from A to C going through B? 


If we take road 1, there are two alternative roads to complete our trip. 


If we take road 2, there are two alternative roads road 1 
to complete our trip, ...... and so on. ai TE RR 
E e 
So, there are 2+2+2+2=4x2 different sd 
pathways. 


Notice that the 4 corresponds to the number of roads from A to B and the 2 corresponds to 
the number of roads from B to C. road 1 


read? DN c 
Similarly, for: e RE nao PR b 


there would be 4x2x3=24 different pathways from A to D passing through B and €. 


THE PRODUCT PRINCIPLE 


If there are m different ways of performing an operation and for each of these there 
are n different ways of performing a second independent operation, then there are mn 
different ways of performing the two operations in succession. 
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The product principle can be extended to three or more successive operations. 


ESSES CD 
Q R 


It is possible to take five different paths from Pauline”s to Quinton”s, 4 different 


EL 


paths from Quinton”s to Reiko”s and 3 different paths from Reiko”s to Sam”s. How 
many different pathways could be taken from Pauline”s to Sam”s via Quinton”s and 
Reiko”s? 


The total number of different pathways = 5 x 4x 3 = 60. (product principle) 


EXERCISE 8A 





1 The illustration shows the possible map routes for Q R 
a bus service which goes from P to S through both 
QandR. E 
How many different routes are possible? S 
2 It is decided to label the vertices of a rectangle with 


the letters A, B, C and D. 


In how many ways is this possible 1f: 


a they are to be in clockwise alphabetical order 
b they are to be in alphabetical order 
ce they are to be in random order? 


3 The figure alongside is box-shaped and made B 
of wire. 


An ant crawls along the wire from A to B. 


How many different paths of shortest length 
lead from A to B? A 


4 In how many different ways can the top two positions be filled in a table tennis 
competition of 7 teams? 


5 A football competition is organised between 8 teams. In how many ways is it possible 
to fill the top 4 places in order of premiership points obtained? 


6 How many 3-digit numbers can be formed using the digits 2, 3, 4, 5 and 6: 
a as often as desired b once only? 


7 How many different alpha-numeric plates for motor car registration can be made if the 
first 3 places are English alphabet letters and those remaining are 3 digits from O to 9? 
8 In how many ways can: 
a 2 letters be mailed into 2 mail boxes b 2 letters be mailed into 3 mail boxes 
ce 4 letters be mailed into 3 mail boxes? 
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Consider the following road system leading from D 
P to Q: 


From A to Q there are 2 paths. do e 
ig a 





From Bto Qthereare 3x2=6 paths. 
From C to Q there are 3 paths. qd 


Thus, from Pto Q thereare 2+6+3=11 paths. E 


Notice that: » when going from B to G, we go from Bto E and then from E to G, 
and we multiply the possibilities, 


» when going from P to Q, we must first go ffom Pto A, or PtoB 
or PtoC, and we add the possibilities. 


Consequently: e the word and suggests multiplying the possibilities 
e the word or suggests adding the possibilities. 


Example 2 


How many different paths 
lead from P to Q? 


Going from PtoAtoBtoCtoQ thereare 2x 3=6 paths 
or from PtoDto EtoFtoQ there are 2 paths 
or from PtoDtoGtoHtoItoQ thereare 2x2=4 paths. 
So, we have 6+2+4=12 different paths. 





EXERCISE 8B 


1 How many different paths lead from P to Q? 


Sos Ec 
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NOTATION 


In problems involving counting, products of consecutive positive integers are common. 


For example, 8x 7x6 or 6xô5x4x3x2x1. 


FACTORIAL NOTATION 


For convenience, we introduce factorial numbers to represent the products of consecutive 
positive integers. 


For example, the product 6x5x4x3x2x1 canbe writtenas 6!. 
In general, for n>1, n! is the product of the first n positive integers. 
n!=n(n—-l)(n-—-2)(n—3)....x3x2x1 


n! isread “n factorial”. 


Notice that 8x 7x6 can be written using factorial numbers only as 
8x7x6x5x4x3x2x1 38! 
5x4x3x2x1 5 


PROPERTIES OF FACTORIAL NUMBERS 


8x 7x 6= 


The factorial rule is mi=nxin>- 1! formal 
which can be extended to n!= n(n— 1)(n — 2)! and so on. 
Using the factorial rule with n = 1, wehave 11=1x0! 


We hence define (0 = 





Example 3 


What integer is equal to: 


91 9x4x3x2x1 


a=4 De = dA E O) 
E PRP 3! 3x2x1 f 


7! 2 7x6x5x4x3x2x1 
Nas Assoc oi 


=35 


Example 4 


NOR AS 


E in factorial form: 1 > ——— 
xpress in factorial form: a 10x9x8x7 b SO 





NORRIS TG o Asa 10! 
OR 6x5x4x3x2x1 ou 


10x9x8x7 10x9x8x7x6x6x4x3x2x1 10! 


O IR ORA  OSIS RS SO 
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Example 5 


Write the following sums and differences as a product by factorising: 


a 8146! 


81+6! 
=8x7x61 + 6! 
=68x7+4+1) 
EO 


Example 6 


n!—6! 
Simplify E using factorisation. 


EXERCISE 8€ 
1 Findnlfor n=0,1,2,3,....,10. 


2 Simplfy without using a calculator: 


6! 6! 6! 
* go “ma 
En n! 
3 Simphfy: a = 
& Express in factorial form: 
a Tx6x5 b 10x9 
13x 12x11 


3x2x1 


5 Write as a product using factorisation: 
a 5144] b 11!-10! 
e 9+81+4+7] f T!-61+8! 





6 Simplfy using factorisation: 





12!—- 11! b 10! + 9! 
1 Eni 
6!+5!— 4! nl +(n— 1)! 


4! (n — 1)! 





6x5x4 


g 121 - 2x11! 


o! 


10! —- 91 +8! 
=10x9x8! —- 9x8! + 8! 
= 8!(90-9+1) 
ASAS, 








4! 100! T! 
E e E e 
6! 99! 5! x 2! 
(n + 2)! i (n + 1)! 
n! (n — 1)! 


ce 11x10x9x8x7 


4x3x2x1 
20 x 19 x 18 x 17 


6!1+8! d 12110! 
h 3x9 + 5x8! 








10!— 8! 10! — 9! 
89 9! 

n!— (n— 1)! h (n + 29! + (n + 1)! 
n—l n+3 


COUNTING AND THE BINOMIAL EXPANSION (Chapter 8) 219 





A permutation of a group of symbols is any arrangement of those symbols in a 
definite order. 


For example, BAC is a permutation on the symbols A, B and C in which all three of them 
are used. We say the symbols are “taken 3 at a time”. 


Notice that ABC, ACB, BAC, BCA, CAB, CBA are all the different permutations on the 
symbols A, B and C taken 3 at a time. 


In this exercise we are concerned with the listing of all permutations, and then learning to 
count how many permutations there are without having to list them all. 


Example 7 


List all the permutations on the symbols P, Q and R when they are taken: 
a lata time b 2ata time c 3ata time. 





a BQ,R b PQ QP RP c PQR QPR RPQ 
PR QR RQ PRQ QRP RQP 


Example 8 


List all permutations on the symbols W, X, Y and Z taken 4 at a time. 


ie., 24 of them. 





For large numbers of symbols listing the complete set of permutations is absurd. However, 
we can still count them in the following way. 





In Example 8 there were 4 positions to fill: | 





Ist 2nd 3rd 4th 





In the Ist position, any of the 4 symbols could be used. 
4 


: ; og Ist 2nd 3rd 4th 
This leaves any of 3 symbols to go in the 2nd position, RR 


which leaves any of 2 symbols to go in the 3rd position. 43192 
Ist 2nd 3rd 4th 





The remaining symbol must go in the 4th position. a a 


Ist 2nd 3rd 4th 














So, the total number of permutations = 4x 3x 2x1 (product principle) 
= 24 
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Example 9 


If a chess association has 16 teams, in how many different ways 
could the top 8 positions be filled on the competition ladder? 


Any of the 16 teams could fill the “top” position. 
Any of the remaining 15 teams could fill the 2nd position. 
Any of the remaining 14 teams could fill the 3rd position. 


Any of the remaining 9 teams could fill the 8th position. 
ie, [65 [M[E[npçaÇã(o) 
Ist 2nd 3rd A4th 5th 6th Th sh 


fotalinumber SIG se ABA IS e DE PIE 
= 518918400 


Example 10 


Suppose you have the alphabet blocks A, B, C, D and E and they are placed in a 
row. For example you could have: [D[A[EJC|B 
a How many different permutations could you have? 

















b How many permutations end in C? 
c How many permutations have the form [.../A]...|B]...]? 
d 


How many begin and end with a vowel, i.e, AorE? 


There are 5 letters taken 5 at a time. 
totalimimberi="5 Ba dO! 


EIBIRIEIES 
any others 


here 
C here 


A B 


2[s/2[171] 


l 
Aor E 
remainder 
ofAor E 


C must be in the last position (1 way) and the 
other 4 letters could go into the remaining 4 
places in 4! ways. 


total number = 1 x 41= 24 ways. 


A goes into 1 place, B goes into 1 place and 
the remaining 3 letters go into the remaining 3 
places in 3! ways. 


total number = 1 x 1x 3!= 6 ways. 


A or E could go into the Ist position, and after 
that one is placed, the other one goes into the last 
position. 


The remaining 3 letters could be arranged in 3! 
ways in the 3 remaining positions. 


total number = 2 x 1x3!= 12. 
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Example 11 


There are 6 different books arranged in a row on a shelf. In how many ways can 
two of the books, A and B be together? 


Method 1: We could have any of the following locations for A and B 


If we consider any one 

of these, the remaining 

4 books could be placed 
10 of these in 4! different orderings 


“. total number of ways 
AOS 


A 
B 
x 
x 
x 
x 
x 
x 
x 
x 


De O) 
DD > UE 
ECO a 


UU UE 
CORE UU 


Method 2: 


A and B can be put together in 2! ways (i.e., ABor BA). 
Now consider this pairing as one book (effectively tying a string around them) which 
together with the other 4 books can be ordered in 5! different ways. 


total number = 2! x 5! = 240. 





EXERCISE 8D 


1 List the set of all permutations on the symbols W, X, Y and Z taken: 
a lata time b two ata time c three at a time. 


Note: Example 8 has them taken 4 at a time. 


2 List the set of all permutations on the symbols A, B, €, D and E taken: 
a 2ata time b 3ata time. 


3 In how many ways can: 
a 5 different books be arranged on a shelf 
b 3 different paintings, from a collection of 8, be chosen and hung in a row 
c a signal consisting of 4 coloured flags be made if there are 10 different flags to 
choose from? 


4 Suppose you have 4 different coloured flags. How many different signals could you 
make using: 


a 2 flags only b 3 flags only c 2o0r3 flags? 


5 How many different permutations of the letters A, B, €, D, E and F are there if each 
letter can be used once only? How many of these: 
a endin ED b begin with F and end with A 


ce begin and end with a vowel (ie. A or E)? 


6 How many 3-digit numbers can be constructed from the digits 1, 2,3, 4,5, 6 and 7 if 
each digit may be used: 
a as often as desired b only once ce once only and the number is odd? 
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7 In how many ways can 3 boys and 3 girls be arranged in a row of 6 seats? In how many 
of these ways do the boys and girls alternate? 


8 3-digit numbers are constructed from the digits 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9 using each 
digit at most once. How many such numbers: 
a can be constructed b endin5 c endin 0 d are divisible by 5? 


9 In how many ways can 5 different books be arranged on a shelf if: 
a there are no restrictions b books X and Y must be together 
c books X and Y are never together? 


10 A group of 10 students sit randomly in a row of 10 chairs. In how many ways can this 
be done 1f: 
a there are no restrictions b 3 students A, B and C are always seated together? 


11 How many three-digit numbers, in which no two digits are the same, can be made using 
the digits 0, 1,3, 5, 8 if. 
a there are no restrictions 
b the numbers must be less than 500 
c the numbers must be even and greater than 3002 


12 How many different arrangements of four letters chosen from the letters of the word 
MONDAY are possible 1f: 
a there are no restrictions 
b at least one vowel (A or O) must be used 
€c no two vowels are adjacent? 


13 Nine boxes are each labelled with a different whole number from 1 to 9. Five people 
are allowed to take one box each. In how many different ways can this be done if: 
a there are no restrictions 
b the first three people decide that they will take even numbered boxes? 


14 Alice has booked ten adjacent front-row seats for a basketball game for herself and nine 
friends. Altogether, there are five boys and five girls. 
a Assuming they all arrive, how many different arrangements are there 1f: 
i there are no restrictions 
ii boys and girls are to sit alternately? 
b Due to a severe snowstorm, only five of Alice's friends are able to join her for the 
game. How many different ways are there of seating in the 10 seats 1f: 
i there are no restrictions 
il any two of Alice's friends are to sit next to her? 
15 Ata restaurant, a rectangular table seats eight people, four on each of the longer sides. 
Eight diners sit at the table. How many different seating arrangements are there 1f: 
a there are no restrictions 
b two particular people wish to sit directly opposite each other 
€ two particular people wish to sit on the same side of the table, next to each other? 
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Ace 


“O There are 6 permutations on the symbols A, B and C in a line. 
So Theseare: ABC ACB BAC BCA CAB CBA. 





However in a circle there are only 2 different permutations on these 3 symbols. These are: 


B ê 


as they are the only possibilities 
(0) and () with different right-hand and left- 
NO a C B hand neighbours. 


E 
(O) () '() are the same cyclic permutations. 
(é B A 


1 Draw diagrams showing different cyclic permutations for: 


What to do: 


a one symbol: A b two symbols: A and B 
c three symbols: A,B and C d four symbols: A,B,C and D 
2 Copy and 


Number of symbols | Permutations in a line | Permutations in a circle 





complete: 





3 If there are n symbols to be permuted in a circle, how many different orderings are 
possible? 





A combination is a selection of objects without regard to order or arrangement. 


For example, the possible teams of 3 people selected from A, B, C, D and E are 


ABC ABD ABE ACD ACE ADE 
BCD BCE BDE 
CDE i.e., 10 different combinations. 


CY is the number of combinations on n distinct or different symbols taken 7 at a time. 
Qro the number up for selection 

" = the number of positions needed to be filled. 
C” may also be written as nC, or as the binomial coefficient (7). 


From the teams example above we know that C% = 10. 


However, we know the number of permutations of three people from the 5 possibilities 
is5x4x3=60, so why is this answer 6 or 3! times larger than C$ ? 
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This can be seen if we consider one of these teams, ABC say. 


There are 3! ways in which the members of team ABC can be placed in a definite order, 
ie. ABC, ACB, BAC, BCA, CAB, CBA and if this is done for all 10 possible teams we 
get all possible permutations of the 5 people taken 3 at a time. 








DBx4x3 5! 
— C5 1 E 5 — ——. 
So, 5x4x3=03x3! dC So É ara 
: n(n-D(n-D.(n-or+t)(n>-r+29)(n>r+41) n! 
Tn general, (E E 2 1 UG 
Ne e” 
Factor form Factorial form 


Values of C” can be calculated from your calculator. For example, to find C4º: 
TI-83: Press 10 MATH] ja 3 to select 3:n Cr from the PRB menu, then 3 [ENTER 


Casio: Press 10 [OPTN][F6]|F3 | (PROB) [F3] (nCr)3 [EXE] 








Example 12 


How many different teams of 4 can be selected from a squad of 7 if: 
a there are no restrictions b the teams must include the captain? 


There are 7 players up for selection and we want any 4 of them. 
This can be done in CZ = 35 ways. 


If the captain must be included and we need any 3 of the other 6, this can be 
donein Clx C$ = 20 ways. 


A committee of 4 is chosen from 7 men and 6 women. How many different 
committees can be chosen if: 

there are no restrictions b there must be 2 of each sex 

at least one of each sex is needed? 





For no restrictions there are 7+6= 13 people up for selection and we 
want any 4 of them. = total number= CR = Is. 


The 2 men can be chosen in CZ ways and the 2 women can be chosen in 


6 
Go WRDE: total number = CY x C$ = 315. 


Total number 
= number with (3MandiW) or Q(Mand2W) or 1Mand3W) 


Em cr ca cia 
= 665 


Alternatively, total number = CB-CixCê-C;x Cf. 
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EXERCISE 8E 


1 


12 


13 
14 


15 


Evaluate using factor form: a CÊ b Ci «c C8 d CÉ e cê. 
Check each answer using your calculator. 


In question 1 you probably noticed that C$ = C&. 
In general, C7=C7,. Prove using factorial form that this statement is true. 


Find kif (9)=4(414)- 


List the different teams of 4 that can be chosen from a squad of 6 (named A, B, C, D, 
E and F). Check that the formula for C7? gives the total number of teams. 


How many different teams of 11 can be chosen from a squad of 17? 


Candidates for an examination are required to do 5 questions out of 9. In how many 
ways can this be done? If question 1 was compulsory, how many selections would be 
possible? 


How many different committees of 3 can be selected from 13? 
How many of these committees consist of the president and 2 others? 


How many different teams of 5 can be selected from a squad of 12º 
How many of these teams contain: 


a the captain and vice-captain  b exactly one of the captain or the vice-captain? 


A team of 9 is selected from a squad of 15. 3 of the players are certainties who must be 
included, and another must be excluded because of injury. In how many ways can this 
be done? 


In how many ways can 4 people be selected from 10 1f: 


a one person is always in the selection b 2 are excluded from every selection 
€ 1is always included and 2 are always excluded? 


A committee of 5 is chosen from 10 men and 6 women. Determine the number of ways 
of selecting the committee if: 

a there are no restrictions b it must contain 3 men and 2 women 

c it must contain all men d it must contain at least 3 men 

e it must contain at least one of each sex. 


A committee of 5 is chosen from 6 doctors, 3 dentists and 7 others. 
Determine the number of ways of selecting the committee if it is to contain: 


a 2doctorsand1 dentist b 2doctors c at least one of the two professions. 
How many diagonals has a 20-sided convex polygon? 


There are 12 distinct points A, B,C, D,.., L on a circle. Lines are drawn between 
each pair of points. 


a How many lines are there in total pass through B? 


i 
b How many triangles i are determined by the lines have one vertex B? 


How many 4-digit numbers can be constructed where the digits are in ascending order 
from left to right? Note: You cannot start with 0. 
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16 a Give an example which demonstrates that: 
CG xC) + Cx6 + Qué + xe E Ex0 = CC. 
b Copy and complete: 
Co xC7 + CPxCr, +CPxXCLo + +CR,xCL+CTxCO7 =... 


17 In how many ways can 12 people be divided into: 
a two equal groups b three equal groups? 


18 Line A contains 10 points and line B contains a dial 
7 points. If all poimts on line A are joined to 
all points on line B, determine the maximum 
number of points of intersection between A Tee B 
and B. 


19 10 points are located on [PQ], 9 on [QR] and 
8 on [RP]. 
All possible lines connecting these 27 points 
are drawn. Determine the maximum number 
of points of intersection of these lines which Pp R 
lie within triangle PQR. 





The sum ab is called a binomial as it contains two terms. 


Any expression of the form (a b)” is called a power of a binomial. 


Consider the following algebraic expansions of the powers (a+b)”. 








(a+b)! =a+b (a+b) = (a+4+b)(a + b)? 
(a+b)2 = a? + 2ab+b2 = (a+b)(a2 + 2ab + b2) 
=aq*+20ºb+ab? + a2b+ 2ab” + bé 
We say that: = 9º +30b + a-bé 


a? + 2ab + b2 is the binomial expansion of (ab)? 
a3 + 3a2b + 3ab? 4 bê is the binomial expansion of (a+b) 








AUTO 


AL, 





What to do: 
1 Expand (a+b) in the same way asfor (a+b) above. 
2 Similarly, expand algebraically (a +b)º using your answer for the 
expansion of (a+b) from. 
3 Expand (a+b) using your expansion for (ab). 
4 The (a+b) = a? + 3a2b + 3ab? + bé | expansion contains 4 terms: 
a?, 3a2b, 3ab2 and b3. The coefficients of these termsare: 13 3 1 
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a What can be said about the powers of a and b in each term of the expansion of 
fan bit for cm = 0/1 208,40 andiG? 


b Write down the triangle of == lg 1 
coefficients to row 6: n=1 il 1 
ny= 2) 1 2 Il 
= Ii 3 3 1 -— row3 
' eto. 


5 This triangle of coefficients is called Pascal's triangle. Investigate: 
a the predictability of each row from the previous one 
b a formula for finding the sum of the numbers in the nth row of Pascal's triangle. 
6 Use your results from 5 to predict the elements of the 7th row of Pascal's triangle and 
hence write down the binomial expansion of (a b)”. 


Check your result algebraically by using (a+b)” = (a+b)(a+b)º | and your results 
from 3 above. 


From Investigation 2 we obtained  (a+b)! = a!+ 49% + 6a2b? + 4ab? + b! 
= a! + 40ºb! + 602bº + 4alb? 4 b! 





Notice that: e As we look from left to right across the expansion, the powers of a 
decrease by 1 and the powers of b increase by 1. 


e The sum of the powers of a and b in each term of the expansion is 4. 
e The number of terms in the expansionis 4+1=5. 


In general, for the expansionof (a+b)” where n=1,2,3,4,5,...: 


e As we look from left to right across the expansion, the powers of a decrease by 1 
whilst the powers of b increase by 1. 


e The sum of the powers of a and b in each term of the expansion is n. 


e The number of terms in the expansion is n+1. 


The expansion (ab)? = a? + 3a2b + 3ab? + bê | can be used to expand other cubes. 


ELA! 


Using (a+b) = a? +3a2b + 3ab? + bê, find the binomial expansion of. 
a (2743) b (x-5) 





a Intheexpansionof (a+b) we substitute a=(27) and b=(3) 
(2x + 3)º = (20)? + 3(2x)2(3) + 3(20)!(3)2 + (3)é 
= 81º 4 3672 + 54x +27 on simplifying 
b This time we substitute a=(x) and b=(—5) 
(x — 5)º = (a)º + 3(2)2(-5) + 3(x)(-5)2 + (5) 
=) — 1572 + 75x — 125 
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Find the: a 5th row of Pascal's triangle b binomial expansion of (a = e 
a 1» the 0th row, for (a + b)º 
11 the Ist row, for (a + b)! 
RR 
IR 
RR o 


TERRE O O St thRrO 


b So, (a+b) = aº + 5a!b + 100ºb2 + 1002bº + Sab! + bé 
and welet a=(x) and b=(=º) 
(u = 2)" = (0) +5(0)! (58) + 10(0)º (52) + 10(0)? (53) " 
CN re 


80 80 32 
= 95 — 107º + 40x | 








EXERCISE 8F 


1 Use the binomial expansion of (a-+b)? to expand and simplify: 


a (241) b (32-12 c (2245) d (2041) 


2 Use (a+b)! = a! + 4aºb + 6a2b? + 4ab? + b! to expand and simplify: 
a (x—2) b (2743) c (x + 1)º d (2x- o 


3 a Write down the 6th row of Pascal's triangle. 


b Find the binomial expansion of: 
à (x+2 ii (22-18 mo (r+ 1º 
4 Expand and simplify: 
a (1+v2) b (145) ce (2-v2 


5 a Expand (2+2)º. 
b Use the expansion of a to find the value of (2.01)º. 


6 Expand and simplify (2x +3)(x + 1)4. 


7 Find the coefficient of: 
a aêb? in the expansionof (3a +b) | b ab? in the expansion of (2a + 3b)º. 
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(a + b)? 





al ao o 


where se = O? is the binomial coefficient of a”"b” and r=0,1,2,3,....,;n. 
The general term, or (r + 1)thtermis T.y1 = (Mar-rbr, 


ELI 


Write down the first 3 and last 2 terms of the expansion of (2x E E) Em 


+ (De (+ (3 


- (DC) (+ 65 (DO 





Example 17 


Find the 7th term of 
(80 — 4) 


Do not simplify. 


Example 18 


In the expansion of (x2 + di find: 


a the coefficient of xº b the constant term 


(é) and n=12 


Ee 6) AT 24-37 


If 24-3r=6 b If 24-3r=0 
then as then 37r=24 
p= RREO 
F= ndo RO = end gu 
the coefficient of xº is . the constant term is 


(6)4º or 3784704. (5)48 or 32440320. 
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Example 19 


(+ 3) = 1) 
Find the coefficient 


of x” in the Ao 3)[(2x)º is (9) (2x)º(—1) E E fade SP e 
expansion of = (a + 3)(2828 =» (6)25aº5 No (62% o) 
(x + 3)(2x — 19º. L 14 t t 








(1) 








(2) 


So, the terms containing x” are (5)2taé from (1) 


and —3(9)2ºx5 from (2) 





the coefficient of aê is (9)24-3(0)2º = —336 





EXERCISE 8G 


1 Write down the first three and last two terms of the binomial expansion of: 


a (+) d (3)! e (esp? 
2 Without simplifying, find: 

a the6thtermof (2x +5)!5 b the 4th term of (e + Ep 

e the 10th term of (x — ay d the 9th term of (2m? = ae 


3 Find the coefficient of: 
3 


a al in the expansion of (3 +272)!º b aê in the expansion of (2x2 — 3º 


12 . . 2: gl 12 
c x“ in the expansion of (di — >) 
& Find the constant term in: 
: 2 15 à 319 
a the expansion of (a + =) b the expansion of (a = =) 
5 a Write down the first 5 rows of Pascal's triangle. 
b What is the sum of the numbers in: 
i rowl il row2 ill row3 iu row4 v row5? 


ce Copy and complete: 
The sum of the numbers in row n of Pascal's triangle is ...... 


d Showthar (La)! = (8) + (Dot (a? dt (aro! + (0a 


n=-1 n 


Hence deduce that ()+H(D+(D+H.tlD)+H(D=" 





6 a Find the coefficient of x” in the expansion of (x + 2)(x2 + 1)8 


b Find the coefficient of xº in the expansion of (2 — a)(3x + 1)? 





7 Expand (1 +22 — 22)º in ascending powers of x as far as the term containing x?. 


— 1 
8 a Show that (1) =n and (5) = lc are true statements. 


b The third termof (1+x)” is 3622. Find the fourth term. 
cr (A+kz)"=1-122+6022-...., find the values of k and n. 





12 


13 


14 


COUNTING AND THE BINOMIAL EXPANSION (Chapter 8) 231 


Find a if the coefficient of x!! in the expansion of (a? + = is 15, 
From the binomial expansion of (1 +)”, deduce that: 
a (0) ()+() = (D+ + (DP) =0 
CCE + (A 





By considering the binomial expansion of (1 + x)”, find >: 2) 
r=0 


(x2-32+1)2 =! -—- 6xº + 11x? — 6x +41 and the sum of its coefficients is 
1-6+11-6+1 which is 1. 
What is the sum of the coefficients of (xº + 212 + 3x — 7)1099 


By considering (1+2)"(1+a)" =(1+2)”, show that 
(o) + (+ (+ (+ e + (= 6 


a Prove that Pl) E mi 





b Hence show that (7) + 2(5) +3(5) + 4()+ ...... + n(2) = n2º-1 
e Suppose numbers P,. are defined by 
Po= (p'(1 = nf for p=0 10 dqqunne ;n. 


n 


Prove that i sã e | ii rr =np 
r=0 


r=1 


REVIEW SET 8A 


1 Alpha-numeric number plates have two letters followed by four digits. How many 


plates are possible if: 
a there are no restrictions b the first letter must be a vowel 
ce no letter or digit may be repeated? 


Ten points are located on a 2-dimensional plane. If no three points are collinear: 
a how many line segments joining two points can be drawn 
b how many different triangles can be drawn by connecting all 10 points with line 
segments in any possible way? 
n! nt + (n +41)! 


b 


Simplify: a E ni 


a How many committees of five can be selected from eight men and seven women? 
b How many of the committees contain two men and three women? 
c How many contain at least one man? 


Eight people enter a room and each person shakes hands with every other person. 
How many hand shakes are made? 


Use the binomial expansion to find: a (x—2y) b (3x+2)! 
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7 A team of five is chosen from six men and four women. 
a How many different teams are possible with no restrictions? 
b How many contain at least one of each sex? 


8 The letters P Q, R,S and T are to be arranged in a row. How many of the possible 
arrangements: 


a end with T b begin with P and end with T? 
9 Find the coefficient of x? in the expansion of (2x + 5)º. 
10 Find the constant term in the expansion of pero = De : 


11 The first three terms in the expansionof (14 kz)”, in ascending powers of x, are 
1-47 + Ra2. Find k and n. 


12 Eight people enter a room and sit at random in a row of eight chairs. In how many 
ways can the sisters Cathy, Robyn and Jane sit together in the row? 


13 a How many three digit numbers can be formed using the digits O to 9? 
b How many of these numbers are divisible by 5? 


NAMES: 


1 A team of eight is chosen from 11 men and 7 women. How many different teams are 
possible if there are: 
a no restrictions b four of each sex on the team 
€ at least two women on the team? 


2 A four digit number is constructed using the digits 0, 1, 2, 3,...., 9 once only. 
a How many numbers are possible? b How many are divisible by 5? 


3 Use Pascal's triangle to expand (a +b)º. 
Hence, find the binomial expansion of? a (x —3) GR E 


4 Expand and simplify (342) giving your answer in the form a+bv2, a,be Z. 
5 Use the expansion of (4+a)ê to find the exact value of (4.02)º. 
6 Find the constant term in the expansion of (am* + E 
7 Find the coefficient of x in the expansion of (Em = a) E 
8 Find the coefficient of x in the expansion of (2x +3)(a — 2)º. 
9 Find the possible values of a if the coefficient of «2 in om dr ar is 288. 
10 Find the term independent of x in the expansion of (3x = E 


11 Find the possible values of q if the constant terms in the expansions of 


(a? + sor and (a? + Er are equal. 





Mathematical 
induction 


at St Ra Contents: A The process of induction 
s ; ] B The principle of mathematical 
induction 


C€C | Indirect proof (extension) 


Review set 9A 
Review set 9B 
Review set 9C 
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DUCTION 


The process of formulating a general result from a close examination of the simplest cases is 
called mathematical induction. 





For example, the first positive even number is 2=2x1 
the second positive even numberis 4=2x2 
the third positive even number is 6=2x3 
the fourth positive even numberis 8=2x4 


and from these results we induce that 
the nth positive even number is 2xn or 2n. 


The statement that “the nth positive even number is 2n” is a summary of the observations 
of the simple cases n = 1,2,3,4 and is a statement which we believe is true. We call such 
a statement a conjecture or proposition. 


We need to prove a conjecture before we can regard it as a fact. 


Consider the following argument for finding the sum of the first n odd numbers: 




















= 1 =Ê 

pad= 4 =D 

1+34+5=9=3 

3+5+7=16=4 

1+3+54+7+4+9=25=5 
à of these 


It seems that “the sum of the first n odd numbers is n2”. 


This pattern may continue or it may not. We require proof of the fact for all positive integers 
n. A formal statement of our conjecture may be: 


“I+3+54+7+9+... =n? foral ne Zt” 
q Sd 
n of these 
The nth odd number is (2n — 1), so we could also write the proposition as: 


1+3+5+7+9+...+(2n—-1)=n2 foral neZt” 


One direct proof of the proposition is to note that the series is arithmetic with uy = 1, d=2 
and “n” = n. 


Hence S, = (21) + (n — 1)2) (using o (2us + (n — 1)d)) 


D|3 Is 
x 
bo 
3 


| 
3 
9 
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EL 


By examining the cases n = 1, 2, 3 and 4, make a conjecture about the sum 
Dis = di 





UZ2 2x3 











S3 = =1Iyi-ê 
E vos D2aveca From these results we 
O pl 1 en RS e conjecture that: 
So Ros a ss od 
5 n 
EE il RE ES RI n= E 
DA a as RIA IE A OO E n=E1 














Note: e Ifthe result in Example 1 is true, then: 
1 E 1 1 — 1000 — 
1x2 + ox Taxa tm Te F 1000x1001 — 1001 tcase mn = 1000) 

e The great Swiss mathematician Euler proposed that P(n)=n2+n+41 
was a formula for generating prime numbers. People who read his statement 
probably checked it for mn = 1, 2,3, 4,5, ....., 10 and agreed with him. 
However, it was found to be incorrect as, for example 
P(41)=4124+41+41=41(414+1+1)=41x43, a composite. 

So, not all propositions are true. 


EXERCISE 9A 


1 By examining the following using substitutions like n = 1,2,3,4,.... , complete the 
proposition or conjecture. 
a The nth term of the sequence 3, 7, 11, 15, 19, ..... is 
tor m=1,2,3,4, ss 








b 3”>1+2n for 
ce 11” — 1 is divisible by for 
d 24+4+6+8+10+.... +2n = for 
e 1+2x2]+3x3]+4x4+... Enxnl= for 
À ns aa Es dE as for 
22 31 4105 (n + 1)! 
g 7" +2 as divisible by for 
pata = ço (1-5) - for 
pen pes sda to n terms = for 
2x5 9x8 8xll 


2 n points are placed inside a triangle. á 


n=1 n 
Non-intersecting line segments are drawn connecting the 3 


vertices of the triangle and the points within it, to partition 
the given triangle into smaller triangles. Make a proposition 
concerning the number of triangles obtained in the general case. 
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PROPOSITION NOTATION 


We use P,, to represent a proposition which is defined for every integer n where n > a, a € Z. 


For example, in the case of Example 1, our proposition P, is 
1 1 1 1 
+ E ———— — 
lx2 2x3 3x4 


cc 


” foral ne Z+. 








o 
n(n+1) n+l 








1. 1 1 1 2 

ti that P e c EE O. P. a c EE. ERA 
Notice tha 1 18 E O and > 15 Txa "9x 3 
d d d | k 

d Pis & | sai = : 

Pe MES Ra CIRO “IRA RK+I) k+1 


THE PRINCIPLE OF MATHEMATICAL INDUCTION 


Suppose P, isa proposition which is defined for every integer n>a, a E Z. 


Now if e P,is true, and 
e Pr is true whenever P, is true, 
then P, is true for all n > a. 


This means that for a = 1, say, if the two above conditions hold, then the truth of P, implies 
that P> is true, which implies that P3 is true, which implies that P4 is true, and so on. 


The principle of mathematical induction constitutes a formal proof that a particular 
proposition is true. 


One can liken the principle of mathematical induction to the domino effect. We imagine an 
infinite set of dominoes all lined up. 
Provided that: DEMO 

e the first one topples to the right, and 


e the (k + 1)th domino will topple if the kth 
domino topples, 


then eventually all will topple. 





SUMS OF SERIES 
Example 2 


for alln e Z*. 


-. +D(2n+1) 
Prove that 5 ap) 
a rove tha 1 6 


=) 


DRE EA 
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> NADEn+), 





aos tal E for all ne Z+. 
Proof: (By the principle of mathematical induction) 


Ex2x9 
= 


MR RS E nd RGE 1 
P, is true 


(2) If Pp is true, then 









































k 
me pp SE) 
=) 6 
Thus  12+2 +32 +42+.... k2 + (k + 1)? 
k(k + D(2k +1 
E O E +(k+1)2 (using Pk) 
k(k + 1)(2k + 1) RR 
= 6 + (ha DÊ x 6 Always look 
for common 
e (k + D)[k(2k + 1) + 6(k + 1)] factors. 
6 
(k+D(2K + k+6k+6) 
E 6 
—(K+D(R + Tk+6) 
au SE 
(k+D(k+2)(2k+3) U 
E 6 
ne Nose Dose se aos E 
6 
Thus P,,1 is true whenever P, is true. Since P, is true, 
P, is true for alln e Z*. [Principle of mathematical induction) 
100 x 101 x 201 
b L424924824...+1002= = —— = 338350 fas n= 100) 





EXERCISE 9B 


1 Use the principle of mathematical induction to prove that the following propositions 
(conjectures) are true for all positive integers mn: 


Co mn(n+1) a n(n + D(n + 2) 
a Dan b Rg = 
E 3 si(i + 4) = Pt + Dna 18) d p=" (nt 1) 

i=1 i=1 


Note: You should remember the result from a: 


n(n + 1) 
2 


1+2+3+..... +n= for all n in Z+. 
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2 Prove that the following proposition is true for all positive integers n: 


5 ago) ri 
2= 


Prove that: 


n 


II n 
ma. 
À ENGED Epa 


= 


E e , 1 on 
Ga Gn-DBn+2) 6n+4 





” foral ne Z+. 


DR) SRS 


Proof: (By the principle of mathematical induction) 


1 EI 1 E 
>= — RH =—————m =D— 
a e = RS O 





(CD = IRIS = 
P, is true. 


(2) If P, is true, then 





E 1 pesa. 1 ok 
GUGU Rs Rs (SK MK FD) GhPA4 
ç EE 1 , 1 
EO rs a (Gk-D)(k+2) (Gk+(3k+5) 
k 1 
Grs" grado  tusins Pi) 
k 1 


> 20649 * GEEDQEFS) 


k 3k+5 1 2 
Toco (Gere) ERRO RO (5) 
3k2 + 5k + 2 
2(3k + 2)(3k 45) 


(Bk-+2](k + 1) 
2(3k-2)(3k + 5) 
k+1 


6k + 10 


RR 
—- 6k+1]+4 




















Thus P, istrue, and Pr, is true whenever P, is true. 
P, is true for alln e Z*. [Principle of mathematical induction) 
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3 Prove that the following propositions are true for n e Z*: 














1 Lo n 
ixo oa ana nani GRE 
and hence find E E E +... ! 
sia CUZD am 20 x 21 
1 1 1 CC m(n+3) 
1x2x3  2x3x4 "mr n(n+D(n+2) 4n+D(n+2) 


4 Prove that the following propositions are true for n e Z*: 


a Ix1!4+2x2]+4+3x3!+4x4!4 





Enxnl=(n+D!I—-1 


where n! is the product of the first n positive integers. 




















12 3/4 n (na ijl=i 
Ep Al adgos | AT 5 h find th 
b atatara (ED Ras and hence find the sum 
LD, BA EO ad 
atatata te Hg in rational form. 
5 Prove that the following conjecture is true: 
1 2 
Ea Sis 3) E sado dd eds BD) 


for all integers n >. 








Hint: lx6+2x5+3x4+4x3+5x2+6x1 
=1x5+2x443x3+4x2+5x1+(1+2434445+46) 

DIVISIBILITY 
Consider the expression 4" +2 for n=0,1,2,3,4,5,... 

dido 3 =x 

ltd 6 =0x2 

gerido | = 356 We observe that cach of the answers is divisible 

43 +2= 66 =3x922 by 3 and so we make the conjecture 

4 +2-258-3x 86 “Ar + 2 is divisible by 3 for alln e Z+” 





This proposition may or may not be true. If it is true, then we should be able to prove it 


using the principle of mathematical induction. 
Note: 
We observe that 

4" +29 
=(1+3)"+2 
=1"+(1)3 


=3+( 


(82 + (338 + (1)3! 
3 + (32 + (38 + (e)38 


=3(1+ (0) +()3+()32+ (034 


where the contents of the brackets is an integer. 


n 
1 


n 
2 


4” + 2 can be proven to be divisible by 3 by using the binomial expansion. 


eat (e) 42 
(ar + (jar 


(232 + (ar) 
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Example 4 


Prove that 4" +2 isdivisibleby 3 forneZ, n>0. 





Paris: “4” +2 is divisibleby 3” for ne Z, n>0. 


Proof: (By the principle of mathematical induction) 
(O En 0 40-38" 15%3 ORGS true 
(2) If P, istrue, then 4º +2=3A4 where A is an integer 
Now | 41492 
ABR 
=4(34-29+2 [using Pk) 
=124-8+2 
=124-6 
=3(44 —2) where 44 — 2 is an integer as 4 € Z. 
Thus 4142 is divisible by 3if 4842 is divisible by 3. 
Hence Pg is true and P,,1 is true whenever P, is true. 
P, istrue foral ne Z, n>0 Principle of mathematical inductionh 





6 Use the principle of mathematical induction to prove that: 
a n34+2n is divisible by 3 for all positive integers n 
b n(n? +5) is divisible by 6 for all integers n e Z* 
c 67 — 1 is divisible by 5 for all integers n > 0 
d 77-43" is divisible by 12 for all ne Z*. 


SEQUENCES 








A sequence is defined by: wu =1 and uy =2un+1 forallneZ*. 
Prove that u,=2"-1 forallneZr+. 





Pais: “fu=1 and ung=2Un+1 foralneZt, then um =2"-—-1" 
Proof: (By the principle of mathematical induction) 
(1) Ifn=1, w=2!-1=2-1=1 whichis true and so P, is true. 
(CRE sie en Dn [UR ETR REZA RA 

=2(2*-1)+1 (using P;) 


=9ttl 241 
oa 


Pk,1 is also true. 


Thus, P, is true and P,,4 is true whenever P, is true, 
so P, is true forall ne Z* (Principle of mathematical induction) 
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7 Use the principle of mathematical induction to prove these propositions: 


a If sequence fu, | is defined by: 
u=5 and uni =Un+8n+5 foralneZt, then us =4n2+4n. 


b Ifthe first term of a sequence is 1 and subsequent terms are defined by the recursion 
formula un, =2+3un, then un =2(3"D-1. 





ce Ifa sequence is defined by: wu =2 and un41 = = for alneZ*, 
isa 2(n + 1) 
then un = 
n! 


d Ifa sequence is defined by: wu =1 and un =um+H(-1D)"(n+1)2 for all 
(1)rTÊn(n+1) 


neZt*, then us = ã 


8 A sequence is defined by w =1 and una =un+(2n+1) forallneZ*. 
By finding un for n=2,3 and 4, conjecture a formula for wu, in terms of n only. 


Prove that your conjecture is true using the principle of mathematical induction. 


1 
9 A sequenceis defined by ww = 5 and un = “nt on + DQn+3) foralln e Z+. 
n n 


By finding ur for n=2,3 and 4, conjecture a formula for wu, in terms of n only. 
Prove that your conjecture is true using the principle of mathematical induction. 


10 (2+ var = An + Bav3 forallne Zt, where A, and B, are integers. 
a Find 4, and B, for n=1,2,3 and 4. 
b Without using induction, show that 4,41 = 24, +3B, and Bay = A +2B,. 
c Calculate (A,)2 — 3(Bn)2 for n=1,2,3and 4 and hence conjecture a result. 
d Prove that your conjecture is true. 


pr» (1 
3 


11 Prove that wu, = is an odd number for all n e Z+. 


12 Another form of the principle of mathematical induction is: 


If P, is a proposition defined for all n e Z*, and if 
(1) P, and Po are true, and 
(2) Pr is true whenever P, and P.,1 are true, 


then P, is true for all n e Z*. 


Use this form to prove that: 
a Ifa sequence wu, is defined by wu = 11, us =37 and un42 = 5un+1 — 6un 
for all ne Z*, then u, = 5(3") — 2"H, 
b EF u=(3+V5)"+(3-v5)” whereneZ+t, then w, isa multiple of 2". 
Hint: First find a and b such that un,2 = qun+1 + bu, 
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OTHER APPLICATIONS 


Proof by the principle of mathematical induction is used in several other areas of mathematics. 
For example, in establishing truths dealing with: 


e inequalities e geometrical generalisations 
e differential calculus e products 
e matrices e complex numbers. 


You will find some proofs with these topics in the appropriate chapters later in the book. 


Example 6 


Prove that a convex n-sided polygon has In(n — 3) diagonals for all n > 3. 


Pais: “A convex n-sided polygon has an(n — 3) diagonals for all n > 3”. 


Proof: (By the principle of mathematical induction) 


(D) If n=3 we have a triangle There are O diagonals. 
and 5x0x(-3)=0 


Ps is true. 


(2) If P is true, a convex k-sided polygon has Sk(k — 3) diagonais. 








If we label the vertices 5 SA 
IB o IR 4 Ea 
and k+1 as an additional vertex 
3 oi, 
then 
2, ed 
1 k 
et 
Pi ae AR o a the line from 1 to k was once a side 
and is now a diagonal 
the number of diagonals from k + 1 to the 
VeRtic e SE2 AS UR 
Pam =5k(k-3)+k-—1 
= h(h=3) + HR 1) 
= 5[k? — 3k + 2h — 2] 
=5[k2-k-—2] 
= Hk+ Dk —2) ps 
= i(k+1)([k+1]-3) 





Thus P3 is true and Pr,1 is true whenever P, is true. 
P, is true for alln > 3 (Principle of mathematical inductionh 
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13 Use the principle of mathematical induction to prove the following propositions: 








CIDA) nem 


Note: The LHS £ 5) (1 cos 
i=1 





- since it is a product not a sum. 
i+1 
b Ifn straight lines are drawn on a plane such that each line intersects every other line 


and no three lines have a common point of intersection, then the plane is divided 


n(n + 1) 
2 


into +1 regions. 


ce If n points are placed inside a triangle and non-intersecting lines are drawn 
connecting the 3 vertices of the triangle and the points within it to partition the 
triangle into smaller triangles, then the number of triangles resulting is 2n+1. 


1 1 1 1 1 
d (1 — 2) (1 — 3) (1 — 2) pes (1 — =) = =— for all integers n > 2. 





14 Prove the following propositions to be true using the principle of mathematical induction: 


3” >1+2n forallneZ, n>0 
b n>2” foralneZ, n>4 


c 8” >nº forallneZ+ 





d (1-h”< for0O<h<1 andal neZr. 


l 
1+nh 


DAE TO 


as concepts from sequences, series, and counting. 


Se 
This investigation involves the principle of mathematical induction as well 


What to do: 


1 


a Er wn 


oco "a 


The sequence of numbers (un: is defined by ww =1x1!, u=2x2!, 
us =3x3!, etc. What is the nth term of the sequence? 


Let Sn =uW+us+usg+... +un-. Investigate Sp for several different values of n. 
Based on your results from 2, conjecture an expression for Sa. 
Prove your conjecture to be true using the principle of mathematical induction. 


Show that um can be written as (n + 1)! — n! and devise an alternative direct proof 
of your conjecture for Sa. 


Let Ch = un +Hun+1. Write an expression for C, in factorial notation and simplify it. 
Let T,=G + +Os+..... +C, andfind T, for n=1,2,3,4 and 5. 
Conjecture an expression for Ta. 


Prove your conjecture for T, by any method. 
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Some propositions may be proven to be true by using an indirect proof such as proof by 
contradiction. 


In such proofs we suppose the opposite of the statement to be true and, by using correct 
argument, hope to obtain a contradiction. 





Example 7 


Prove that the sum of any positive real number and its reciprocal is at least 2. 


Proof: (by contradiction) 


1 
Suppose that «x + E Ed onisome RO) 


1 
2 (a + ) a Do (multiplying both sides by x where x > 0) 
E 


Fade NR 
1 = Dai <) 
(x—-1)2<0 


which is a contradiction as no perfect square of a real number can be negative. 





a: Ê E 1 
So, the supposition is false and its opposite z+-— >2, z>0 mustbe true. 
T 


Example 8 


Prove that the solution of 27 =3 is an irrational number. 


Proof: (by contradiction) 
Suppose that if 27” =3 then « is rational 


94 =3 for some positive integers p and q, q%0 
Pp 
(aja — ge 
pias 


which is clearly a contradiction, as the LHS = 2? is even and the 
RHS = 3º is odd. 

the supposition is false and its opposite is true 
era = inentosisbirrationall 





Reminder: A rational number can be written in the form E where p and q are 
q 


integers, q%0 and p, q have no common factors. 
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EXERCISE 9€ 


1 Use proof by contradiction to prove that: 
a the sum of a positive number and nine times its reciprocal is at least 6 
b the solutionof 37 =4 is an irrational number 


c log,5 is irrational. 


2 Challenge: Prove by contradiction that 2 is irrational. 


REVIEW SET 9A 


Prove the following propositions using the principle of mathematical induction: 
n 
1 eco ne Z+. 


Eh 


2 7"+2 isdivisibleby3, neZ*. 


nn + Dn + 2)(n + 3) 


ã S/A 


(i+D(i+D)= 


n 
=il 


Ra 
IR 





4 Il+reryrere prol = n E Z*, provided that r £1. 


5 5" 1 isdivisibleby 24, ne Z*. 
6 5" >1+4n, neZt. 


7 lt a — 1 and ua Sun 22 then td, - 3 DE ne AM 


REVIEW SET 9B 


Prove the following propositions using the principle of mathematical induction: 


2n+1)(2n — 1) 


e é neZt, nl 


n 


Ss 
H 


2 3742. 8n-9 is divisible by 64 for all positive integers n. 


HI =14 (0n—1l)x2” for all positive integers n. 
p g 


M: 


Il 
m 


4 5" +3 is divisible by 4 for all integers n > 0. 


2. n(n + D(n + 2)(3n +45) 


i(i + 1) im for all positive integers n. 


M: 


II 
m 


Gs a 


7 iw-9 and wa 2-6, hen au NES nez. 
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REVIEW SET 9C 


Prove the following propositions using the principle of mathematical induction: 


1 a+D= aaa ne Z+. 


2 7 —1 isdivisibleby 6, neZ*. 


3 », (21 — 1) =n2(2n? — 1) for all positive integers n > 1. 


4 3”-1-2n is divisible by 4 for all non-negative integers n. 


1 


5 » ENG ET for all positive integers n. 


6 Ff w=5 and uns =2un—3n(—1)”, then u,=3(2)+(-1D)"n, neZr. 


1 
7 Vil <D, neZ+. 





The unit circle 
and radian measure 


Contents: 





Radian measure 
Arc length and sector area 


The unit circle and the basic 
trigonometric ratios 


Areas of triangles 


Review set 10A 
Review set 10B 
Review set 10C 
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Before starting this chapter you should make sure that you 


have a good understanding of the necessary background BACKGROUND 
knowledge in trigonometry and Pythagoras. KNOWLEDGE 
Click on the icon alongside to obtain a printable set of “E 


exercises and answers on this background knowledge. 


OPENING PROBLEM 


Consider an equilateral triangle with sides 10 em A 
Dq long. All its angles are of size 60º. Altitude AN ] 


bisects side BC and the vertical angle BAC. 









e Canyou see from this figure that sin 30º = >? 

e Use your calculator to find the values of sin 30º, 
sin 150º, sin 390º, sin 1110º and sin(—330º). What 
do you notice? Can you explain why this result occurs 
even though the angles are not between 0º and 90º? B 


DEGREE MEASUREMENT OF ANGLES 


Recall that one full revolution makes an angle of 360º and a straight angle is 180º. Hence, 
one degree, 1º, can be defined as seo th of one full revolution. This measure of angle is 
probably most useful for surveyors and architects, and is the one you have probably used in 


earlier years. 


For greater accuracy we define one minute, 1”, as th of one degree and one second, 1”, 
as th of one minute. Obviously a minute and a second are very small angles. 


Most graphics calculators have the capacity to convert fractions of angles measured in degrees 
into minutes and seconds. This is also useful for converting fractions of hours into minutes 
and seconds for time measurement, as one minute is th of one hour, and one second is th 
of one minute. 


RADIAN MEASUREMENT OF ANGLES 


An angle is said to have a measure of 1 radian (1º) ifit is subtended 

at the centre of a circle by an arc equal in length to the radius. 

The symbol *c? is used for radian 

measure but is usually omitted, whilst 

the degree symbol is always used 

radius =7 when the measure of an angle is 
given in degrees. 


arc 
length =r 


From the diagram to the right, it can be seen that 1º is slightly 
smaller than 60º. In fact, 1º = 57.3º. 





The word “radian” is an abbreviation of “radial angle”. 
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DEGREE-RADIAN CONVERSIONS 


If the radius of a circle is 7, then an arc of length 2r will subtend an angle of 2 radians at 
the centre. An arc of length 7r (half the circumference) will subtend an angle of 7 radians. 


Therefore, m radians = 180º. 
If degrees are used we 

ain E indicate this with a 

So, 1º= (180) =57.3º and 1º= (5) = 0.0175º small º. To indicate 


x 


radians, we can use a 
small “ or else use no 
symbol at all. 


To convert from degrees to radians, multiply by ão- 





To convert from radians to degrees, multiply by JE0, 


We can summarise these 


Tm 
results in the conversion E aaddá X T80 ii A 


diagram: 


Degrees Radians 


RR x 
T 








Convert 45º to radians in terms of 7. 








45º = (45x ão) radians or 180º = 7 radians 
& o . 

= radians q (2) = q radians 

E E radians 


Example 2 








Convert 126.5º to 126.5º 


radians. = (126.5 x 759) radians 


= 2.21 radians (3 s.f.) 





Notice that angles 
Con E in radians are 
OUVIU RALO 6 expressed either 
degrees. = ( 57 x 180 ) o in terms of x or as 


T decimals. 


ES 04 





Example 4 


Convert 0.638 radians 0.638 radians 
to degrees. = (0.638 x 180)0 
RSRS NOM 
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EXERCISE 10A 


1 Convert to radians, in terms of 7: 


a 90º b 60º ce 30º d 18º e 9º 
f 135º g 225º h 270º i 360º 1 720º 
k 315º | 540º m 36º n 80º o 230º 
2 Convert to radians (correct to 3 s.f.): 
a 36.7º b 137.2º ce 317.9º d 219.6º e 396.7º 
3 Convert the following radian measure to degrees: 
mx mx 37 a a 
a 3 b = Ç o d TS e 9 
Ta mx 37 É 57 E mx 
f s h 5 is ig 
4 Convert the following radians to degrees (to 2 decimal places): 
a 2 b 1.53 ce 0.867 d 3.179 e 5.267 


5 Copy and complete: 


2 [Degees[ 0 [45 [90 [135 [180225 [270 [315 [360] 
Em LLLLLLLE! 


RSS ss 





ARC LENGTH A É In the diagram, O is measured in radians. 
arc length 0 
B circumference 27 
[0 
xr 2m 
| = Or 


AREA OF SECTOR 


O is measured in radians. 


area of minor sector XOY 0 
y area of circle “927 


A 0 

tr? 927 
ns 

A = 507º 


0 0 
If0isin degrees L=-— x 27r and A=—— x mr2. 
360 360 
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Example 5 


A sector has radius 12 cm and angle 65º. Use radians to find its: 
a arc length b arca 


a arclength = 0r 
= 657 se 1 
180 


= 13.6 cm 


Example 6 


A sector has radius 8.2 cm and arc length 13.3 cm. 
Find its angle in radians and degrees. 


l=0r 0 in radians) 


l ISEo 
DER a OZ 
r So 


13.3 180 ; 
and qe n O 





EXERCISE 10B 


1 Useradiansto find: i thearclength ii the area of a sector of a circle of 
a radius 9 cm and angle 41.6º b radius 4.93 cm and angle 122º 


2 A sector has an angle of 107.9º and an arc length of 5.92 m. Find: 
a its radius b its area. 


3 A sector has an angle of 68.2º and an area of 20.8 cm2, Find: 
a ts radius b its perimeter. 


& Find the angle of a sector of: 
a radius4.3m andarc length 2.95m b radius 10 cm and area 30 cm?. 


5 Find 0 (in radians) for cach of the following, and hence find the area of each figure: 


A b , 31.7 em 


[) 


8.4 cm 0 


6 Find the arc length and area of a sector of radius 5 cm and angle 2 radians. 


7 Ifa sector has radius 10 cm and arc length 13 cm, find its area. 
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8 This cone 





is made from this sector: 


É 


Find correct to 3 significant figures: rem 
a the slant length s cm b the value of r 
c thearc length ofthe sector d the sector angle (0º) 





9 The end wall of a building has the shape illustrated, 
(nai qe where the centre of arc AB is at C. Find: 
E 30m a e 
i a ato 4 significant figures 
b Oto 4 significant figures 
ce the area of the wall. 
10 A nautical mile (nmi) is the distance on the Earth's E nantical mile (nani) 


surface that subtends an angle of 1 minute (where 1 
minute = - degree) of the Great Circle arc measured 
from the centre of the Earth. A knot is a speed of 1 
nautical mile per hour. 
a Given that the radius of the Earth is 6370 km, show 
that 1 nmi is approximately equal to 1.853 km. 
b Calculate how long it would take a plane to fly 
from Perth to Adelaide (a distance of 2130 km) if 
the plane can fly at 480 knots. 





11 fence A sheep is tethered to a post which is 6 m from a 
long fence. The length of rope is 9 m. Find the area 
6 pr which is available for the sheep to feed on. 
post Pie g 


12 A belt fits tightly around two pulleys of radii 4 cm and 6 cm respectively which have a 
distance of 20 cm between their centres. 





Find, correct to 4 significant figures: 
aa b 0 c q d the length of the belt 
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The unit circle is the circle with 
centre (0, 0) and radius 1 unit. 





the unit circle Ea 


CIRCLES WITH CENTRE (0, 0) 
Consider a circle with centre (0, 0) and radius 7 units, 
and suppose P(x, y) is any point on this circle. 
Since OP =r, then 
(x—-0)2+(y—0)2 =r [distance formula) 


2+y=r2 





So, 2 +y2 = 72 is the equation of a circle with centre (0, 0) and radius 7. 
The equation of the unit circleis 72 +y2=1. 





ANGLE MEASUREMENT y 
Suppose P lies anywhere on the unit circle and A is (1, 0). Fone 
gia ; direction 
Let 0 be the angle measured from [OA] on the positive x-axis. 
0 is positive for anticlockwise rotations and < ) 1 x 
negative for clockwise rotations. dd A 
E 
For example, 0=210º and q =-—150º. Negative 
direction 





DEFINITION OF SINE, COSINE AND TANGENT 


y 


So, as point P moves anywhere on the unit circle, (1) : 
P(cos 0, sin 0) 


cos 0 is the x-coordinate of P 


IA 
Y 
x 
A 





sin 0 is the y-coordinate of P 


where O is the angle made by [OP] with the —1 
positive x-axis. 
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For all points on the unit circle: —1I<r<l and -I<xy<l 
So, —1I<cos0<1 and -—1I<sin0<1 forall6. 

Also, we have already seen that the equation of the unit circleis x2+9y)=1. 


This leads to the identity cos20 +sin?09=1 forallo. 


sin 0 





The tangent ratio is defined as tan0 = 
cos 0 


By considering the first quadrant, we can easily see that the right angled triangle definitions 
of sine, cosine and tangent are consistent with the unit circle definition, but are restricted to 
acute angles only. The unit circle definition applies to angles of any value. 


From the definition, cos5 =0 and sinj=1 
If any integer multiple of 27 is added to 0, P will still be at (0, 1). 
Therefore, cos(Z+2kr) =0 and sin(Z+2kr)=1, kEZ. 


More generally, adding integer multiples of 27 to any value of O will not change the position 
of P. 


So for all k E Z and angles 0, cos(0 + 2kr) = cos0 and sin(0 + 2kr) = sin0. 


This periodic feature is an important property of the trigonometric functions. 





Use the unit circle to show that cos (z + 0) = —sgin6. 





Consider point B(a, b) on the unit circle such that [OB] makes an angle of O with 
the positive x-axis. Thus a=cos0 and b=sin6. 
Now consider point P on the unit circle such that [OP] makes an angle of (Z + 0) 
with the positive x-axis. 
Now OB=OP=1unitand BOP=k7 
so P is obtained from B by an anticlockwise 
rotation of 5 or 90º about the origin. 
from transformation geometry, P has 
coordinates (—b, a) or (— sin), cos6). 
But the coordinates of P are 
(cos(5 + 0), sin(5 + 0)). 


cos(7 + 0) = —sin 6 


Example 8 


Use a unit circle 
diagram to find 
the values of 
cos(—270º) and “. cos(—270º) = 0 (the x-coordinatel 





sin(—270º). and sin(—270º) = 1 (the y-coordinate) 
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Example 9 


Find the possible values of cos0 for sin0 = 5. Ilustrate. 





cos20 +sin?09=1 


cos? 8 + (o = 


1 
DE: 
cos 0=5 





cos 0 = 4 





Helpful hint: 


We have seen previously how the quadrants of the Cartesian 2nd 
Plane are labelled in anticlockwise order from Ist to 4th. A 






We can also use a letter to show which trigonometric ratios 
are positive in each quadrant. 


You might like to remember them using + T 4h 
All Silly Turtles Crawl. 3rd 4th 


Example 10 


If sin0 = —& and 7<0< E, find cos6 without using a calculator. 


Since m<0< é, 
0 is a quad. 3 angle and .. cos0 is negative. 
Now cos20+sin?0=1 
cos20 + W=1 


ro pra 
cos 0 = 16 





cos0 = + 
and since cosf is negative, cos0 = — 


or we can use a working angle a in quadrant 1, where a is the acute angle 
symmetric with 0. 


In this case sina 
so n2=42 -32=7 (Pythagoras) 
n=7T andso cosa = YE 


But Q is in quad 3 where cos O is negative 


so cos0 = = 45, 
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Example 11 


If sinx = — and Ra E < Er, find the value of tan x, without finding x. 


Consider sin X =5 where So 3 É 
X 1s acute. 


This side is 8. (Pythagoras) 


and 


banir [since a lies in quad. 3 
where tana > 0) 


Example 12 


If tanz=5 and m<au<êE find sina and cosa. 


a isin quadrant3 .. sinz<0 and cosz<o0. 


Consider tanX = - where X is acute. 
sinX = É and cosX = à 


sing =— — and cosa = —ê 





EXERCISE 10€.1 


1 Sketch the graph of the curve with equation: 
a vº+y=1 b x24+y2=4 c v4+yi=1, y>0 


2 For each angle illustrated: 
i write down the actual coordinates of points A, B and C in terms of sine or 
cosine 
ii use your calculator to give the coordinates of A, B and C correct to 3 significant 
figures. 
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3 With the aid of a unit circle, complete the following table: 








4 Use a unit circle to show the following: 
a sin(r+0)=-sin0 b sin(? +0) = —cos0 





5 Without using your calculator find: 
a sinl37º if sin43º = 0.6820 sin59º if simnl2]º x 0.8572 
c cosl43º if cos37º = 0.7986 cos24º — 1f cos156º = —0.9135 
e sinll5º if sin65º = 0.9063 f cosl32º if cos48º = 0.6691 


o o 


6 Find the possible exact values of cos 6 for: 


a sin6 = 5 b sing =-—s c sin60=0 d sin9d=-1 


7 Find the possible exact values of sin O for: 


a cosg = é b cos0 = —& ce cos0=1 d cos6=0 


8 The diagram alongside shows the 4 quadrants. They are 
numbered anticlockwise. 





b In which quadrants are the following 
true? 
i cos0 is positive 
ii cos0 is negative 
ill cos0 and sin O are both negative 





iu cos0 is negative and sind is 
positive 





9 Without using a calculator, find: 
a sinô if cos6 = 3, 0<0<5 b cos6 if sm0=2, E<0<7 


c cos60 if sin0 = —&, E <0<2m d sinô0 if cosb=-E, m<0< 
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10 a If sinr= z and S<a<rm, find tana in radical (surd) form. 
1 
5 


b If cosz= and — <a<2r, find tanz in radical (surd) form. 
c If sinzx= -— and m<ax< E, find tanx im radical (surd) form. 
d If cosz= — and S<a<rm, find tana in radical (surd) form. 


11 Find sing and cosz given that: 
a tana = 3 and 0O<r<s b tana = —S and S<u<m 


c tan = XÊ and m<a< d tan =-—-E and E <a<2r 


INVESTIGATION 1 





“O The purpose of this investigation is to discover relationships (if they exist) 
between: e cos(-0), sin(-0), cos0 and sinô 

e cos, 0 sm(s 0) cost and Gob 
Note: -—Oisthe negative of 0 and 5-0 is the complement of 0. 
What to do: 





1 Copy and complete, adding angles of your choice to the table: 








2 From your table in 1 make a prediction on how to simplify sin(—0), cos(—0), 
sin(5 — 0) and cos(5 — 0). 


NEGATIVE ANGLE FORMULAE 


P and P' have the same x-coordinate, but 
their y-coordinates are negatives. 





P(cos0, sind) Hence cos(—0) = cos6 

and sin(—0) = —sinQ 

sin(-0) — —sin0 
cos(-0) — cos0 


tan(—0) = — tan 0 








tan(—0) = 





GRAPHING So, cos(—8) = cos 0 
PACKAGE 


sin(—0) = — sin 0 
tan(—0) = — tan 0 
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COMPLEMENTARY ANGLE FORMULAE 


Consider P” on the unit circle which corresponds 
to the angle 5 — 6. 





P'is (cos(7 — 0), sin(Z — 0)) ...... (1) 
But P” is the image of P under a reflection in 
the line y=a. GRAPHING 
à PACKAGE 
“ P'is(snD, cos0) .... (2) qe 
Comparing (1) and (2) gives 
cos(Z— 0) =sin0 and sin(Z—0) = cos6. cos(7 — 8) = sinQ 


sin(5 — 0) = cos0 


SELTIAE 


Simplify: 2sin(—0) + 3sin 0 b 2cos0 + cos(—8) 
a 2sin(-0) + 3sin0 = —2sinô + 3sinô = 2cos0 + cosô 
b 2cosô+cos(—0) = sin 0 = 8 cos O 


Example 14 


Simplify: 3sin(5 — 0) + 2cosb 


3sin (7 — 0) + 2cos0 = 3cos6 + 2 cos6 
= cOs0 





EXERCISE 10€.2 


1 Simplify: 
a sin0+sin(—0) b tan(-0) — tand c 2cosô+cos(—0) 
d 3sinô —sin(—0) e cos!(-a) f sin?(-a) 


g cos(-a)cosa-—sin(-a) sina 


2 Simplfy: 
a 2sinô — cos(90º — 6) b sin(-8)-cos(90º—-0) «e sin(90º — 0) — cos6 
d 3cos(-0) —-4sin(Z — 0) e 3cos0+sin(Z — 6) f cos(5-—0) +4sind 


3 Explain why sin(0- 4) = —sin(y — 0), cos(0 — 4) = cos(d — 0). 





4 Simplify: 
ã sin 0 b sin(—0) E sin(7 — 0) 
cos 0 cos(—0) cos 6 
— sin(—60) E cos(5 — 0) cos(5 — 0) 
cos 8 sin(5 — 0) cos 8 
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DAT o 


4 = Usually we write functions in the form y= f(x). CRAPRANE 


For example: y=3z+7, y=zº-6x+8, y=sing PACKAGE 
Sm However, sometimes it is useful to express both x and y 
in terms of another variable, t say, called the parameter. 


In this case we say we have parametric equations. = B 








What to do: 


1 Either click on the icon or use your graphics calculator (with the same scale on both 
axes)to plot (lr, y) x= cost, y-sni, 0º <Svs 360) 
Note: Your calculator will need to be set to degrees. 

2 Describe the resulting graph. 

3 What is the equation of this graph? (There are two possible answers.) 


& If using a graphics calculator, use the trace key to move along the curve. What do 
you notice? 


MULTIPLES OF % AND 7 


The following diagrams may 
be helpful when finding exact /Z 
trigonometric ratios. 


2/30) 2 
3 5 


MULTIPLES OF 4% 
Consider 0= 7 =45º: 


Triangle OBP is isosceles as angle OPB 
measures 45º also. 
OB = BP=a, say 
and a2+a?=12 (Pythagoras) 
o dn 


p= 














as a>0 


| vp Ha 
E 
PS, 


a = 


Hence, [ERE (5 5) where BOT. 


Consequently we can find the coordinates 


corresponding to angles of 2Z, 5 and “Z 


using suitable rotations and reflections. 


So, we have: 
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MULTIPLES OF % 


Consider 0 = 3 =60º: Triangle OAP is isosceles with vertical angle 60º. The 
remaining angles are therefore 60º and so triangle AOP 
is equilateral. The altitude [PN] bisects base [OA], 


ON = À 
IfPis(5.k) then (5)2+k =1 
x k2 = & 





Consequently, we can find the coordinates of 
all points on the unit circle corresponding to 
multiples of & using rotations and reflections. 


So we have: 








Summary: 


e If0 isa multiple of 5, the coordinates of the points on the unit circle involve O 





and +1. 
e If0 isa multiple of 7, (but not a multiple of 5), the coordinates involve Ea 
e If0 isa multiple of 5, (but not a multiple of 5), the coordinates involve + 








and +38, 
You should not try to memorise the coordinates on the above circles for every multiple of 4 
and Z, but rather use the summary to work out the correct result. 
For example: Consider 225º = — Consider 300º = = 


Le. a multiple of & 





— is in quad 3, so signs are both — is in quad 4, so signs are (+, —) 


negative and both have 5 size. and from the diagram the x-value is >. 
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Example 15 


Use a unit circle to find the exact values of sina, cosa and tana for a= é, 





Example 16 


Use a unit circle diagram 
to find the exact values 
of sin 4, cos À and tan À 
op Al = do 


3 EL AD) 


Without using a calculator, find the value of 8sin(Z)cos(*E). 





sin(Z) = «é and cos(ãE) = = aê 
8sin(Z) cos(ÃE) = 8(GE)(-35) 
= 2(—3) 
=-6 








Example 18 


Use a unit circle diagram to find all angles in [0, 27] with a cosine of >. 


As the cosine is > we draw the vertical 


i e 
lis = 5 


Because > is involved we know the 
required angles are multiples of &. 


They are 3 and =. 
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EXERCISE 10€.3 


1 Use a unit circle diagram to find sin 0, cos0 and tan O for O equal to: 


Tm 57 Ta =37 


2 Use a unit circle diagram to find sin/, cos5 and tan/5 for 5 equal to: 
Tm 27 Ta 57 lim 
as db q c ds e 


3 Without using a calculator, evaluate: 


a sin?60º b sin30º cos 60º e 4sin60º cos30º 

d 1-cos2 (5) e sn”(ZH)-1 f cos(7) -sin(E) 

g sin(2E) — cos(?E) h 1-2sin() i cos(3E) — sin?(ÊE) 
2tan 150º 


. 2/(m in2( ua in(3Z 
PotanHG) 257) ko 2tan( SE) sin) 1 ISO 


Check all answers using your calculator. 


4 Use a unit circle diagram to find all angles between 0º and 360º with: 


i 1 i v3 i e 
a asine of 5 b asineof 3 c a cosine of 5) 
1 —1 1 — A 1 — 3 

d a cosine of 3 e a cosine of VS f asineof 5 


5 Use a unit circle diagram to find all angles between O and 27 which have: 


a atangentofl b atangentof —1 c atangentof 3 
d atangent of O e a tangent of A f atangentof —-v3 


6 Use a unit circle diagram to find all angles between O and 47 with: 


a acosine of se b asincof — c asincof-—l1 


7 Find 0 inradiansif 0O<0<2m and: 


a cos = 5 b sin 6 = 48 c cos0=-—1 d sin6=1 
e cos = ——s f sin?0=1 g cos?0=1 h cos20=5 
i tand=—— | tan?0=3 








base base base 


If we know the base and height measurements of a triangle we can calculate the area using 


area = 1 base x height. 
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However, cases arise where we do not know the height but we can still calculate the area. 
These cases are: 


e knowing two sides and the included angle e knowing all three sides 
between them 


10 cm 10 em 


USING THE INCLUDED ANGLE 


If triangle ABC has angles of size 4, B and C, the sides 
opposite these angles are labelled a, b and c respectively. 


Using trigonometry, we can develop an alternative 
formula that does not depend on a perpendicular height. 





Any triangle that is not right angled must be either acute 
or obtuse. We will consider both cases: 





In both triangles a perpendicular is constructed from A to D on [BC] (extended if necessary). 


snC = o sin(180º — C) = ; 
= ban o “o h=bsin(180º —-C) 
but sin(180º —- C) =sinC 
h=bsinC 


So, area = san gives area = zabsin Ol 


Using different altitudes we can show that the area is also bc sn A or zac sin B. 


Summary: 


Given the lengths of two sides of a triangle and the included angle side 
between them, the area of the triangle is 


a half of the product of two sides and the sine of the included angle. a side 
angle 


Example 19 


Find the area of triangle ABC: 5ac sin B 


5 X 15x 11 x sin 28º 


A 


a x 38.7 cm? 
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ELA AO 


A triangle has sides of length 10 cm and 11 cm and an area of 50 cm?. 
Show that the included angle may have two possible sizes. 


If the included angle measures 0º, then 5 x 10x 11 xsind = 50 


snô = sl 


Now arcsin (25 2) SO A 
E Gs E ne OA a ND 
ie OR 65 or IRIA 65.4º 114.6º 


So, the two different possible angles are 65.4º and 114.6º. 





EXERCISE 10D 


1 Find the area of: 


9 cm 
10.2 em 
25 km 
10 cm 


6.4 cm 


2 Iftriangle ABC has area 150 cm? 


find the value of x: 17 em 


p 68º 


x em C 


3 A parallelogram has two adjacent sides of length 4 cm and 6 cm respectively. If the 
included angle measures 52º, find the area of the parallelogram. 


4 A rhombus has sides of length 12 cm and an angle of 72º. Find its area. 
5 Find the area of a regular hexagon with sides of length 12 cm. 


6 A rhombus has an area of 50 cm? and an internal angle of size 63º. Find the length of 
its sides. 


7 A regular pentagonal garden plot has centre of symmetry 
O and an area of 338 m2. Find the distance OA. 





8 Find the possible values of the included angle of a triangle with: 


a sides 5 cm and 8 cm, and area 15 cm? 
b sides 45 km and 53 km, and area 800 km?. 
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9 The Australian 50 cent com 
has the shape of a regular 
dodecagon (12 sides). 


Eight of these 50 cent coins 
will fit exactly on an Australian 
$10 note as shown. What 
fraction of the $10 note is not 
covered? 





10 Find the shaded area in: 


a b 
IN 


HERON'S FORMULA 





In the first century A.D., Heron of Alexandria showed that if a triangle has sides of length a, 
b and c, then its area can be calculated using 


A=vs(s—a)(s-—b)(s— c) where p= É 


11 a Find the area of the right angled triangle with sides 3 cm, 4 cm and 5 cm: 
i without using Heron's formula ii using Heron's formula. 
b Find the area of a triangle with sides of length: 
i Gcm,8 cm and 12 cm ii 7.2 cm, 8.9 em and 9.7 cm. 


REVIEW SET 10A 


1 Determine the area of: 





7.3 km 


9.4 km 


2 Determine the area of: 
a a sector of angle 80º and radius 13 cm 
b a triangle with sides 11 cm, 9 cm and included angle 65º. 





3 Find the coordinates of the points M, N and P on the 
unit circle. 


10 


11 


12 
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Find the angle [OA] makes with the positive x-axis if the x-coordinate of the point A 
on the unit circle is —0.222. 
Find the acute angles that would have the same: 


a sineas = b sine as 165º € cosine as 276º 


Find the obtuse angles which have the same: 


a sine as 47º b sineas E € cosine as 186º 


Without using your calculator, find: 
a sinl59º if sin2lº = 0.358 b cos92º if cos88º = 0.035 
€ cos75º if cosl05º = —0.259 d sin227º if sin47º x 0.731 


Use a unit circle diagram to find: 
a cos360º and sin360º b cos(-7) and sin(—7) 


Explain how to use the unit circle to find O when cos0 = —sin6. 


If sin74º x 0.961, find without using a calculator the value of: 


a sin106º b sin254º Cc sin286º d sin646º 
Without a calculator, evaluate: a tan? (+) b cos (2) — sin (à) 
If sne=-1 and m<au<êE findtana inradical (surd) form. 


NAM: 


10 


Convert these to radians in terms of m: a 120º b 225º «ce 150º d 540º 
Convertto radians (to 4sig. figs.): a 71º b 124.6º ce —142º d —-25.3º 


Convert these radian measure to degrees: a * b FT ce Td lZ 


Convert these radian measure to degrees (to 2 decimal places): 

a 3 b 1.46 c 0.435 d —5.271 
Find the perimeter and area of a sector of radius 11 cm and angle 63º. 
Find the radius and area of a sector of perimeter 36 cm with an angle of = 


A triangle has sides of length 7 cm and 13 cm and its area is 42 cm2. Find the size 
of its included angle. 


Anke and Lucas are considering buying a block 
of land. The land agent supplies them with 
the given accurate sketch. Find the area of the 125m 
property, giving your answer in: 





a m? b hectares. 
A 120 m 
If cos42º = 0.743, without using a calculator, find the value of: 
a cos138º b' cos222º € cos318º d cos(-222º) 


If cos0 = : find the possible values of sin 6. 
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11 Without a calculator evaluate: 


a 2sin(Z)cos(5) b tan?(7)-1 c cos? (7) -sin? (5) 


12 Given tang = —& and E <ar<?, find: a sing b cosa 


REVIEW SET 10C 


1 Use your calculator to determine the coordinates of the point on the unit circle 
corresponding to an angle of: a 320º b 163º 


2 Illustrate the regions where sin and cos0 have the same sign. 


3 Use a unit circle diagram to find exact values for sin 0 and cos 0 for O equal to: 
2 8 

Si o 

4 Use a unit circle diagram to find: 


a cos(&) and sin(S) b cos(-5) and sin(-5) 


5 If cos0 = —&, e vm ind: a sinô b tanô 


6 Use a unit circle diagram to find all angles between 0º and 360º which have: 


a acosine of E b asineof 5 c atangentof —v3 
7 Find 0 inradiansifl a cos6=-—1 b sin?0= É 


8 Without using a calculator, evaluate: 
a tan?60º —-sin?45º bb cos(Z)+sin(5) c cos(&) —tan(?E) 
9 Simplify: a cos(s —0)-sinô b cosôtand 


10 Find the value of x if the area is 80 cm?. 11 Determine the yellow shaded 
Hence, find the length of [AC]. area: 
A 


19.2 cm Do 
S 


11.3 cm 
B 


12 Three circles with radius 7 are drawn as shown, 
each with its centre on the circumference of the 
other two circles. A, B and C are the centres of 


the three circles. Prove that an expression for the 
area of the shaded region is: (N, AN 
r2 





Non-right angled 
triangle trigonometry 


Contents: À The cosine rule 
B The sine rule 
€ Using the sine and cosine rules 


Review set TIA 
Review set 11B 





270  NON-RIGHT ANGLED TRIANGLE TRIGONOMETRY (Chapter 11) 





The cosine rule involves the sides and angles of a triangle. A 
In any AABC: a2=b2 +c? — 2bccos A E » 
or b2=>a2+4c? — 2accosB 
or ci=a24+b? — 2abcosC 
B - É 


We will develop the first formula for both an acute and an obtuse triangle. 


Proof: C 








B 





In both triangles drop a perpendicular from C to meet [AB] (extended if necessary) at D. 
Let AD = x andlet CD=ãhA. 
Apply the theorem of Pythagoras in ABCD: 

a2=h2+(c—r)? a2=h2+(c+x) 


a2=h2+cê-Irx+ x? cc ad=h+e+2r4 a? 

















In both cases, applying Pythagoras to AADC gives h2+a? =b? 
h2=b2 —- x2, and we substitute this into the equations above. 


a2=b+c2-2ex co qd=b4+c+2r 
In ADC: cos À = 7 cos(180º — 4) = ; 
bcosA =a “. bcos(180º — 4) = « 
a? =b2 +cº — 2becos A But cos(180º — 4) = — cos A 
—bcosÃ = 


a2=b2+cº — 9becos A 


The other variations of the cosine rule could be developed by rearranging the vertices of 
AABC. 


Note that if 4 = 90º then cos4 = 0 and a? = b2 + cê? — 9becosA reduces to 
a? = b2 + c2, which is the Pythagorean Rule. 


The cosine rule can be used to solve triangles given: 


e two sides and an included angle 
e three sides. 


If we are given two sides and a non-included angle, then when we try to find the third side 
we will end up with a quadratic equation. This is an ambiguous case where there may be 
two plausible solutions. 
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Example 1 


Find, correct to 2 decimal By the cosine rule: 
places, the length of [BC]. BC? = 1124132 -2x 11x 13x cos42º 


BCa 12 +132-2x 11 x 13x cos42º) 
BC a 8.801 


BC is 8.80 cm in length. 





Rearrangement of the original cosine rule formulae can be used for finding angles 1f we know 
all three sides. The formulae for finding the angles are: 


b2 > Conan 2 ME pi 
o ab es Une gica E pe aC CE av ar 
2bc 2ca 2ab 


Example 2 


In triangle ABC, if AB = 7 cm, BC = 8 em and CA = 5 cm, find the measure of 
angle BCA. 


By the cosine rule: 
(52 +82 —- 72) 
(2x5 =8) 


52 +82 —- 72 
= Rel 
RE ( De ) 
CE TODA 


cosC = 


So, angle BCA measures 60º. 





EXERCISE 11A 


1 Find the length of the remaining side in the given triangle: 


a A 15cm db q c K 
ER 4.8 km 
6.3 km 
c P k 14.8m mM 
2 Find the measure of all angles of: 3 Find the measure of obtuse angle PQR. 


C 


P 
10 cm 
12 cm 1 cm 
5 cm 
A R 
B 
Q 7 em 


13 cm 
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4 Find: no The smallest 
a the smallest angle of a triangle with sides 11 cm, 13 cm and angle is 
17 cm opposite the 


b the largest angle of a triangle with sides 4 cm, 7 cm and 9 cm. Fe 


5 Find: 


a cos0 but not 0 5 cm 2 em 
b the value of 2. 


x cm 


6 Find the exact value of x in each of the following diagrams: 


a b c 
6 cm 7 em 5 cm em 5 em 
3 cm 


x cm x cm 2x em 


7 Find x in each of the following diagrams: 
a b 


1 cm 13 em 
5 


cm 
8 cm x em 


e 
O 
3 


8 In the diagram alongside, cos0 = — 


1 
E 
a Find a. 
b Hence find the exact value of à 
the area of the triangle. (x +2) em 


The sine rule is a set of equations which connects the lengths of the sides of any triangle 
with the sines of the angles of the triangle. The triangle does not have to be right angled for 
the sine rule to be used. 


(x +3) em 





In any triangle ABC with sides a, b and c units in length, 
and opposite angles 4, B and € respectively, 
snA sinB sinC a b c 


= = Le ES 


a b c snA sinB EE sinC' 
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Proof: The area of any triangle ABC is given by 5 besin A = 5 acsin B = 5 absin C. 


sn4A snB sinC 


Dividing each expression by 5 abe gives 5 
c 





The sine rule is used to solve problems involving triangles given either: 
e two angles and one side 
e two sides and a non-included angle. 


FINDING SIDES 
Example 3 


Find the length of [AC] correct By the sine rule: 


to two decimal places. b 12 
FAR ————— T— 


A o sinõ8º  sin39º 
en ade e 12 x sin58º 
58º (€ sc EE E o 
B sin 39 
+ ba 16.17074 
AC is about 16.17 cm long. 





EXERCISE 11B.1 


1 Find the value of x: 


a b c 
1 cm 


23 cem 115º 


48º x cm 
485 80º km 
2 In triangle ABC find: 
a aif A=63º, B=49º and b=18cm 
b bif A=82º, C=25º and c=34cm 
c cif B=21º, C=48º and a=64cm 


FINDING ANGLES 


The problem of finding angles using the sine rule is more complicated because there may be 
two possible answers. We call this situation the ambiguous case. 





INVESTIGATION 


“O You will need a blank sheet of paper, a ruler, a protractor and a compass 
for the tasks that follow. In each task you will be required to construct 

Sa triangles from given information. You could also do this using a computer 
package such as “The Geometer's Sketchpad”. 
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Task 1: Draw AB = 10 cm. At A construct an angle of 30º. Using B as centre, draw 
an arc of a circle of radius 6 cm. Let the arc intersect the ray from A at €. 
How many different positions may C have and therefore how many different 
triangles ABC may be constructed? 


Task 2: As before, draw AB = 10 cm and construct a 30º angle at A. This time draw 
an arc of radius 5 cm centred at B. How many different triangles are possible? 

Task 3: Repeat, but this time draw an arc of radius 3 cm centred at B. How many 
different triangles are possible? 


Task 4: Repeat with an arc of radius 12 cm from B. How many triangles are possible 
now? 


You should have discovered that when you are given two sides and a non-included angle there 
are a number of different possibilities. You could get two triangles, one triangle or it may be 
impossible to draw any triangles from the given data. 


Now consider the calculations involved in each of the cases of the investigation. 

















Cc 
Task 1: Given: c=10cm, a=6cm, A=30º 
inC in A 
Finding O: PDD 
c a 
in A C, 6 cm 
sm = o 
a 
: 10 x sin 30º 
sn0 = > e 0.8333 i TO cm B 
Because sinf =sin(180º — 0) there are two possible angles: 
C = 56.44º or 180º — 56.44º — 123.56º 
Task 2: Given: c=10cm, a=5cm, A=30º 
Ê 7 Cc 
C A 
FindingC. DP. 
Cc a 
A 5 em 
its csin A 
a 
. 10 x sin 30º 30º 
snC=40 21 A 10 cm B 


There is only one possible solution for C' in the range from 0º to 180º and that is €' = 90º. 
Only one triangle is therefore possible. Complete the solution of the triangle yourself. 


Task 3: Given: c=10cm, a=3cm, A=30º 











in O in A 
Finding C; 227 .M 
€ a 
E csin A 
a 
10 x sin 30º 30º 








sn = —3— = 1.6667 k E B 
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There is no angle that has a sine ratio > 1. Therefore there is no solution for this given data, 
and no possible triangle can be drawn. 


Task 4: Given: c=10cm, a=12cm A=30º 











Finding C: 
snC sinAÃ 
coa 
dus csin A 
a 
. 10 x sin 30º 
sn C — 12 
sin CO = 0.4167 


Two angles have a sine 
ratio of 0.4167: 


C = 24.62º or 
180º — 24.62º 
C = 24.62º or 155.38º 
However, in this case only one of these two angles is valid. If A = 30º then € cannot 
possibly equal 155.38º because 30º + 155.38º > 180º. 


Therefore, there is only one possible solution, C = 24.62º. Once again, you may wish to 
carry on and complete the solution. 





10 cm B 


Conclusion: Each situation using the sine rule with two sides and a non-included angle 
must be examined very carefully. 


Example 4 


Find the measure of angle € in triangle ABC if AC is 7 cm, AB is 11 cm and 
angle B measures 25º. 





sinC sinB 
E 
sinC  sin25º 
ie 
sms 
E 


(By the sine rule) 


Sed 


a in 25º ; 
RS ima (=) or its supplement 


CO = 41.6º or 180º — 41.6º 
fas C may be obtuse) 


CO = 41.6º or 138.4º 
C measures 41.6º if angle C' is acute, or 138.4º if angle € is obtuse. 


In this example there is insufficient information to determine the actual shape of 
the triangle. 
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Sometimes there is information in the question which enables us to reject one of the answers. 


Example 5 


Find the measure of angle L in triangle KLM given that angle LKM measures 56º, 
LM = 16.8m and KM = 13.5m. 





sin L sin 56º 


L 135 = 68 (by the sine rule) 
e 13.5 x sin56 
16.8m 16.8 
o Sim Ae aa or its supplement 
sim CE 
16.8 PP 
E B5m M  LX418º or 180º-41.8º 


RS PNI o TAIS Sa 


Wereject L=138.2º as 138.2º +56º > 180º which is impossible. 
Lm=418º. 





EXERCISE 11B.2 


1 Triangle ABC has angle B = 40º, b=8cm and c=11cm. Find the two possible 
values for angle C. 


2 Im triangle ABC, find the measure of: 
a angle Aif a= 14.6 cm, b=17.4 cm and ABC = 65º 
b angle Bif b=43.8cm, c=31.4cm and ACB = 43º 
c angleCif a=6.5km, c=48km and BAC = 71º. 


3 Is it possible to have a triangle with 4 Find the magnitude of the angle ABC 





measurements as shown? Explain! and hence the length BD. 
B 
85º 
9.8 cem 12º D 
Sm 
68º io de 
11.4 cm 


5 Find x and y in the given figure. 





6 Triangle ABC has A= 58º, AB = 10 cm and AC = 5.1 cm. Find: 
a O correct to the nearest tenth of a degree using the sine rule 
b É correct to the nearest tenth of a degree using the cosine rule. 


e Copy and complete: “When faced with using either the sine rule or the cosine rule 
it is better to use the ..................... as it avoids ................. 
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7 In triangle ABC, ABC = 30º, AC=9cm and AB=7cm. Find the area of the 
triangle. 


8 In the diagram alongside, find the exact 
value of x. Express your answer in the 


form a+bvy2 where a, be Q. 





INE RULES 


If we are given a problem involving a triangle, we must first decide which rule to use. 





If the triangle is right angled then the trigonometric ratios or Pythagoras” Theorem can be 
used. For some problems we can add an extra line or two to the diagram to create a right 
angled triangle. 


However, if we do not have a right angled triangle and we have to choose between the sine 
and cosine rules, the following checklist may be helpful: 


Use the cosine rule when given: e three sides 
e two sides and an included angle. 
Use the sine rule when given: 


e one side and two angles 


e two sides and a non-included angle, but beware of the ambiguous case which 
can occur when the smaller of the two given sides is opposite the given angle. 





Example 6 


The angles of elevation to the top of a 
mountain are measured from two beacons A 
and B at sea. 

These angles are as shown on the diagram. 


If the beacons are 1473 m apart, how high is A 
the mountain? 








ATB =41.2º -929.7º  fexterior angle of AJ 


Eno 
2 We find x im AABT using the sine rule: 
o MB 
E sin29.7º — sinl1.5º 
1473 
[] ã E » o 
A 14723m B N RA = RARO x sin 29.7 


= 3660.62 
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h h 
Nom ABRIR E ego ia 
a a Fauna 
h = sin41.2º x 3660.62 


h = 2410 


So, the mountain is about 2410 m high. 


Example 7 


Find the measure of angle RPV. 


In ARVAM RV = VOZ vm (Pythagoras) 
In APUV, PV=v643=v45 cem. (Pythagoras) 
IAPOR) BR=V62"52-=v6l em (Pythagoras) 





Eos 
26145 
—- 614+45-34 
ABR — 2/61V5. 
o mê 
261/45 


V61 em cos 8 


VE cosE RSA GIO 


'(avm) 


angle RPV measures about 46.6º. 





EXERCISE 11€ 


1 Rodrigo wishes to determine the height of a 
flagpole. He takes a sighting of the top of the 
flagpole from point P. He then moves further away 
from the flagpole by 20 metres to point Q and takes 
a second sighting. The information is shown in the 
diagram alongside. How high is the flagpole? 





2 Q To get ffom P to R, a park ranger had to walk 
175 m 12 63m along a path to Q and then to R as shown. 


p What is the distance in a straight line from P to R? 
R 


3 


10 
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A golfer played his tee shot a distance of 220 m 
to a point A. He then played a 165 m six iron 
to the green. If the distance from tee to green 
is 340 m, determine the number of degrees the 
golfer was off line with his tee shot. 





A Communications Tower is constructed on 
top of a building as shown. Find the height 
of the tower. 






A football goal is 5 metres wide. 
When a player is 26 metres from one 
goal post and 23 metres from the other, 
he shoots for goal. What is the angle == 
of view of the goals that the player goal pi 
sees? 








A tower 42 metres high stands on top of a hill. From a point some distance from the 
base of the hill, the angle of elevation to the top of the tower is 13.2º and the angle of 
elevation to the bottom of the tower is 8.3º. Find the height of the hill. 


From the foot of a building I have to look upwards at an angle of 22º to sight the top 
of a tree. From the top of the building, 150 metres above ground level, I have to look 
down at an angle of 50º below the horizontal to sight the tree top. 


a How high is the tree? b How far from the building is this tree? 


8 cm 


Find the measure of angle PQR in 
the rectangular box shown. 





Two observation posts are 12 km apart at A and B. A third observation post C is located 
such that angle CAB is 42º and angle CBA is 67º. Find the distance of C from both A 
and B. 


Stan and Olga are considering buying a 
sheep farm. A surveyor has supplied them 
with the given accurate sketch. Find the 
area of the property, giving your answer 
in: 


a km? b hectares. 
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11 Thabo and Palesa start at point A. They cach walk in a straight line at an angle of 120º 
to each other. Thabo walks at 6 kmh”! and Palesa walks at 8 kmh”!. How far apart 
are they after 45 minutes? 


12 The cross-section design of the kerbing 
for a driverless-bus roadway is shown 
opposite. The metal strip is inlaid into 
the concrete and is used to control the 
direction and speed of the bus. Find the 
width of the metal strip. 





metal strip 


13 An orienteer runs for 45 km, then turns through an angle of 32º and runs for another 
6 km. How far is she from her starting point? 


14 Sam and Markus are standing on level ground 100 metres apart. A large tree is due 
North of Markus and on a bearing of 065º from Sam. The top of the tree appears at an 
angle of elevation of 25º to Sam and 15º to Markus. Find the height of the tree. 


15 A helicopter A, flying at an altitude of 4000 m, observes two ships B and C. B is 
23.8 km from the helicopter and C is 31.9 km from it. The angle of view from the 
helicopter to B and C (angle BAC) is 83.6º. How far are the ships apart? 


REVIEW SET 11A 





1 Determine the value of x: 


a b 
ll cm Sm 
13 cm 17 km 
19 em ai 
2 Find the value of x: 
a 13 cem b Ee 
MN 14 cm 
om 21cm 
3 Find the unknown side and angles: & Find the area of quadrilateral ABCD: 
C nm ll em = ja 


9.8 em 
11 cm 


4 





10 


1 
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A vertical tree is growing on the side of a hill with slope of 10º to the horizontal. 
From a point 50 m downhill from the tree, the angle of elevation to the top of the 
tree is 18º. Find the height of the tree. 


From point A, the angle of elevation to the top of a tall building is 20º. On walking 
80 m towards the building the angle of elevation is now 23º. How tall is the building? 


Peter, Sue and Alix are sea-kayaking. Peter is 430 m from Sue on a bearing of 113º 
while Alix is on a bearing of 203º and a distance 310 m from Sue. Find the distance 
and bearing of Peter from Alix. 


A family in Germany drives at 140 kmh”! for 45 minutes on a bearing of 032º and 
then 180 kmhb”! for 40 minutes on a bearing 317º. Find the distance and bearing of 
the car from its starting point. 


You are given details of a triangle such that you could use either the cosine rule or 
the sine rule to find an unknown. Which rule should you use? Explain your answer. 


Kady was asked to draw the illustrated triangle exactly. 
a Use the cosine rule to find x. 8 em Tem 
b What should Kady's response be? 


x cm 
Soil contractor Frank was given the following dimensions over the telephone: 
The triangular garden plot ABC has angle CAB measuring 44º, [AC] is 8 m long and 
[BC] is 6 m long. Soil to a depth of 10 cem is required. 
a Explain why Frank needs extra information from his client. 
b What is the maximum volume of soil needed if his client is unable to supply the 
necessary information? 





NAM 


3 


Find the measure of angle EDG: 





A 6m D 
A 3km DA à : 
ers Andrew and Brett take separate trails from their 
Sm se starting point P to get to their destination at D. They walk at 
an angle of 40º apart from each other as shown, and camp 
VA 7 overnight at positions A and B respectively. How far does 
P 7 km Brett have to walk the next day to reach the destination? 
D 


Consider the kite ABCD alongside: 
a Use the cosine rule to show that ADC = ABC. (E A 
b Use the sine rule to show that DAC = BAC. 
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& A boat sailing from A to B travels in a straight line until 


the captain realises he is off course. The boat is turned Cf 

through an angle of 60º, then travels another 10 km to B. 

The trip would have been 4 km shorter if the boat had 10 km 
gone straight from A to B. How far did the boat travel? A 


5 At 1 pm, runner A runs at 14 kmh”! on a bearing of 25º, while runner B starting at 
the same point as A runs at 12 kmh”! on a bearing of 97º. 


a At what time will A and B be 20 km apart? 
b What will be the bearing of B from A at this time? 


6 Triangle ABC has [AB] of length 5 m, [AC] of length d m, 


[BC] of length x m, and angle ABC measures 20º. E xm 
a Find an expression for d2 in terms of x. A B 
b By using the fact that, for d > 0, d is minimised Sm 
when d? is minimised, find the exact value of x which A 


minimises d. 
€ Hence, show that d is minimised when BCA is a right angle. 


7 a Explain why cos(180º — 0) = — cos6. 
b For the given quadrilateral: 
i Show that 300cosdº — 192 cosbº = 117. 
ii If b+d= 180, find the values of b and d. 
iii Hence, find the values of a and c. 





8 a For the quadratic function y = —x2+12x-—20, find the maximum or minimum 
value and the corresponding value of x. 
b Intriangle ABC, AB =y BC=x, AC=8, and B 
the perimeter of the triangle is 20. 
i Write y in terms of x. 
ii Use the cosine rule to write 32 in terms of x and 


cos 6. A c 
A 3x — 10 8 
iii Hence show that cos6 = 3 : 

z 


e Ifthe area of the triangle is 4, show that 42 = 20(-x2 + 12x — 20). 
Hence, find the maximum area of the triangle and the triangle's shape when this 
occurs. 





9 The given figure shows quadrilateral PQRS 
which has been divided into two triangles by the 
diagonal OS PO SOR CC ES 
QPs = & and QRS = 32º. 

a Find QS in terms of cos d. 
b Ifg=50º: 
i find the possible values of RSQ 
ii given that RSQ is acute, find the perimeter of the quadrilateral. 


c Find the area of quadrilateral PQRS if & = 50º. 
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INTRODUCTION 


Periodic phenomena occur all the time in the physical world. For example, in: 


seasonal variations in our climate 

variations in average maximum and minimum monthly temperatures 
the number of daylight hours at a particular location 

variations in the depth of water in a harbour due to tidal movement 
the phases of the moon 


animal populations. 


These phenomena illustrate variable behaviour which is repeated over time. The repetition 
may be called periodic, oscillatory or cyclic in different situations. 


In this topic we will consider how trigonometric functions can be used to model periodic 
phenomena. We will then extend our knowledge of the trigonometric functions by considering 
formulae that connect them. 


Td ARA NARA 


ja constant speed. The wheel's 
radius is 10 m and the bottom 


front of the wheel, Andrew is watching a 
green light on the perimeter of the wheel. 
Andrew notices that the green light moves in 
a circle. He estimates how high the light is 
above ground level at two second intervals 
and draws a scatterplot of his results. 

What does his scatterplot look like? 
Could a known function be used to 


A Ferris wheel rotates at a 


of the wheel is 2 m above 
ground level. From a point in 





model the data? 
How could this function be used to find the light"s position at any point in time? 


How could this function be used to find the times when the light is at its maximum 
and minimum heights? 


What part of the function would indicate the time interval over which one complete 
cycle occurs? 


Click on the icon to visit a simulation of the Ferris wheel. 
You will be able to view the light on the Ferris wheel: Saio 


e froma position in front of the wheel 
e from a side-on position 
e from above the wheel. 


Observe the graph of height above (or below) the wheel's axis as the wheel rotates at a 
constant rate. 
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Consider the table below which shows the mean monthly maximum temperature (ºC) for 
Cape Town, South Africa. 


[5 [56 [ Mar [ Apr | May [ Jum [ Jui [ Aug [ Sep [ Oct [Nov [Dec] 





[mm [as [a [ei fe [ui ue fs [oo [us aifo o 














The data is graphed alongside using T, Temp (ºC) 
a scatterplot, assigning January = 1, aU ia E 
February = 2 etc., for the 12 months of a a 
the year. e na 9 1 
o x (10,214) 
Note: The points are not joined as 10 
interpolation has no meaning t (months) 
- TATI T US >= 
here. 1 3 6 9 121! 
JAN JAN 


The temperature shows a variation from an average of 28ºC in January through a range of 
values across the months and the cycle will repeat itself for the next 12 months. 


It is worthwhile noting that later we will be able to establish a function which approximately 
fits this set of points. 


T, Temp (ºC) 














30 
sea o é o o, o s o 
20 E º o - º º o = 
o o o o o o 
10 
t (months) 
- t t t —— TT —+ 
3 6 9 12! 15 18 21 24 
JAN JAN 





A lines 


of force 










direction 12 


of rotation 





270º 





In 1831 Michael Faraday discovered that an electric current was generated by rotating a 
coil of wire in a magnetic field. The electric current produced showed a voltage which 
varied between positive and negative values as the coil rotated through 360º. 


Graphs with this basic shape where the cycle is repeated over and over are called sine waves. 
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GATHERING PERIODIC DATA 


Data on a number of periodic phenomena can be found online or in other publications. For 
example: 


e Maximum and minimum monthly temperatures can be found at 
http:/Awww.bom.gov.au/silo/ 





e Tidal details can be obtained from daily newspapers or 
http://tidesandcurrents.noaa.gov or http://www.bom.gov.au/oceanography 


TERMINOLOGY USED TO DESCRIBE PERIODICITY 


A periodic function is one which repeats itself over and over in a horizontal direction. 
The period of a periodic function is the length of one repetition or cycle. 


f(a) is a periodic function with period p & f(x + p) = f(x) for all x, and p is the 
smallest positive value for this to be true. 


Use a graphing package to examine the function: fiz a- lr] siápuiiá 


where [x] is “the largest integer less than or equal to a”. RES 
Is f(x) periodic? What is its period? 


A cycloid is another example of a periodic function. It is the curve traced out by a point on 
a circle as the circle moves along a flat surface. However, the cycloid function cannot be 


writtenas y=.... TR A 





horizontal flat surface 


In this course we are mainly concerned with periodic phenomena which show a wave pattern 
when graphed. 


the wave 







Sapiens nda rias dica Ra de Doda Eno > 
principal axis 


The wave oscillates about a horizontal line called the principal axis or mean line. 
A maximum point occurs at the top of a crest and a minimum point at the bottom 
of a trough. 

The amplitude is the distance between a maximum (or minimum) point and the 
principal axis. 
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maximum points, 





principal axis | amplitude 









minimum point A 


EXERCISE 12A 


1 For each set of data below, draw a scatterplot and decide whether or not the data exhibits 
approximately periodic behaviour. 


à 10 
5 + a 4 LÃ 


b 
BROS] 











— EEREE 
“ [e[o0 [os[10[15[20[25[30 [35] 





MESES EEE 


d 
“- DRHEIHE ERES RA 
[oo [ar [24 [17[21[52[85[509 [02 [84 [04] 


2 The following tabled values show the height above the ground of a point on a bicycle 
wheel as the bicycle is wheeled along a flat surface. 





e O E EE E EE 
[Hei above ground (cn) [0 [6 [23 [42 [57 [64 [59 [8 [23 [7 [1] 





Dio rave ton] 550 5AO 260 [250 [300 [520 [o [500 [so oo 


Height above ground (cm) | 5 [27 [40 | 55 60 | 44 





a Plot the graph of height against distance. 
b Is the data periodic? If so, estimate: 
i the equation of the principal axis il the maximum value 
iii the period iv the amplitude. 
ce Is it reasonable to fit a curve to this data, or should we leave it as discrete points? 


3 Which of these graphs show periodic behaviour? 











288 ADVANCED TRIGONOMETRY (Chapter 12) 


e » 











In previous studies of trigonometry we have only considered right angled triangles, or static 
situations where an angle Ô is fixed. However, when an object moves in a circle, the situation 
is dynamic with the angle between the radius OP and the horizontal axis continually changing. 
Consider again the Opening Problem in which a Ferris 
wheel of radius 10 m revolves at constant speed. 

The height of P, the point representing the green light on 
the wheel relative to the principal axis O, can be determined 
using right angled triangle trigonometry. 


As sinô = a then h = 10sind. 


As time goes by ô changes and so does A. 





So, h is a function of O, but more importantly h is a function of time t. 


Suppose the Ferris wheel observed by Andrew takes 100 seconds for a full revolution. The 
graph below shows the height of the light above or below the principal axis against the time 


in seconds. 


height (metres) DEMO 







10 


time (seconds) 


—10 


We observe that the amplitude is 10 metres and the period is 100 seconds. 


The family of sine curves can have different amplitudes and different periods. We will 
examine such families in this section. 


THE BASIC SINE CURVE 


If we project the values of sin O from the unit circle to the set of axes on the right we obtain 
the graphof y=sina. 


270º 3607 





3m 
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The wave of course can be continued beyond 0<x< 27. 





270º 
3z 


E 












We expect the period to be 27, since the Ferris wheel repeats its positioning after one full 
revolution. 


The maximum value is 1 and the minimumis—l as —I<y<1 on the unit circle. 


The amplitude is 1. GRAPHING 

k R pacxace E) 3 
Use your graphics calculator or graphing package to 
obtain the graph of y=sina to check these features. f 7 g 


When patterns of variation can be identified and quantified in terms of a formula or equation, 
predictions may be made about behaviour in the future. Examples of this include tidal 
movement which can be predicted many months ahead, and the date of a future full moon. 


DAE 


cá What to do: 
1 Use technology to graph on the same set of axes: rt 

a y=sinz and y=2sing “5 

b y=sinz and y=0.5sing 

c y=sinz and y=-sinyg (A=-—1) 

If using a graphics calculator, make sure that the mode is set in 

radians and that your viewing window is appropriate. 
2 For each of y = sinzx, y = 2sinz, y = O.5sinz, y = —sinz record the 

maximum and minimum values and state the period and amplitude. 

3 How does 4 affect the function y= Asing? 


State the amplitude of: 
al = Bisiniy; b y=vTsinz c y=-2sing 


IN NZ fer (o 7 
“a What to do: 


1 Use technology to graph on the same set of axes: 
a y=sinz and y=sinZr b y=sinz and y=sin(sa) 


2 Foreachof y=sinz, y=sinZz, y=sin(5x) record the 


o É RAPHI 
maximum and minimum values and state the period and amplitude. NE ARE 


3 How does B affect the function y = sin Br? “E 
h 


State the period of: 
a vy=sindz b y=sin(ga) Co = sn(l 25) | dl q=sm Ba 
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From the previous investigations you should have observed that: 
e in y= Asina, | A| determines the amplitude 


2 
e in y=sinBz, B>o), B affects the period and the period is — 


Recall |: | is the modulus of x, REGA 


or size of x ignoring its sign. hat the! final answer is 
non-negative. This must be so 
for amplitudes. 







3 Eu) 





Without using technology sketch the graphs of: 
a y=2sinz b y=-2sina for 0O<r<27. 





a The amplitude is 2 and the period is 27. 


We place the 5 points as shown and fit the sine wave to them. 


The amplitude is 2, the period is 27, and it is the reflection 
of y=2sinx in the x-axis. 





Example 2 


Without using technology sketch the graph of y=sin2x, )<r<2Tr. 


The periodis S=7. As sin 2x has half 


the period of sin x, 
the first maximum 
is at RO 


So, for example, the maximum values are 7 units apart. 
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EXERCISE 12B.1 


1 Without using technology sketch the graphs of the following for 0<r< 27: 
d 


3 


a y=3sing b y=-3sina c y=5sing E 


y=-ssina 


2 Without using technology sketch the graphs of the following for 0O<x< 37: 
a y=sin3z b y=sin(Z) c y=sin(-2x) 


3 State the period of: 


a y=sin4z b y=sin(-47) ce y=sin(£) d y=sin(0.6x) 


4 Find B given thatthe function y=sinBx, B>0O has period: 


a 57 b & ce 127 da e 100 


5 Use a graphics calculator or graphing package to help you graph, for 0º < x < 720º: 


a y=2sinzx-+sin2a b y=sinx+sin2r+sinda Cc y=—>—— 


6 Use a graphing package or graphics calculator to graph: GRAPHING 


PACKAGE 


a fa)=sno+ RR, de — 


jii= dias sin 3x à sin 5x e sin 7a E sin 9x de sin llx 
o 3 5 7 9 11 


























sin3r | sinõr sinfa sin 1001x 
Predict th h of =sni+— + + +. = 
redict the graph of f(x) =sina + cd RU ML 











ALTO E 


Ag What to do: 


Sa 1 Use technology to graph on the same set of axes: GRAPHING 
PACKAGE 


a y=sinz and y=sin(x—2) 
b y=sinz and y=sin(x+2) 
c y=sinz and y=sin(r-— 5) 


2 Foreachof y=sinz, y=sin(zr —-2), y=sin(r+2), y=sin(rx-— 3) 


record the maximum and minimum values and state the period and amplitude. 


3 What transformation moves y=sinz to y=sin(zr—C)? 
4 Use technology to graph on the same set of axes: 
a y=sinyx and y=sinz+3 b y=sinz and y=sing-—2 


5 Forcachof y=sinz, y=snz+3 and y=singz-—2 record the 
maximum and minimum values and state the period and amplitude. 


6 What transformation moves y=sinz to y=sinz+D? 


7 What transformation moves y=sinaz to y=sin(x—C) + D? 
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From Investigation 3 we observe that: 


e y=sin(x—C) isa horizontal translation of y=sina through C units. 
e y=sinzx+D jisacvertical translation of y=sinz through D units. 


e y=sin(r—C)+D isatranslationof y=sinax through vector EE 


On the same set of axes graph for 0O<r<4r: 


a y=sinz and y=sin(x—1) Dj sn ando smnoi 














THE GENERAL SINE FUNCTION 


y = AsinB(a — C) 4 D is called the general sine function. 


e 


affects affects affects affects 
amplitude period horizontal translation vertical translation 





The principal axis of the general sine functionis y =D. 


27 
The period of the general sine functionis —. 


Consider y=2sin3(x— 7) +1. Itisatranslationof y=2sin3x under 


a) 
Haja 
Lean 


So, starting with y=sinz we would: 
e double the amplitude to produce  y=2sinx, then 
e divide the period by 3 to produce y=2sin3x, then 


x 


e translate by N to produce y = 2sin3 (a — ) +1. 





EXERCISE 12B.2 
1 Draw sketch graphs of: 
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a y=sing-—2 b y=sin(x-—2) c vy=sin(x+2) 
d y=sinz+2 e y=sin(xr+4%) f y=sin(r- D+] 
2 Check your answers to 1 using technology. GRAPHING 
PACKAGE 
3 State the period of: 
a y=sinõt b y=sin(i) c vy=sin(—2t) 
4 Find Bin y=sinBx if B>0 and the period is: 
a 37 b c 1007 d 50 
5 State the transformation(s) which maps: 
a y=sinaz onto y=sinz-—l b y=sinz onto y=sin(zx-— 5) 
c y=sinz onto y=2sina d y=sinz onto y=sin4gx 
e y=sinz onto y=sSsing f y=sinz onto y=sin(5) 
9 y=sinz onto y=-sina h y=sinz onto y=-3+sin(z+2) 
i y=sinz onto y=2sin3x | y=sinz onto y=sin(r-— 3)+2 





Sine functions can be useful for modelling certain biological and physical phenomena in 
nature which are approximately periodic. 


MEAN MONTHLY TEMPERATURE 


Consider again the mean monthly maximum temperature (ºC) for Cape Town: 





The graph over a two year period is shown below: 
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We attempt to model this data using the general sine function y= AsinB(zx-—- C)+D, 
orinthiscase T=AsinB(t-C)+D. 





a As 2 
The period is 12 months, so 5 =12 and vc B=5 
; — mi 28 — 15 
The amplitude = ER 3 da = 6.5, so Ax65. 
is a quê ; 28 + 15 
The principal axis is midway between max. and min., so Dx =x 21.5. 





So, the modelis Tx 6.5sinS(t— C)+21.5 for some constant C. 


We notice that point A on the original graph lies on the principle axis and is a point at which 











































































































we are starting a new period. .. since A isat (10, 21.5), C=10. 
The model is therefore T' = 6.5sin S(t — 10) + 21.5 and we can superimpose it on the 
original data as follows. 
ii temperature ( 
> SC 
30 : 
20 
10 
0 t (months) 
Jan Mar May Jul Sep Nov Jan Mar May Jul Sep Nov 
TIDAL MODELS 


The tides at Juneau, Alaska were recorded ZE 
E Day T [na 
over a two day period. The results are shown cá RES E 


6.46 am, 7.13 pm 


in the table opposite: 


Day 2 | high tide | 1.31 am, 2.09 pm 
7.30 am, 7.57 pm 


Suppose high tide corresponds to height 1 and low tide to height —1. 





Plotting these times with t being the time after midnight before the first low tide, we get: 


Viidesighe Hi «— 12 hrs 13 min—><«— 12 hrs 38 min— 








1 Dal 0 A, 
x Pi , é 
, 1 ” 1 f 1 t 
- D—+ E + A 1 AA + > 
ar '6am /12n00n *6pm /12pm +6am /12noon Gpm 4 
midnight = ! " É No É No A 
-1+ Ca go .6-* “6 
Y 


«— 12 hrs 27 min—><«—12 hrs 17 min» <«— 12 hrs 27 min — 


We attempt to model this periodic data using H = AsinB(t-C)+D. 
The principalaxisis H=0, so D=0. Theamplitudeis 1, so A=1. 
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The graph shows that the “average” period is about 12 hours 24 min = 12.4 hours. 


27 27 27 
But th iodis — 4. — n 124 Bx— & 0. s 
ut the period is BC B and so DA 0.507 


The model is now H=sin0.507(t —- C) for some constant O. 


We find point X which is midway between the first minimum and the following maximum, 
2 GTA IB 
o 2 


So, the modelis H =sin0.507(t — 10.04). 


C = 10.0. 


Below is our original graph of seven plotted points and our model which attempts to fit them. 


H Hassin 0.507(t— 10.04) 








Use your graphics calculator to check this result. MODELLING O Re 
Times must be given in hours after midnight, g B 
ie. (6.77, —1), (13.3, 1), (19.22, —1), etc. 


EXERCISE 12€ 


1 Below is a table which shows the mean monthly maximum temperatures (ºC) for a city 
in Greece. 





NAM RSA RI 2 SR 2 RO RA 20 


US RG; 








a Use a sine function of the form Tx AsinB(t-C)+D to model the data. 
Find good estimates of the constants 4, B, C and D without using technology. 
Use Jan=1, Feb=2, etc. 


b Use technology to check your answer to a. How well does your model fit? 


2 The data in the table shows the mean monthly temperatures for Christchurch. 


[Jan [Fsb [Mar [ Apr [May [um [Tuly [ Aug [Sept Oct [Nov [Dec] 





a Find a sine model for this data in the form Tx AsinB(t-C)+D. Assume 
Jan = 1, Feb = 2, etc. Do not use technology. 


b Use technology to check your answer to a. 
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At the Mawson base in Antarctica, the mean monthly temperatures for the last 30 years 
are as follows: 


[Month [Fam [Feb [Mar [Apr [May Jum [ July [Aug [Sept Oct [Nov [Dec] 








[Enperature 00) 0 [4 [-10[-I5[-16 [17 [18/19] 17[18[ =6 [1] 


Find a sine model for this data using your calculator. Use Jan = 1, Feb = 2, etc. How 
appropriate is the model? 


Some of the largest tides in the world are observed in Canada's Bay of Fundy. The 
difference between high and low tides is 14 metres and the average time difference 
between high tides is about 12.4 hours. 

a Find a sine model for the height of the tide HM in terms of the time t. 

b Sketch the graph of the model over one period. 


Revisit the Opening Problem on page 284. 


The wheel takes 100 seconds to complete 
one revolution. Find the sine model which 10m 
gives the height of the light above the 
ground at any point in time. Assume that at 
time t = 0, the light is at its lowest point. Y 





DEMO We return to the Ferris wheel to see the cosine 
function being generated. 


Click on the icon to inspect a simulation of the 
view from above the wheel. 














Now view the relationship between the 
sine and cosine functions. 

Notice that the functions are identical 
in shape, but the cosine function is 5 
units left of the sine function under a 
horizontal translation. 


This suggests that cosa = sin (a “FP =). 


The graph being generated over time is a cosine 
function. 


=y 


d 
This is no surprise as cos0 = TO 
andso d= 10coso. 





x 








mr 
2 


GRAPHING 


PACKAGE 


Use your graphing package or graphics calculator to check this by graphing 
y=cosz and y=sin(r+5). F 
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Example 4 


On the same set of axes graph y=cosz and y=cos ( 


v— E). 


3 





EXERCISE 12D 


1 Given the graphof y=cosgz, 
sketch the graphs of: 


a = cost +2 b = cost —1 

d y=cos(z+5) e y=Êcosz 

9 y=-cosgz h y=-cos(r—- 5)+1 
| y=cos2r k y=cos (5) 


2 Without graphing them, state the periods of: 


z 


a y=cosdr b y=cos(&) 


3 The general cosine functionis y= AcosB(zx— C)+D. 
State the geometrical significance of 4, B, C and D. 








y = cosa 
y=cos(r+7)-—1 
y = 3cos2r 


y=cos (Za) 


& For the following graphs, find the cosine function representing them: 





Consider the unit circle diagram given. 

P(cos 0, sin 0) is a point which is free to move around 
the circle. 

In the first quadrant we extend [OP] to meet the 


tangent at A(l, 0) so the intersection occurs at Q. 
As P moves, so does Q. 


The position of Q relative to A is defined as the 
tangent function. 


Notice that As ONP and OAQ are equiangular and 
therefore similar. 
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AQ  NP 
OA ON 


Consequently 


e, 
1 cos 6 


A i sin 0 
ao = Ene which suggests that tan6 = 








cos 0 


The question arises: “If P does not lie in the 
first quadrant, how is tan 6 defined?” 








" Q(, tan0) 


A(O) For O obtuse, since sin O is positive and cosô is 


. sm6 . ; 
negative, tan)= —— is negative. 


os 6 


As before, [PO] is extended to meet the tangent 
at A at Q(1, tan 6). 


1 QI, tand) For 6 in quadrant 3, sinô and cos0 are both 











> X 
A(,0) 


negative and so tan O is positive. This is clearly 
demonstrated as Q is back above the x-axis. 


For 0 in quadrant 4, sin 0 is negative and cos 6 
is positive. So, tan O is negative. 











> x 
A(I, 0) 


Q(1, tan0) 








EXERCISE 12E.1 


What is tan 0 when P is at (0, 1)? 
What is tan 0 when P is at (0, —1)? 


1 Use your calculator to find the value of: 


a tan0º b 
e tan35º f 


2 Explamn why tan45º =1 


tan 15º c tan20º d tan25º 
tan 45º 9 tan50º h tan55º 


exactly. 
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THE GRAPH OF y = tanz 


The graphof y=tanz is 


DEMO z 





DISCUSSION l 


e Is the tangent function periodic? If so, what is its period? 


e For what values of x does the graph not exist? What physical 
characteristics are shown near these values? Explain why these 
values must occur when cos x = 0. 





e Discuss how to find the x-intercepts of y=tanzg. 
e Whatmust tan(z — 7) simplify to? 
e How many solutions does the equation tanz =2 have? 


EXERCISE 12E.2 


1 a Use a transformation approach to sketch the graphs of these functions, x E [0, 37]: 


i y=tan(x— 5) ii y=-tang il y=tan2r 
b Use technology to check your answers to a. GRAPHING 
Look in particular for: e asymptotes e | x-axis intercepts. FACRAGE 
2 Use the graphing package to graph, on the same set of axes: 


a y=tang and y=tan(x-—l) b y=tanz and y=-tang 
c y=tanz and y=tan(5) 


a ; a . GRAPHING 
Describe the transformation which moves the first curve to the PACKAGE 
second in each case. e 

3 What is the period of: 
a y=tangz b y=tan2z ce y=tanna? 


Linear equations such as 2x+4+3= 11 have exactly one solution. Quadratic equations of 
the form ax? +br+c=0, a£0 have at most two real solutions. 





Trigonometric equations generally have infinitely many solutions unless a restrictive domain 
suchas 0O<xr<37r isgiven. 


We will examine solving trigonometric equations using: 


e preprepared graphs e technology e algebraic methods. 
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For the Ferris wheel Opening Problem the model is H = 10sin S(t — 25) + 12. 


t=50 We can easily check this by substituting t=0,25,50, 75 





H(0) = 10sin(-5) +12=—-10+12=2 / 
t=25  H(25)=10sin0+12=12 v 

H(50) = 10sin(Z) +12=22 à 
etc. 


However, we may be interested in the times when the light is some other height above the 
ground, for example 16 m. We would then need to solve the equation 


10 sin So(t — 25) +12 = 16 which is called a sine equation. 


GRAPHICAL SOLUTION OF TRIGONOMETRIC EQUATIONS 


Sometimes simple sine or cosine graphs are available on grid paper. In such cases we can 
estimate solutions straight from the graph. 


For example, we could use a graph to find approximate solutions for trigonometric equations 
suchas cos6=0.4 for 0O<0< 10 radians. 






O cg q É 


a 


y=0.4 meets y=cos0 at A, Band C and hence 0=1.2,5.1 orT.4. 





So, the solutions of cos9 = 0.4 for O<0< 10 radians are 1.2,5.1 and 74. 


EXERCISE 12F.1 
1 





Use the graph of y=sinx to find, correct to 1 decimal place, the solutions of: 
a sinz=0.3 for 0O<x< 15 b snz=-04 for 5<x< 15 
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Use the graph of y = cosa to find, to 1 decimal place, approximate solutions of: 
a cosz=0.4, ze[0,10] b cosz=-0.3, xe [4,12] 


y=sin2x 





Use the graph of y=sin2x to find, correct to 1 decimal place, the solutions of: 
a sin2r=0.7, xe [0,16] b sin2r=-0.3, x €[0, 16] 


4 Thegraphof y=tanz is 
illustrated. 


a Use the graph to find 
estimates of: 


i tanl dl tan2.3 
b Check your answers with 
a calculator. 
ce Find, correct to 1 decimal 
place, the solutions of: 
i tanvx=2 for 
0<x<8 
ii tanvx=-1.4 for 
2<u<7 
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SOLVING TRIGONOMETRIC EQUATIONS USING TECHNOLOGY 


Trigonometric equations may be solved using either a graphing package or a graphics 
display calculator (gdc). 


: : : RAPHIN ES, 
When using a graphics calculator make sure that the mode is set eia B 


to radians. “5 fa 





Solve 2snxz-cosz=4-x for 0<r<27. 





We need to use window settings just larger than the domain. 


In this case,  Xmin=—-S  Xmax = cia Xscale = a 


The grid facility on the gdc can also be helpful, 
particularly when a sketch is required. 


Using the appropriate function on the gdc gives 


the following solutions: 


Inkterseckon 
L=— E S2o ZA 5.81 (3 sf.) H=1.Hiar2is N=2.lBs2rar 





EXERCISE 12F.2 
1 Solve each of the following for 0O<ax< 27: 
a sin(x +42) = 0.0652 b sin?z+sinz-1=0 


2 
c xtan (5) =72-6r+1 d 2sin(2x)cosz=lInx 
2 Solveforz, -2<r<6: cos(x-D)+sin(r+1)=6r+572-— «2 


SOLVING TRIGONOMETRIC EQUATIONS ALGEBRAICALLY 


Using a calculator we get approximate decimal or numerical solutions to trigonometric 
equations. 


Sometimes exact solutions are needed in terms of 7, and these arise when the solutions are 
multiples of € or Z. Exact solutions obtained using algebra are called analytical solutions. 


Reminder: 
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Example 6 


Use the unit circle to find the exact solutions of x, )O<r<3r for: 


i = i pl i as 
a sinz=—5 b sin2x = E c sin (a Ec) 


Substituting k=1,2,83, gives answers outside the required domain. 
Dikewisc gives answers outside the required domain. 
Tm lim 


there are two solutions: x = o OM Sao 


b sin2x= is solved in exactly the same way: 


Hk2m, k an integer 





km (divide each term by 2) 


ha 
ha 


lr, lr, 2, dir dom (obtained by letting k = 0, 1, 2) 


3 is also solved in the same way: 


btor 


tadding 5 to both sides) Don?t forget to try 

k=-—1, —2, etc. as 
sometimes we get 

solutions from them. 


10% is too big, 0 


| 
= il 


2m which is three solutions. 
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Example 7 


Find exact solutions of V2cos(z— *) +1=0 for xel0,67). 


Rearranging v2cos(r— *&) +1=0, wefind cos ( 


pus 


We recognise o] 


as a special fraction (for multiples of 7) 


h +k2m, k an integer 





= h + k2m 
Am 


E k=-1, t==5 01 0, 05 
E RS q ori pedira 


If k=3, the answers are greater than 67. 


So, the solutions are: x =0, %,27, E, 4m, HE or 67. 





Since the tangent function is periodic with period 7 we see that tan(x +77) =tanx for 
all values of x. This means that equal tan values are 7 units apart. 


Example 8 


Find exact solutions of tan (2x — 5) =1 for ve[-7,7| 


q +hkm (since tanZ=1) 
Tm 
12 = km 


Tm mx 
a tkg 


Example 9 


Find the exact solutions of v3sinx=cosz for 0<rx<27r. 


V3 Sin'T = COST 
i 1 
er = Ta (dividing both sides by 3 cosa) 


tanx =— 
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EXERCISE 12F.3 


1 List the possible solutions for x if k is an integer and: 
a v=S+k2r, 0<r<67r b x=-S+k2r, —-2T<XTS27 


c r=-Sthm, —Ir<xr<s4r d = +k(5), 0O<r<4m 


2 Find the exact solutions of: 


a cosv=-5, 2€ [0,57] b 2sinz-1=0, -27<2<27 
c 2coszx+V3=0, 0<x<3m d cos (x — E) = 5, q E [-27, 27] 
e 2sin(z+5)=1, ve[-37,37] f v2sin(r-5)+1=0, ze[0,37] 


3 Find the exact solutions of tan X — 3 in terms of 7 only. Hence solve the equations: 
a tan(zx— 2) =v3 b tan4x=v3 c tan2z=3 


4 Find the zeros of: 
a y=sin2x between O and 7 (inclusive) 
b y=sin(z — 7) between O and 37 (inclusive) 


5 a Use your graphics calculator to sketch the graphs of y=sinz and y=cost 
on the same set of axes on the domain x €e[0,27]. 


b Find the x values of the points of intersection of the two graphs. 
ce Confirm that these values are the solutions of sinz=cosz on x€[0,27)]. 


6 Find the exact solutions to these equations for 0O<r<2T: 
a sinz=-—cosg b sin(3x) = cos(3a) c sin(27) = V3cos(2x) 


7 Check your answers to question 6 using a graphics calculator. 
Find the points of intersection of the appropriate graphs. 


ELA) 


The height A(t) metres of the tide above mean sea level on January 24th at Cape 


at 


Town is modelled approximately by  A(t) =3sin (7) where t is the number 


6 
of hours after midnight. 


a Graph y=h(t) for O<t< 24. 

b When is high tide and what is the maximum height? 
c What is the height at 2 pm? 
d 


If a ship can cross the harbour provided the tide is at least 2 m above mean 
sea level, when is crossing possible on January 24? 
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a h(t)=3sin(Z) hasperiod => =27x £=12hous and A(0)=0 





b High tide is at 3 am and 3 pm. The maximum height is 3 m above the mean 
as seen at points A and B. 


c At2pm, t=14 and h(14) =3sin (12) = 2.60 (3 sig figs) 
So the tide is 2.6 m above the mean. 


(14,260) B 





Weneedtosolve h(t)=2 ie, 3sin(H)=2. 


Using a graphics calculator with Y4 = 3sin (=) and Y5=2 


weobtan t =1.39, t,=461, ts =13.39, ty = 16.61 
or you could trace across the graph to find these values. 
Now 1.39 hours = 1 hour 23 minutes, etc. 
can cross between 1:23 am and 4:37 am or 1:23 pm and 4:37 pm. 





EXERCISE 12G 


1 The population of grasshoppers after t weeks where O <t < 12 1s estimated by 
P(t) = 7500 + 3000 sin (=) É 
a Whatis: i the initial estimate il the estimate after 5 weeks? 
b What is the greatest population size over this interval and when does it occur? 
c When is the population | 9000 ii 6000? 
d During what time interval(s) does the population size exceed 10000? 


2 The model for the height of a light on a Ferris wheel is H(t) = 20 — 19sin (25), 
where H is the height in metres above the ground, and t is in minutes. 
a Where is the light at time t = 0? 
b At what time is the light at its lowest in the first revolution of the wheel? 
«e How long does the wheel take to complete one revolution? 
d Sketch the graph of the function H(t) over one revolution. 
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3 The population of water buffalo is given by 
P(t) = 400 + 250sin (7) where t is the number of 
years since the first estimate was made. 
a What was the initial estimate? 
b What was the population size after: 
i 6 months il two years? 
c Find P(1). What is the significance of this value? 
d Find the smallest population size and when it first occurs. 
e Find the first time when the herd exceeded 500. 





& A paint spot X lies on the outer rim of the 
wheel of a paddle-steamer. The wheel has 
radius 3 m and as it rotates at a constant 





rate, X is seen entering the water every 4 | 
seconds. H is the distance of X above the 
bottom of the boat. Attime t=0, X is Hm o Nf water level 
at its highest point. | RR a 
a Find a cosine model for H in the Ea 


form H(t) = AcosB(t- C)+D. Boinas a 
b At what time does X first enter the water? 


5 Overa 28 day period, the cost per litre of petrol was modelled by 
C(t) = 9.2sin T(t — 4) + 107.8 cents L”). 
a True or false? 


i “The cost per litre oscillates about 107.8 cents with maximum price $1.17.” 
ii “Every 14 days, the cycle repeats itself.” 

b What was the cost of petrol at day 7? 

c On what days was the petrol priced at $1.10 per litre? 

d What was the minimum cost per litre and when did it occur? 


H FUNCTIONS 


We define the reciprocal trigonometric functions cosec x, secant x and cotangent x as: 





1 1 1 cos x 
—, secr = and cota = o 
sina cos a tanz | sing 





cscrx — 











Note the important identities: tan2z+1=sec?r and 1+cot2a = cscla 


Proof: Startwith sin2x+cos2r = 1 


2 2 
siníax | costa 1 asa 

5 ao RE 5 fdividing each term by cos? x) 
costr costa  cosíz 








tan?z+1=sec2a 


To prove the second identity we instead divide each term by sin? x. 
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Example 11 


Use sketching techniques from 
Chapter 5 to sketch the graph 


O = =cscar from 


sm x 





the graphof y=siny for 
x E [-27, 27]. 


Check your answer using your 
calculator. 





EXERCISE 12H 


1 Without using a calculator, find cscx, seca and cota for: 


a sina = 5, sSrss b cost = 5, E <a<2r 
2 Without using a calculator, find: 
a csc(5) b cot(Z) c sec(&r) d cot(7) 


3 Find the other five trigonometric ratios 1f: 





a cosa = é and E <a<2m b sinaz =-—3 and T<a< 
c seca = 25 and O<r<7 d cscx=2 and G<r<r 
e tan$ = 5 and m<B< f cot0 = 5 and m<0< 
4 Simphfy: 
a tanxcotgx b sinxcsca c€ cscxcota 
. cota 2sinxcota + 3cosa 
d sinxcotz e f DD 
csc x cota 


5 Use technology to help sketch graphs on [-27, 27] of? a y=secr b y=cotg 


6 Solve for x when x € [0,27]: 
a secr=2 b csox=-v2 ce cotr=4 


d sec2r = 5 e csc3r = —S f cot (22 — 7) +3=0 
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There are a vast number of trigonometric relationships. However, we only need to remember 
a few because we can obtain the rest by rearrangement or substitution. 


SIMPLIFYING TRIGONOMETRIC EXPRESSIONS 


For any given angle 0, sinô and cos0 are real numbers, so the algebra of trigonometry is 
identical to the algebra of real numbers. 


Consequently, expressions like 2sin6+3sinô compare with 2x +3x when we wish 
to do simplification. So, 2sind+3sind = 5sin6. 


To simplify complicated trigonometric expressions, 


A Din = 
we often use the Pythagorean identities: sin 0 + cos*0 =1 


tan20+1 = sec? 0 
1+cot20 = csc2 0 


Notice that we can also use the rearrangements: 


sin?9 = 1-— cos? 0 tan?0 =sec20-1 
cos20 =1-—sin?0 cot?0 = csc20— 1 
EXERCISE 121 
1 Factorise: 
a 1-sin?9 b 3tanZa-2tana c sec?8-csc? 8 
d 2cotiz-3cotx+1 e Isin?r+Tsingcosg +3cosax 
2 Simplify: 
a 3sin?9+3cos?0 b 1-sec28 
c 4-4cos20 d 2costa-? 
tan? O(cot20 41 
e pi ad f cos a(sec2a-—1) 
tan0+1 
g (2sin0+3cos0)2 + (3sind — 2cos0)2 h (1+csc0)(sing — sin? 0) 
R ; : cos? 6 
i sec 4 — sin Atan 4 — cos À i — ——————— 
1+sinô 
k 1+cotô sec 0 cos? 8 — sin? 8 
csc O tan 6 + cot 0 cos 5 — sin 8 
- tan? 0 
sec6 — 1 
3 Prove: 
: cos 6 
a secÃA-cos4A=tanAsinA b -———— =sec0+tan0 
1-sinô 
i in 0 1 9 
c OO op O  cilana d — PC rn 


l-tana 1I-cota 1 + cosô sin 6 
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IN NASeTNo) 
89 What to do: 


Sa 1 Copy and complete for angles 4 and B in radians or degrees: 








A | B |cosA|cosB |cos(A- B) |cosA-— cosB | cosAcosB +sin Asin B 





47º | 24º 
138º | 49º 


Make sure you include some angles of your choosing. 


2 What do you suspect from the results of this table? 

3 Make another table with columns 4, B, sin4, sinB, sin(A+ B), 
sn A+sinB, sin AÁcosB-+cos AsinB and complete it for four sets of angles of 
your choosing. What is your conclusion? 


If 4 and B are any two angles then: cos(A + B) = cos AcosB JF sin Asin B 
sin(A + B) =sin AcosB + cos AsinB 
tan 4 +tanB 
CaniARr pai 


1IFTtanAtanB 


These are known as the compound angle formulae. There are many ways of establishing 
them, but many are unsatisfactory as the arguments limit the angles 4 and B to being acute. 


Proof: 


Consider P(cos4, sin 4) and Q(cosB, sin B) 
as any two points on the unit circle, as shown. 


Angle POQis A-B. 
Using the distance formula: 
(cos A — cos B)2 + (sin A — sin B)2 
(PQ)? = cos? 4 — 2 cos AcosB +cos? B +sin? 4 — 2sin AsinB+ sin? B 
= (cos? A +sin? 4) + (cos? B + sin? B) — 2(cos Acos B +sin Asin B) 
=2-— 2(cosAcosB +sin AsinB) .... (1) 
But, by the cosine rule in APOQ, 
(PQ? = 12º +12 — 2(1)(1) cos(A — B) 
=2-2cos(A-B) .... (2) 
cos(A — B) = cos Acos B +sin Asin B (comparing (1) and (2)) 








From this formula the other formulae can be established: 

cos(A + B) = cos(A — (—B)) 
= cos Acos(— B) +sin Asin(— B) 
= cos Acos B+sin A(— sin B) [cos(—0) = cos0 and sin(—0) = — sin 0) 
= cos AcosB — sin Asin B 
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Also  sin(A-B) sin(A + B) 
— cos(Z — (A — B)) = sin(A — (—B)) 
= cos((Z — 4) + B) = sin Acos(— B) — cos Asin(— B) 
= cos(Z — A) cosB — sin(Z — A)sin B = sin Acos B — cos A(— sin B) 
id edi Dos ÁsE = sin AcosB +cos Asin B 
tan(A + B) tan(A — B) 
 sin(A+B) = tan(A + (-B)) 
— co(A+B) — tanÃA+tan(-B) 
sin Acos B + cos Asin B “— 1-tanAtan(-B) 
“ cosÃcosB— sin AsinB — tanÃA-tanB 
sin Acos B E cos Asin B 1 +tan Atan B 
cosÁcosB | cosÃÁcosB [tan(—B) = — tan B) 


cos AcosB  snAÁsinB 
cos ÁcosB  cosÃcosB 


tan4A +tan B 
l-tanAtanB 


Example 12 


Expand and simplify sin(270º + a) 
sin(270º + a). = sin 270º cosa + cos 270º sina 
= -—lIx cosa + Oxsina 





= COS 


Example 13 


Simplify: cos 30 cos 8 — sin 30 sin 0 
cos 30 cos 0 — sin 30 sin 0 = cos(30 + 0) (compound formula in reverse) 
= cos 40 


Example 14 


Without using your calculator, sin 75º = sin(45º + 30º) 

= sin 45º cos 30º + cos 45º sin 30º 
= (505) + (So)(S) 

= — =) v2 


show that sin75º = Vans, 


22 


Es Eae 
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EXERCISE 12) 


10 


13 


Expand and simplify: 


a sin(90º +60) b cos(90º +60) c sin(180º — a) 
d cos(r+a) e sin(27— 4) f cos(é — 0) 
9 tan(Z+0) h tan(0- É) i tan(m+0) 


Expand, then simplify and write your answer in the form Asind+ Bcos0: 











a sin(0+5) b cos — 0) c cos(0+5) d sin(Z-0) 
Simplify using appropriate compound formulae in reverse: 
a cos28cos0 +sin20 sind b sin2Acos A+ cos2Ásin À 
c cosÁsinB — sin AcosB d sinasinf+cosacos 5 
e sinósinf — cosqcos0 f 2smacos5-— 2cosasin 
tan 26 — tanQ h tan24 + tan 4 
1 +tan20tan 6 1-—-tan2Atan À 
Prove: 
in 20 in 2 20 
SD ang=0 b csc20 = tanb + cot20 « da Ee = sec 0 
1+cos20 sin 0 cos 0 
Simplify using compound formulae: 
a cos(a+ 8) cos(a — 8) — sin(a + 8) sin(a — 8) 
b sin(0 — 29) cos(0 + q) — cos(0 — 29) sin(0 + &) 
c cosacos(8— a) — sinasin(8 — a) 
Without using your calculator, show that the following are true: 
a cos75º = v8.2 b sinl05º = vB+v2 ce cos(BT) = —v8-v2 


Find the exact value of each of the following: a tan (E) b tan105º 


If tan4= = and tanB = — find the exact value of tan(A + B). 


If tanÃÁ= Ê evaluate tan (A + z). 


Simplify each of the following: 


A tan (A+ 5) tan (A- 5) b tan(A+ B) +tan(A — B) 


1 — tan(A + B)tan(A — B) 


tan 80º — tan 20º 


Si lif , iv tvalue: ———>>>——— 
imphHiy, givmg your answer as an exact value 1 E tan 80º tan 20º 


If tan(A+B)=& and tanB=&3, find the exact value of tan 4. 


Find tan 4 if tan(4-— B)tan(A+B)=1. 


14 


15 


16 


17 


19 
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Find the exact value of tana in the diagram: C 
5 cm 
3 cem 
A 10 cm B 
Find the exact value of the tangent of the acute angle between two lines if their gradients 


1 2 
are 5 and 5 


Express tan(A+B+C) intermsof tan4, tanB and tanC. 


Hence show that, if 4, B and € are the angles of a triangle, 
tanÃA+tanB+tanC =tan Atan BtanC. 

















Show that 
a v2cos(9+7%) =cos6 — sind. 
b 2cos (9 — 5) = cos6 + V3sin 0. 
c cos(a+ 8) — cos(a — 8) = —2sinasin f. 
d cos(a + 8) cos(a — 8) = cos? a — sin? 6. 
Prove that, in the given figure, a + 6 =. E 
a Show that: sin(A+ B) +sin(A-— B) =2sin AcosB 
b From a we notice that sin AcosB = isin(A+B)+ isin(A— B) and this 
formula enables us to convert a product into a sum. Use the formula to write the 
following as sums: 
i sin30cos6 ii sin6acosa iii 2sin5fcos8 
iv 4cosôsin 46 v 6Gcostasin3a vi 3 cos5AÁsin34 
a Show that cos(A+ B) +cos(A — B) = 2cos Acos B 
From a we notice that cos AcosB = Icos(A+B)+ icos(A-— B). 
Use this formula to convert the following to a sum of cosines: 
i cos40cos6 il cosTacosa ii 2cos35cosB 
iu GcosaxcosTa v 3cosPcos4P vi cos4rcos2xr 
a Show that cos(A — B) — cos(A + B) = 2sin Asin B. 


b From a we notice that sin AsinB = 5 cos(A — B) — S cos(A + B). 
Use this formula to convert the following to a difference of cosines: 
i sn30sin6 il sin6asna il 2sin5Bsin6 
iv 4sin0sin40 v 10sin24sin84 vi fsin3Msin7M 
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22 sin AcosB = 5sin(A+B)+5sin(A-B) (1) 
cosAcosB = Scos(A+B)+Scos(A-B) ..... (2) 
sin AsinB = Scos(A-— B) —- icos(A+B) ..... (3) 


are called products to sums formulae. What formulae result if we replace B by A in 
each of these formulae? 
23 Suppose 4+B=S and A-B=D. 
a Show that A= E and B= 2. 
b Forthe substitution A+B=S and A-B=D, show that equation (1) in 
question 22 becomes sin S +sin D = 2sin (2) cos (2) nisi (4) 
c In (4) replace D by (— D) and show that sinS— sin D = 2 cos (2) sin (2) : 
d What results when the substitution A = paes and B = ER is made into 
(2) of question 222 


e What results when the substitution A = o and B= sp is made into 
(3) of question 2297 





24 From question 23 we obtain the formulae: 
sin S +sin D = 2sin (2) cos (52) cosS + cos D = 2cos (2) cos (52) 
sinS — sin D = 2 cos (2) sin (2) cosS — cos D = —2sin (S2) sin (2) 


These are called the factor formulae as they convert sums and differences into factorised 
forms. Use these formulae to convert the following to products: 


a sinjr-+sing b cos84-+cos2A € cos3a- cosa 
d sin50 —-sin30 e cosTa-cosa f sindatsinTfa 
g cos2B — cos4B h sin(zx+Hh)-sinz i cos(x+h)-—cosz 


K AULAE 


By replacing B by 4 in each of the addition compound angle formulae (on page 310), we 
obtain the double angle formulae. 





Replacing B by A in the formula sin(A+ B) =sin AcosB +cos AsinB 
we obtain sin(A+ 4) =sin Acos A+ cos Asin À 
sin2A4 — 2sin Ácos À 





Replacing B by A in the formula cos(A+ B) = cos AcosB — sin Asin B 
we obtain cos(A+ 4) = cos Acos À — sin Asin À 


cos24 = cos? A — sin? À 
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Two other forms of this formula can be obtained by respectively replacing 
cos2 A by 1-sin?A and sin? A by 1-cos A. 
We obtain cos24=(1-sin?4)--sin?A =1-2sin? A 
and cos24=cos2A-(1-cos? 4) =2cos2 4-1 
tan A +tan B 
Replacing B by 4 in the f l A+B)=————— 
eplacing B by A in the formula tan(A+ B) TEA 
tan A +tan À 
btain tan(A+A4A)=—————— 
Heroi, tançA da) 1-—-tan Atan À 
2tan À 
1-—-tan? A 





tan2A4 = 


The double angle formulae are: 


sin24 = 2sin Acos A 


cos24 = cos2 4 — sin? À 
e GRAPHING 
=P 2 'sinçA PACKAGE 
=2cos?2A-1 “ 
2tan A 
tan24 = 


1— tan? A 


Example 15 
Given that sina = 5 sin 2a cos 2a 
and cosa = —& find: = 2sina cosa = cos a-sin?a 
à =2(3)—é E O 
a sin2a b cos2a (cs =(—5) (6) 
“2 


nano 


Example 16 


and cosa = E, find tan2a. 


Given that sina = — — 


-120. 
E 





316 ADVANCED TRIGONOMETRY (Chapter 12) 


Example 17 


If a is acute and cos2a = É find the values of a cosa b sina. 


cos2a = 2cos?a-—1 sina = v1-cosZa 


Ss 2 : 
g=2cos*a-—l fas a is acute, sina > 0h 


2 : 
GU 0 = E sinto — 





cosa — à 


e VOTE 
COL o 


fas a is acute, cosa > 0h 


Example 18 


Use an appropriate “double angle formula” to simplify: 
a 3sinôcos0 b 4cos22B-—2 


3sin 0 cos0 4cos22B — 2 
> (2 sin 0 cos 6) =2(2cos22B — 1) 
cos 22 B) 


> sin 20 
= 2 cos4B 





EXERCISE 12K 


1 If snÃA= ê and cosÃ= ê find the values of: a sin2A b cos2A 


2 a Tf cosA = 3, find cos24. b Tf sind =—3, find cos2%. 


3 a If sna=-S where m<a< E find thevalue of cosa and hence the 


value of sin 2a. 


b If cos8 = 2 where = < 8 <27, find the value of sinf and hence the 


5 
value of sin 25. 


4 Ifa is acute and cos2a = -E, find without a calculator: a cosa b sina 


5 Find the exact value of tan Á if tan24 = — and A is obtuse. 


6 Find the exact value of tan 4 if tanZA = —E and À is acute. 


rm 


7 Find the exact value of tan (E hi 


8 If snA=-5, T<XA< 2 and cosB= 


a tan(A+4B) b tan24. 


Es 
v5º 


9 Find the exact value of [cos (5) + sin (5)| E 


10 


12 


13 


14 


15 


16 


17 


18 


19 


21 
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Use an appropriate “double angle” formula to simplify: 


a 2sinacosa b 4cosasina c sinacosa 

d 2cos28-1 e 1-2cosq f 1-2sin2N 

gs 2sin?M-1 h cos?a-sina i sinfa-cosa 

| 2sin2Acos2A k 2cos3asin3a | 2cos240-1 

m 1-2cos238 n 1-2sin?5a o 2sin?3D-1 

p cos224-sin?24 q cos(S) —sin?(S) r 2sin?3P —-2cos?3P 
Show that: GRAPHING 


PACKAGE 


a (sin0+cos0)2=1 +sin20 b cos!0 —sint9 = cos20 ae 


Find the exact value of cos À in the diagram: 





a b 
24 
5 cm ci 
A 
7em 
2 em 
Find the domain and range of: 

a zvHtang b vsec2r c xr cot(3x) 
Prove that: a sin?0 = 4 — à cos20 b cos260 = 5 + 1 cos20 
Prove the identities: 

sin 20 sin 0 + sin 20 
—————— = cotô b -——>—>———>—  =tan6 
1- cos20 So 1 + cos6 + cos 26 Re 


If v3sinz+cosz =ksin(x+b) fork>0 and 0O<b<27, find k and b. 


Use the identity sin A-—sinB=2cos5(A+ B)sin5(A-— B) to show that 
if sn A=sinB, theneither A=B+k2r or A+B=n+k27. 


a Prove that cos30 = 4cos20 — 3cos6 by replacing 30 by (20 + 0). 
b Hence, solve the equation 8cos?0—-6cos0+1=0 for 0e[-7,7]. 


a Write sin30 inthe form asin?0+bsind wherea, be Z. 
b Hence, solve the equation sin30=sin0 for 0€ [0,37]. 


Use the basic definition of periodicity to show algebraically that the period of 


2 
f(x) = sin(nx) is O foral n>0. 
n 


a Write 2cosz — 5sinax inthe form kcos(z+b) fork>0, 0<b<27m. 








b Use ato solve the equation 2cosz— 5siny=-2 for O<r<rT. 

; ; 1-2 
c Given that t = tan(5), prove that sina — [FA and cosa = Le: 
d Solve 2cosz-—5sinzx=-2 for )O<r<r7r usinge. 
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Sometimes we may be given trigonometric equations in quadratic form. 


For example, 2sin2r+sinz =0 and 2cos?zx4cosz—1 = 0 are clearly quadratic 
equations where the variables are sinx and cosx respectively. 


These equations can be factorised and then solved: 


2sin?z+sinz =0 and 2cos?zx+cosz+1=0 
sinz(2sinz+1)=0 “ (2cosz— I(cosz+1) =0 
sing =0or-s  cosv=5or-l 
etc. etc. 


The use of the quadratic formula is often necessary. 


EXERCISE 12L 


1 Solvefor ze [0,27] giving your answers as exact values: 


a 2sin?x +sinz=0 b 2cos?x = cosg c 2cosrx+cosz—-1=0 
d 2sinx+3sinz+1=0 e sinfzx=2-cosz f 3tanz=cotx 
g sin4x=sin2x h sinz+cosz=v2 


2 Solvefor «e [-7,7| giving your answers as exact values: 
a 2snr+csex=3 b sin2x+cosz-—2sinz-—1=0 
c tanfz-2tan2z—-3=0 


3 Solvefor ve [0,27]: 
a 2cosx=sinz b cos2x+5sinz=0 c 2tanZr+3secir=7 


EXERCISE 12M 





1 a Simplify 1+sinz+sinz+sinirssinta+..... Hein" lg. 





b What is the sum of the infinite series 1+sinz+sin2r+siniz+..... q 


c Ifthe series in b has sum 3, find « such that a E [0,27]. 


2 We know that 2sinxcosax =sin2g. 
a Show that: 
i 2sinz(cosy+cos3x) =sin4r ii 2sinx(cosz+cos3r+cos5ax) = sin6x 
b What do you suspect the following would simplify to? 
i 2sina(cosz + cos3x + cos5a + cos Tx) 
il cosx + cos3r + cosõx + ..... + coslda (ie. 10 terms) 


ce Write down the possible generalisation of b ii to n terms. 
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sin2r | sin(2lx) 
om 
a Prove that: . 
sin(22x) 


a a sin(23x) 
| sinxcosxcos2r = 2 il sinxcoszcos2r cos4x = O. 


b If the pattern observed in a continues, what would: 





3 From sin2xz = 2sinxcosz we observe that sinxcosa = 


i sinzxcoszcos2x cos4x cos8x 
il snzxcosxcos2z....cos32x simplify to? 


ce What is the generalisation of the results in a and b? 


4 a Use the principle of mathematical induction to prove that: 

sin 2n0 

2sin6” 

b What does cos6 + cos30 + cos50 + ...... + cos310  simplify to? 





cos 0 + cos 30 + cos 50 + ...... + cos(2n — 1)0 = neZr. 


5 Use the principle of mathematical induction to prove that: 








; é : : 1 — cos2n0ô 
sin 0 + sin 30 + sin 50 + ...... + sin(2n — 1)60 = RR 
sin 
for all positive integers n, and hence find the value of 
sin 5 + sin de + sin “e Hsing +sin = + sin ee + sin Er 
6 Use the principle of mathematical induction to prove that: 
sin(2” x 
cost x cos2x x cos4r x cos8z....... cos(2"" lx) = Ra for alln e Z*. 
2” xsinx 


7 Use the principle of mathematical induction to prove that: 


cos? 8 + cos? 20 + cos? 36 + cos? 40.......cos2(n6) = 5 | + nO 
sin 


cos(n + 1)0 sin e 
for alln e Z*. 


REVIEW SET 12A 


Without using technology draw the graph of y=4sinz for 0O<ua 
Without using technology draw the graph of y=sin3ãr for 0O< 


1 
2 
3 State the period of; a y=4sin (5) b y=-2tandy 
4 Without using technology draw a sketch graph of y=sin (a E 5) Ena 
5 


The table below gives the mean monthly maximum temperature (ºC) for Perth Airport 
in Western Australia. 





Month | Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec 





a Asine functionofthe form Tx AsinB(t-C)+D isused to model the data. 
Find good estimates of the constants 4, B, C and D without using technology. 
Use Jan = 1, Feb = 2, etc. 


b Check your answer to a using your technology. How well does your model fit? 
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6 Use technology to solve for xe[0,8]: 
a sina = 0.382 b tan(Z) = —0.458 


7 Use technology to solve for x e[0,8]: 
a sin(r— 2.4) = 0.754 b sin(z+ 5) = 0.6049 


8 Solve algebraically in terms of 7: 


a 2sing=-1 for ze [0,47] b v2sinz-1=0 for xe [-27,27] 


9 Solve algebraically in terms of 7: 


a 2sin3x4+V3=0 for xe [0,27] b secêx=tanz41 for xe [0,27] 


10 An ecologist studying a species of water beetle 
estimates the population of a colony over an eight 
week period. If t is the number of weeks after the 
initial estimate is made, then the population can 
be modelled by P(t) = 5 + 2sin(Z) where 

(ES 


What was the initial population? 
What were the smallest and largest populations? 


During what time interval(s) did the population 
exceed 60002 


a o o 





Na MAD) 


1 Solve algebraically, giving answers in terms of 7: 

a sinz-sinz-2=0 b 4sin2z=1 

a Onthe same set ofaxes, sketch y=cosz and y=cosr-—B. 

b On the same set of axes, sketch y=cosz and y=cos (E = z). 
c On the same set of axes, sketch y=cosz and y=3cos2z. 


d Onthe same setof axes, sketch y=coszx and y=2cos (a E 2) + 8. 

3 In an industrial city, the amount of pollution 
in the air becomes greater during the working 
week when factories are operating, and lessens 
over the weekend. The number of milligrams 

of pollutants in a cubic metre of air is given by 


P(t) = 40+12sinZ (t— 55) 





where t is the number of days after midnight 
on Saturday night. 


a What is the minimum level of pollution? 
b At what time during the week does this minimum level occur? 
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4 Find the cosine function represented in the following graphs: 








5 Use technology to solve: 
a cosz=0.4379 for O<r< 10 b cos(x— 2.4) = -—0.6014 for |O< rx <6 


6 Find the exact value of: a cos(165º) b tan(5) 
Find the exact solutions of: 


a tan(x— 3) = 55: x € [0, 47] b cos(r+5)=5, ve[-27,27] 


8 Find the exact solutions of: 
a v2cos(r+7)-1=0, ve[0,47] b tan2z-V3=0, ze [0,27] 


OS 
9 Simplify: a cos'0+sin?0cos0 b —— CS Sino 
mn 
2 
[a 
Es e cos20(tang+1)/-1 
cos O 


10 Expand and simplify if possible: a (2sina-1)2 b (cosa-sina)? 


REVIEW SET 12C 


1 Simplify: 
1-— cos?0 b sina — cosa 4sin?a-— 4 
1+ cos0 sin?a -— cos? a 8cosa 

2 Show that: 


cos 6 1+sinô 


—— > +>— = — 8 — cos? 9) = sin? 0. 
Lam GO 2sec0 b (1+ ) (cos cos ) sin” 0 


1 
cos 6 


3 É snÃA= É and cos4= 42 findthevaluesof: a sin24 b cos2A4 


13 

4 If sina = —-&, ae [7, 2] find the value of cosa and hence the value of 
sin 20. 

5 If cosv=-? and m<u< 5 find theexact value of sin(Z). 


6 a Solve algebraically: 
| tanz=4 ii tan(Z)=4 il tan(z—1.5)=4 
b Find the exact solutions in terms of 7 only for: 
i tan (x + 5) =-V3 dd tan2x=-v3 il tan2z-3=0 
€ Use technology to solve 3tan(x — 1.2) = —2. 


7 If tand= —3 3 <0<7, findsinf and cos without using a calculator. 
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sin2a — sina : : 
8 Showthat ————————— simplifies to tan a. D 
cos2a — cosa + 1 


9 Simplify: a cos (E — ) b sin (0+ 5) 


10 Find the length of BC: 


A 1B 


—Sm—— 


NAM) 


1 Show, in the simplest possible way, that: 
a 2cos (0 + 5) = cos6 — sin 





b cosacos(8— a) — sinasin(8 — a) = cos B 


2 If sina=4& for aze[Z,7], find without using a calculator the exact values of: 





a cosz b sin2z € cos2x d tan2z 
3 Show that sin (=) = >V 2— 2. using a suitable double angle formula. 
4 Ifa and 5 are the other angles of a right angled triangle, show that sin2a = sin25. 
5 Provethat: a (sin0+cos0)2=1+sin20 b csc2x+4cot2x =cotx 
6 Solve for x in [0, 27]: a 2cos2r+1=0 b sin2x = —-v3cos2x 
2 
7 c Prove that: a sin20 = aa 
a c 
2 b2 
A b cos = 5 
c 
8 If tan2a= ã for a €e]0, 5[, find sina without using a calculator. 
A : : 
9 Without using a calculator: 
3 em 
a Show that cosa = ê. 
ao e b Show that x is a solution of 3x2 — 25x + 48 = 0. 
5 cm c Find x by solving the equation in b. 
B 


10 From ground level, a shooter is aiming at targets on a vertical brick wall. At the 
current angle of elevation of his rifle, he will hit a target 20 m above ground level. If 
he doubles the angle of elevation of the rifle, he will hit a target 45 m above ground 
level. How far is the shooter from the wall? 





Matrices 


Contents: 


vp 





Matrix structure 


Matrix operations and 
definitions 


The inverse of a 2x2 matrix 
3x3 and larger matrices 


Solving systems of linear 
equations 


Solving systems using row 
operations 


Induction with matrices 


Review set 13A 
Review set 13B 
Review set 13C 
Review set 13D 
Review set 13E 
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Matrices are rectangular arrays of numbers which are used to organise information of a 
numeric nature. They are used in a wide array of fields extending far beyond mathematics, 
including: 
e Solving systems of equations in business, physics, engineering, etc. 
e Linear programming where we may wish to optimise a linear expression subject to 
linear constraints. For example, optimising profits of a business. 


e Business inventories involving stock control, cost, revenue and profit calculations. 
Matrices form the basis of business computer software. 


e Markov chains for predicting long term probabilities such as in weather. 

e Strategies in games where we wish to maximise our chance of winning. 

e Economic modelling where the input from various suppliers is needed to help a 
business be successful. 

e Graph (network) theory used to determine routes for trucks and airlines to minimise 
distance travelled and therefore costs. 

e Assignment problems to direct resources in industrial situations in the most cost 
effective way. 


e Forestry and fisheries management where we need to select an appropriate sustainable 
harvesting policy. 


e Cubic spline interpolation used to construct curves and fonts. Each font is stored in 
matrix form in the memory of a computer. 


e Computer graphics, flight simulation, Computer Aided Tomography (CAT 
scanning) and Magnetic Resonance Imaging (MRI), Fractals, Chaos, Genetics, 
Cryptography (coding, code breaking, computer confidentiality), etc. 





A matrix is a rectangular array of numbers arranged in rows and columns. 


In general the numbers within a matrix represent specific quantities. You have been using 
matrices for many years without realising it. 


For example: 





Consider these two items of information: 





Shopping list 
Bread Aloaves 
Juice | carton 
Eggs 6 





Cheese | 
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We can write these tables as matrices by extracting the numbers and placing them in square 
or round brackets: 





number 
B | ) SR 2 
6 12 - 6 12 
J 1 and lo 23) * simply 1 and E 5 
E|6 glio 34 6 10 3 4 
Cc|1 1 


Notice how the organisation of the data is maintained in matrix form. 


E has 4 rows and 1 column and we say 
6 that this is a 4x 1 column matrix or 
1 column vector. 
colum 2 ———————+ 
6 1.2 has 3 rows and 3 columns and is 
9 03 called a 3 x 3 square matrix. 
row3 —— | 10 3 4 


Fi 


ER has 1 row and 4 columns and is called 
a 1x4 row matrix or row vector. 


this element, 3, is in row 3, column 2 


Note: e An mxn matrix has m rows and n columns. 


t 


rows columns 


e mxn specifies the order of a matrix. 


In business, a matrix can be used to represent numbers of items to be purchased, prices of 
items to be purchased, and so on. 


Example 1 


Lisa goes shopping at store A to buy 2 loaves of bread at $2.65 each, 3 litres of 

milk at $1.55 per litre, and one 500 g tub of butter at 82.35. 

a Represent the quantities purchased in a row matrix Q and the costs in a column 
matrix A. 

b Lisa goes to a different supermarket (store B) and finds that the prices for the 
same items are $2.25 for bread, 81.50 for milk, and $2.20 for butter. 
Write the costs for both stores in a single costs matrix C. 





a The quantities matrix is Q = [ PAR ] 


Pe a 


bread milk butter 


Doo || == ojesenl 
The costs matrixis A= | 1.55|]-— milk 
Deo [== ogiiisr 
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b We write the costs for each store in separate columns. 


DA ZA «— bread 
The new costs matrixis C= | 1.55 1.50 «— milk 
ER 22 () «— butter 


| 


store A store B 





EXERCISE 13A 


1 Write down the order of: 


a b c d |123 

[| 10 2] H É E 204 
7 

510 


2 A grocery list consists of 2 loaves of bread, 1 kg of butter, 6 eggs and 1 carton of cream. 
The cost of each grocery item is 81.95, $2.35, $0.15 and $0.95 respectively. 
a Construct a row matrix showing quantities. 
b Construct a column matrix showing prices. 
c What is the significance of (2x 1.95) +(1 x 2.35) + (6 x 0.15) + (1 x 0.95)? 


3 Big Bart's Baked Beans factory produces cans of baked beans in 3 sizes: 200 g, 300 g 
and 500 g. In February they produced respectively: 


1000, 1500 and 1250 cans of each in week 1; 1500, 1000 and 1000 of each in week 2; 
800, 2300 and 1300 cans of each in week 3; 1200 cans of each in week 4. 


Construct a matrix to show February”s production levels. 


& Over a long weekend holiday, a baker produced the 
following food items: On Friday he baked 40 dozen 
pies, 50 dozen pasties, 55 dozen rolls and 40 dozen buns. 
On Saturday, 25 dozen pies, 65 dozen pasties, 30 dozen 
buns and 44 dozen rolls were made. On Sunday 40 dozen 
pasties, 40 dozen rolls, 35 dozen of each of pies and buns 
were made. On Monday the totals were 40 dozen pasties, 
50 dozen buns and 35 dozen of each of pies and rolls. 
Represent this information as a matrix. 


MATRIX NOTATION 


Consider a matrix A which has order m x n. 












We can write EENa nc 
RD em 
and aj; is the element in the ith row, jth column. 


For example, as3 is the number in row 2 and column 3 of matrix A. 
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EQUALITY 


Two matrices are equal if they have exactly the same shape (order) and the elements 
in corresponding positions are equal. 


For example, if [: à] — [ “| then a=w, b=axr, c=y and d=2. 


y 

We can write: AB rc (o;)= (bh) loralhi 

MATRIX ADDITION fa 
A B € 

Thao has three stores (A, B and C). Her stock levels for 23 41 68| dresses 

dresses, skirts and blouses are given by the matrix: 28 39 T79| skirts 
46 17 62] blouses 

Some newly ordered stock has just arrived. For each 20 20 20 

store 20 dresses, 30 skirts and 50 blouses must be added 30 30 30 

to stock levels. Her stock order is given by the matrix: 50 50 50 

Clearly the new levels are shown as: 23 +20 41+20 68 +20 


28+30 39+30 79+30 
46+50 17450 62450 











23 41 68 20 20 20 43 61 88 
or 28 39 79] +130 30 30] = |58 69 109 
46 17 62 50 50 50 96 67 112 
So, to add two matrices they must be of the same order and then we add 
corresponding elements. 
MATRIX SUBTRACTION 
29 51 19 
If Thao's stock levels were 31 28 32 and her sales matrix for the week was 
15 12 6 40 17 29 
20 16 19| what are the current stock levels? 
19 8 14 


What Thao has left is her original stock levels less what she has sold. Clearly, we need to 
subtract corresponding elements: 


29 51 19 15 12 6 14 39 13 
31 28 32] -—- 1/20 16 19/=|11 12 13 
40 17 29 19 8 14 21 9 15 
So, to subtract matrices they must be of the same order and then we subtract 


corresponding elements. 
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Summary: o A EB=(as)E(b = (ab) 


e We can only add or subtract matrices of some order. 
e We add or subtract corresponding elements. 


e The result of addition or subtraction is another matrix of same order. 




















a A+B b A+C 
a A+B = E ; | — 5 ; | b A+ C camot be found 
as A and C are not the 
E ERR RO a same sized matrices 
apego ie., they have different 


3309 orders. 
-[i 8 | 





Example 3 
E 
CIA DR 
IR 
DR) 
andiABi= ES 
by 2 
find A-B. 





EXERCISE 13B.1 


cel 





5 2 
a A+B 
3 5 —ll 17 4 3 
2 1f P=/10 2 6 and Q=|-2 8 —8|, find: 
—2 —1 7 3 —4 11 


a P+Q b P-Q ce Q-P 
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3 A restaurant served 85 men, 92 women and 52 children on Friday night. On Saturday 


night they serv 


ed 102 men, 137 women and 49 children. 


a Express this information in two column matrices. 


b Use the matrices to find the totals of men, women and children served over the 
Friday-Saturday period. 


4 On Monday 


companies and on Friday he sold them. The 


details are: 


David bought shares im five 


Cost price | 
per share | 


sn) so | 





a Ai down David Era matrix for: | E 827,85 528.75 


b What mat 


i cost price ii selling price Tl = 3133 


rix operation is needed to find E = 32.25 








sa e qa 
David's profit or loss matrix? E 33.56 33.51 


ce Find David's profit or loss matrix. 


5 In November, 


Lou E Gee sold 23 fridges, 17 stoves and 31 microwave ovens. His 


partner Rose A Lee sold 19 fridges, 29 stoves and 24 microwave ovens. 


In December, Lou's sales were: 18 fridges, 7 stoves and 36 microwaves while Rose”s 
sales were: 25 fridges, 13 stoves and 19 microwaves. 


a Write their sales for November as a 3x2 matrix. 


b Write their sales for December asa 3x2 matrix. 


c Write their total sales for November and December as a 3x 2 matrix. 


6 Findrandyif a E “=|: Wu b E [3 À 


3 — 3 y+l y To —y 


3 2 3 


7 alí E 4] and Bs | find A+B and B+A. 


b Explainwhy A+B=B+-A forall 2x2 matrices A and B. 


-1 0 3 4 4 —1 
F e pelo and Gs[s E] find 








8 a For A= 
(A + B) 

b Prove that 
(A + B) 


C and A+(B+C). 


if A, Band C are any 2x 2 matrices then 








C=A+(B4+0). 


Hint: Let A=[0 AE B=[ :] and e SE 


d 


r y z 


MULTIPLES OF MATRICES 


In the pantry there are 6 cans of peaches, 4 cans of apricots and 8 cans of pears. 


6 
This information could be represented by the column vector C= |4 
8 
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12 

Doubling these cans in the pantry we would have 8 whichis C+C or 2€. 
16 

Notice that to get 2€ from C we simply multiply all matrix elements by 2. 


Likewise, trebling 3x6 18 and halving 1 
the fruit cansin sc=I3x4| =112 them gives: 


1 
the pantry gives: 3x8 94 2 


If A = (a;;j) isoforder mxn and k isa scalar, then KA = (ka;;). 
So, to find KA, we multiply cach element in A by k. 


The result is another matrix of order m x n. 


Note: The notation we use is capital letters for matrices and lower-case letters for scalars. 


Example 4 


IDR 
2 RO 


EA is | 


find a 34 b 





EXERCISE 13B.2 


6 12 


1 If bs [4 | find: a 2B b IB c SB dB 
2 3 5 e d 
2 If A=[1 6 À and B=[1 9 3] find: 
a A+B b A-B c 2A+B d 3A-B 


3 Isabelle sells clothing made by four different 
companies which we will call A, B, C and D. 
Her usual monthly order is: 


A B CD 

skirt 30 40 40 60 
dress 50 40 30 75 
evening |40 40 50 50 
suit 10 20 20 15 


Find her order, to the nearest whole number, if: 





a she increases her total order by 15% 
b she decreases her total order by 15%. 
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4 During weekdays a video store finds that its average hirings are: 75 movies (DVD), 
27 movies (VHS) and 102 video/computer games. On the weekends the average figures 
are: 43 VHS movies, 136 DVD movies and 129 games. 


a Represent the data using two column matrices. -— DVD 
b Find the sum of the matrices in a. «— VHS 
c What does the sum matrix in b represent? -—— games 


5 A builder builds a block of 12 identical flats. Each flat is to contain 1 table, 4 chairs, 
2 beds and 1 wardrobe. 


1 
E F= 4 is the matrix representing the furniture in one flat, 
2 what, in terms of F, is the matrix representing the 
1 furniture in all flats? 
ZERO OR NULL MATRIX 


For real numbers, it is true that a+0=0+a=a forall values of a. 


So, is there a matrix O such that A+O=-O+A=A forany matrix A? 


2 


Simple examples like: E | + É o] — h 


3 . 
4 0 0 E suggest that O consists of all 


Zeros. 


A zero matrix is a matrix in which all elements are zero. 


For example, the 2 x 2 zero matrix is Ê o the 2x3 zero matrix is E : | . 


Zero matrices have the property that: 


If A is a matrix of any order and O is the corresponding zero matrix, then 
A+O-O-+A-A. 


NEGATIVE MATRICES 


The negative matrix A, denoted — A is actually —1A. 


, 3 —1 —lx3 —Ix-—l —-3 1 
So, if A=[5 a then A= [115 rs. E 


Thus —A is obtained from A by reversing the sign of each element of A. 


The addition of a matrix and its negative always produces a zero matrix. For example: 
3 —1 7 -3 11 10 0 
2 4 -2 4|- |0 0 


Thus, in general, ANE (AN) = (AN) SP A = (0), 
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MATRIX ALGEBRA 


Compare our discoveries about matrices so far with ordinary algebra. 
We will assume that A and B are matrices of the same order. 


If a and b are real numbers then e JIfA and B are matrices then A+B 
a+b is also a real number. is a matrix of the same order. 


atb=b-+a A+B-B+4A 
(a+b)+c=a+(b+c) (A+B+C=A+(B+C) 
a+0=0+a=a A+O=O+A-=A 
a+(-a)=(-a)+a=0 A+(-A)=(-A)+A=O 








.a 
a half of a is 3 a half of A is 5A (no 5) 








Example 5 


Explain why it is true that: 
a if X+A-B then X-B-A b if 9X=A then X=3A 


If X+A-=B 
then X+A+(-A)=B+(-A) then 
REMO IBESA 
X-=B-A 





EXERCISE 13B.3 


1 Simplify: 

a A+ 2A b 3B-3B ce €C-2C 

d -B+4B e UA+4B) ft —LA+B) 

g —QA-C) h 34 —-(B-A) i A+2B-(A-B) 
2 Find Xin terms of A, B and € if: 

a X+B-=A b B+X=C c 4B+X=-2C 

d 2X=A e 3X=-B f A-X=B 

g 5X=C h UX+A)=B i A-4X=C 


12 


3a tr M= |; q a 


- find X if |IX=M. 
É = 
b If N= [5 a find X if 4X=N. 


1 0 1 4 : 
If a=[1, | and B=[1, a find X if A-2X-3B. 
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MATRIX MULTIPLICATION 


Suppose you go to a shop and purchase 3 soft drink cans, 4 chocolate bars and 2 icecreams. 
We can represent this by the quantities matrix A = [3 4 2] : 


: - soft drink cans chocolate bars ice creams 
If the prices are: 
$1.30 $0.90 $1.20 
1.30 
then we can represent these using the costs matrix B= | 0.90 
1.20 


We can find the total cost of the items by multiplying the number of each item by its respective 
cost, and then adding the results. The total cost is thus 


3 x 81.30 + 4 x $0.90 + 2 x $1.20 = $9.90 


We can also determine the total cost by the matrix multiplication: 


1.30 
AB =[3 4 2] 0.90 
1.20 

= (3x 1.30) + (4x 0.90) + (2x 1.20) 


= 9.90 


Notice that we write the row matrix first and the column matrix second. 


p 
In general, [a b c] A Ra plo ae 
a 
EXERCISE 13B.4 
1 Determine: 1 
õ g 0 
a [3 =| b ji 3 21 ce [6 —1 2 3], 
7 
4 


2 Show that the sum of w, x, y and z is given by [w Ty £| 


RARA 


Represent the average of w, x, y and z im the same way. 


3 Lucy buys 4 shirts, 3 skirts and 2 blouses costing $27, $35 and 839 respectively. 
a Write down a quantities matrix Q and a price matrix P. 
b Show how to use P and Q to determine the total cost. 


4 Im the interschool public speaking competition a first place is awarded 10 points, second 


place 6 points, third place 3 points and fourth place 1 point. One school won 3 first 
places, 2 seconds, 4 thirds and 2 fourths. 


a Write down this information in terms of points matrix P and a numbers matrix N. 


b Show how to use P and N to find the total number of points awarded to the school. 
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MORE COMPLICATED MULTIPLICATIONS 


Consider again Example 1 on page 325 where Lisa needed 2 loaves of bread, 3 litres of milk 
and 1 tub of butter. 


We represented this by the quantities matrix Q = [2 3 1]. 


2.65 2.25 
The prices for each store were summarised in the costs matrix C= |1.55 1.50 
2.35 2.20 


To find the total cost of the items in each store, Lisa needs to multiply the number of items 
by their respective cost. 


In Store A a loaf of bread is $2.65, a litre of milk is $1.55 and a tub of butter is $2.35, so 
the total cost is 2x$2.65 + 3x$1.55 + 1x$235 = $12.30 


In Store B a loaf of bread is $2.25, a litre of milk is $1.50 and a tub of butter is $2.20, so 
thetotalcostis 2x $225 + 3x$150 + 1x$220 = $11.20 





To do this using matrices notice that: 


2.65 2.25 
Qc= [231] x [155 150) = [1230 11.20] 
2.35 2.20 
orders: 1 x — the same — 3 x 2 ExE 


Lo resultant matrix 


Now suppose Lisa”s friend Olu needs 1 loaf of bread, 2 litres of milk and 2 tubs of butter. 


23 o 


The quantities matrix for both Lisa and Olu would be 1 2 9|-— Ou 


bread milk butter 


Lisa's total cost at Store A is $12.30 and at store B is $11.20 


Olu's total costat Store Ais 1x$2.65+2x $1.5542x $2.35 = $10.45 
Store Bis 1x$2.25+2x $1.50+2x $2.20 = $9.65 


So, using matrices we require that 


row 1 X column 1 


row 1 x column 2 
2.65 225 | : 
É 3 | ' L55 150 o E o | 
L 2d Rea Su 10.45 9.65 


a row 2 X column 2 
row 2 X column 1 


2x8 -—— the same — 8 x 2 Hxê 


E. resultant matrix | 


Having observed the usefulness of multiplying matrices in the contextual examples above, we 
are now in a position to define matrix multiplication more formally. 
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The product ofan mxn matrix A with an nxp matrix B, isthe mxp matrix AB in 
which the element in the rth row and cth column is the sum of the products of the 
elements in the rth row of A with the corresponding elements in the cth column of B. 
n 
If C=- AB then (657) = a CO = a;1br; E Qioboj dE esse E EO 
= 
for cach pair i and j with I<i<m and I<j<p. 
Note: The product AB exists only if the number of rows of A equals the number of 
columns of B. 


For example: 


ma=[o a) mm m=[2 7), om nom [oia Cia) 


d cp+dr cq+ds 
a be E ax + by + cz 
If c-[5 E E and D = : , ten CD= [Gtiie. 
2x E mx 2 x El 


To get the matrix AB you multiply rows by columns. To get the element in the 5th row and 
3rd column of AB (if it exists) multiply the 5th row of A by the 3rd column of B. 


Example 6 


135 
RN INS 


E A=[13 5] p=] 


10 
E anda find: a AC 
1 4 b BC 


a Ais 1xH andCis Ex? RPA GSI 


AG Ss] 
Srs rs aos] 
2] 


b Bis 2xE andCis Ex2 EE CESEd? 


Y 
IR 
JR: 
io Al 


3x2+5x1 1x0+3x34 
lx2+3x1 2x0+1x34 
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EXERCISE 13B.5 


1 Explam why AB cannot be found for A = [4 2 1] and B= õ : il 
2 WAis 2xn andBis mx3: 
a When can we find AB? b JIfAB can be found, what is its order? 


ce Why can BA never be found? 


2 1 


3 a For a=[5 4 


| and B=[5 6] find i AB ii BA. 


1 
b For A=[2 0 3] and B=|4 find i AB ii BA. 
2 


231 1 0 — 2 
& Find: a [1 2 1] 010 b —1 1 0 3 
102 0 -—1 1 4 


At a fair, tickets for the Ferris wheel are $12.50 per adult 
and $9.50 per child. On the first day of the fair, 2375 
adults and 5156 children ride this wheel. On the second 
day the figures are 2502 adults and 3612 children. 

a Write the costs matrix C as a 2 x 1 matrix and the 

numbers matrix N as a 2 x 2 matrix. 
b Find NC and interpret the resulting matrix. 
ce Find the total income for the two days. 





6 You and your friend each go to your local hardware stores A and B to price items you 
wish to purchase. You want to buy 1 hammer, 1 screwdriver and 2 cans of white paint 
and your friend wants 1 hammer, 2 screwdrivers and 3 cans of white paint. The prices 
of these goods are: 

















Write the requirements matrix R as a 3 x 2 matrix. 





a 

b Write the prices matrix P as a 2 x 3 matrix. 
c Find PR. 

d What are your costs at store A and your friends costs at store B? 
e Should you buy from store A or store B? 


USING TECHNOLOGY FOR MATRIX OPERATIONS 


instructions on how to perform operations with matrices. OPERATIONS 


— 


Click on the appropriate icon to obtain graphics calculator O 5 MATRIX 


Alternatively, click on the Matrix Operations icon to obtain 
computer software for these tasks. 
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EXERCISE 13B.6 
1 Use technology to find: 


a 13 12 4 3 6 dl b 13 12 4 3 6 dl 
1 12 8/+/]2 9 8 11 12 8/-|2 9 8 
TO 9 7 3 13 17 TO 9 7 3 13 17 
d 
€ 10689 2 6 07 4 
328 6 õ 
22/27 4 50 
89446 1402 6 
3 0 18 11 


Use technology to assist in solving the following problems: 


2 For their holiday, Lars and Simke are planning to spend time at a popular tourist resort. 
They will need accommodation at one of the local motels and they are not certain how 
long they will stay. Their initial planning is for three nights and includes three breakfasts 
and two dinners. They have gathered prices from three different motels. 

The Bay View has rooms at $125 per night. A full breakfast costs $22 per person (and 
therefore 844 for them both). An evening meal for two usually costs 875 including 
drinks. 

By contrast, “The Terrace” has rooms at $150 per night, breakfast at $40 per double and 
dinner costs on average $80. 

Things seem to be a little better at the Staunton Star Motel. Accommodation is $140 per 
night, full breakfast (for two) is 840, while an evening meal for two usually costs $65. 

a Write down a “numbers” matrix as a 1 x 3 row matrix. 

b Write down a “prices” matrix in 3 x 3 form. 

ce Use matrix multiplication to establish total prices for each venue. 

d Instead of the couple staying three nights, the alternative is to spend just two nights. 
In that event Lars and Simke decide on having breakfast just once and one evening 
meal before moving on. Recalculate prices for each venue. 

e Now remake the “numbers” matrix (2 x 3) so that it includes both scenarios. 
Calculate the product with the “prices” matrix to check your answers to c and d. 


3 A bus company runs four tours. Tour A costs 8125, Tour B costs 8315, Tour C costs 
$405, and Tour D costs 8375. The numbers of clients they had over the summer period 
are shown in the table below. 


Tour A Tour B Tour C Tour D 


November 50 42 18 65 Use the information and matrix 
December 65 37 25 82 methods to find the total income 
January 120 29 23 75 for the tour company. 


February 42 36 19 72 


4 The Oregon Motel has three types of suites for guests. 
Standard suites cost 8125 per night. They have 20 suites. 
Deluxe suites cost $195 per night. They have 15 suites. 
Executive suites cost $225 per night. They have 5 suites. 
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The rooms which are occupied also have a maintenance cost: 
Standard suites cost $85 per day to maintain. 
Deluxe suites cost $120 per day to maintain. 
Executive suites cost $130 per day to maintain. 


The hotel has confirmed room bookings for the next week: 
M TW7ThF-ÕõGSõSu 





Standard 15 12 13 11 14 16 8 
Deluxe 4 3 6 2/0 4 7 
Executive 3 1 4 4 3 2 0 


a The profit per day is given by 
(income from room) x (bookings per day) 
— (maintenance cost per room) x (bookings per day) 


Create the matrices required to show how the profit per week can be found. 


b How would the results alter if the hotel maintained (cleaned) all rooms every day? 
Show calculations. 


e Produce a profit per room matrix and show how a could be done with a single 
matrix product. 


PROPERTIES OF MATRIX MULTIPLICATION 


In the following exercise we should discover the properties of 2 x 2 matrix multiplication 
which are like those of ordinary number multiplication, and those which are not. 


EXERCISE 13B.7 


1 For ordinary arithmetic 2x3=3x2 andinalgebra ab = ba. 
For matrices, does AB always equal BA? 


edi “41 0 “4-1 1 
Hint: Try A=[ 3] and B= [5 E 


se loé O ma dell 0 qa AO DA 
cd 0 0 


3 For all real numbers a, b and c it is true that a(b+c) =ab+ac. This is known as 
the distributive law. 


a Use any three 2 x 2 matrices A, B and C to verify that A(B+ C) = AB+4 AC. 
db Novlt A=[0 0). B=[2 4) and c=[U 2]. 
Prove that in general, A(B+ C) = AB+4 AC. 
«e Use the matrices you “made up” in a to verify that (AB)C — A(BC). 
d Prove that (AB)C = A(BC). 
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a bllw x ab ; 
ne E [Ss )=[8 3] ie axa 


deduce that w=z=1 and zx=y=0. 


e 


b For any real number a, itistruethat axl=1Ixa=a. 
Is there a matrix I such that ALI=IA=A forall 2x2 matrices A? 


5 Suppose A2-AA or AXA andthat A? = AAA. 








. , 2 1 ; ; 5 —1 
2 Es 3 — 
a FindAºif a=[5 a b FindAºif a=[3 E 
12 
6 a If A=|3 4| tryto find A? 
5 6 
b When can A? be found, i.e., under what conditions can we square a matrix? 
: 10 9 3 
7 Showthatif I= 01 then P=I and P=I 
NZ 
1=[o | | is ata N 
You should have discovered the identity matrix. 
from the above exercise that: 
Ordinary algebra Matrix algebra 
e Jfa and b are real numbers e IfA and B are matrices that can be multiplied 
then so is ab. then AB is also a matrix. fclosure) 
e ab=ba foralla,b e Ingeneral ABBA. (non-commutative) 
e a0=-04=0 forala e IfOisa zero matrix then 
AO = OA = O forala, 
e a(b+c) =ab+ac e A(B+C)= AB+AC  (distributive law) 
É ; : : 10 
e axl=lxa=a e JfIis the identity matrix 01 then 
AI=IA=A forall2x 2matrices A. 
[identity law) 
o a” exists forall a >0 e A” exists provided A is square and n € Z*. 
and ne R. 











Note: In general, A(kB) — k(AB) > kBA. We can change the order in which we multiply 
by a scalar, but in general we cannot reverse the order in which we multiply matrices. 
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Example 7 


Expand and simplify where possible: a (A+ 2]? b (A - B) 























a AM 
= (A + 2I(A + 21) (Xº = XX by definition) 
-ArMAL(A +  fB(C+D)-=BC+ BD) 
= A? + 214 + 241 + 4E (B(C + D) = BC + BD again, twice) 
ON ONA (ALI=IA=A and B=1) 
AC CMN 

b (A-B? 
=(A- BJXA — B) (Xº = XX by definition) 
-(A-BA-(A-BB [CD - E)=CD-CE twice) 


= A? — BA — AB4 Bº 





Note: b cannot be simplified further since, in general, AB £ BA. 


Example 8 
If A2=244 31 find A? and Aí in the form kA + II where k and 1 are scalars. 


AS =AxA? A! =AXxA? 
= A(2A + 31) = A(TA + 61) 
DANO TAS GAI 
= 2(2A + 3D + 341 =T(2A +31) +6A 
A = 204 + 211 





Example 9 


Find constants a and b such that A? = aA + bI for A equal to E | S 


Since A2=aA+bI, E a ARUE a 


3 4 4 
1 ap (6 2a E b 0 
EV LE OR O 4a 0 b 


Za 
4a +b 


(ip 


Thus a+b=7 and 2a=10 
a=5 and DE 


Checking for consistency: 3a=3(5)=15 / 4a +b=4(5)+(2)=22 / 
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EXERCISE 13B.8 


1 Given that all matrices are 2 x 2 and I is the identity matrix, expand and simplify: 


a AA+D b (B+ºNB ce AA2-2A+T 
d AMA+A-2 e (A+BXC+ D) ft A+B? 
9 (ASBXA-B) h ASI? Pi GI- BY 
2 a If A2=2A-I, find Aê and Aí in the linear form KA + II where k and [ are 
scalars. 


b If B2=21-B, find Bº, Bº and Bº in linear form. 
c If C2=4C-3I, find Cº and Cº in linear form. 


3 a If A2=1, simplify: 
| AA+2 AT ii AA +? 
b If AS=I simplify ASA + D2. 
c If A2=0O, simplify: 
| AÇA-3D à AALDA-D di AA4D? 


& The result “if ab = O then a = O or b = 0”? for real numbers does not have an 
equivalent result for matrices. 


1 0 0 0 
a If E o] and B= [5 find AB. 


This example provides us with evidence that 
“Tf AB=O then A = O or B=- O” isa false statement. 


b If A= 





of toh 


| determine A2, 


pj tom 


ce Comment on the following argument for a 2 x 2 matrix A: 
Itis known that A2=A, so A2-A=O 


A(A—- D= O 
:. A=O o A-I-=O 
A=O or 
d Findall2x2matrices A for which A? = A. Hint: Let A= [: E 


5 Give one example which shows that “if A? = O then A = O” isa false statement. 


6 Find constants a and b such that A? =aA+bI for A equal to: 
, pi 2 b [3 1 
a 2 —2 


2 


1 
7 É A=[ 1 a 


| , find constants p and q such that A2=pA+ ql 


a Hence, write A? in the linear form rA + sI where 7 and s are scalars. 


b Write A! in linear form. 
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We can solve ( 





2x +3y=4 
5x + 4y = 17 


algebraically to get x=5, y=—2. 


Notice that this system can be written as a matrix equation É À H - [7] ) 
y 


The solution x=5, y=-2 is easily checked as 
2 3 SL IiXMD+HIM-D| |4 / 
5 4/|-2] |5(5)+4(-2)| [17 
In general, a system of linear equations can be written im the form AX =B where A is 


the matrix of coefficients, X is the unknown column matrix, and B is the column matrix of 
constants. 





The question arises: If AX =B, how can we find X using matrices? 


To answer this question, suppose there exists a matrix €C such that CA = I 


If we premultiply each side of AX=B byC we get Premultiply 
C(AX) = CB means multiply 
= on the left of 

pa o = each side. 


and so X = CB 


If C exists such that CA = I then C is said to be the 
multiplicative inverse of A, and we denote C by A. 





The multiplicative inverse of A, denoted A” !, satisfies AIA=AA!=IT 





Suppose A=[5 à| and At = [8 “| 


so AAct = o à E :-1 
c dlily z 


rs eh | 





cw + dy cr+dz 01 
aw+by=1 ... (1) id ax +bz=0 ... (3) 
cwu+dy=0 .... (2) cx+dz=1 ... (4) 
E . : d — 
Solving (1) and (2) simultaneously for w and y gives: w=——— and y= a 
ad — be ad — be 
—b 
Solving (3) and (4) simultaneously for x and z gives: x=-——— and z= SEE 
ad — be ad — be 
lab ss À d — 
So, if Ae à] then A “(é a 


HW ad-be£0 then A! exists and we say that A is invertible or non-singular. 
If ad-be=0 then A! does not exist and we say that A is singular. 
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ab 
ii A=[º E 


denoted |A| or detA. 


| , the value ad — be is called the determinant of A, 


If |A[=0 then A”! does not exist and A is singular. 


1 = 
If |A|£O then A isinvertibleand AT!= — ED 
AT l-e a 


EXERCISE 13€.1 


; 5 6 3 —6 ; 5 6 
1º a Find | | [> E] and hence find the inverse of E a 


; 3 —A4 2 4 , 3 —4 
b Find É Es | and hence find the inverse of E E 


2 Find |A| for A equal to: 


3 7 —1.3 0 0 10 
Bad cris cal ca od] 
3 Find detB for B equal to: 
3 —2 3 0 01 a —a 
do eba cao cabo 
2 —1 2 
4 For A= K d| find: a |A| b |A] c |24| 


5 Prove thatif A is any 2 x 2 matrix and k is a constant, then [kA|=Kº|A|. 
6 Byletting A =|“ E and B= [2 * 

y 8 “led “ly z 

a find |A| and |B| b find AB and | AB). 

c Hence show that |AB|=|A||B| forall 2x2 matrices A and B. 


12 a 
7 A=| 1| and B=[5 a 


a Using the results of 5 and 6 above and the calculated values of |A| and |B], find: 


i J|A| ii |2A| ii |-A| iv |-3B| v |AB| 
b Check your answers without using the results of 5 and 6 above. 


8 Find, if it exists, the inverse matrix of: 


E 


dd Ra Cao ra 
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-Ll 13 —4º 6 
1 +—1 


9 a If am É | and B= [-1 2 , find AB. 


b Does your result in a imply that A and B are inverses? Hint: Find BA. 
The above example illustrates that only square matrices can have inverses. Why? 


SOLVING A PAIR OF LINEAR EQUATIONS 
We have already seen how a system of linear equations can be written in matrix form. We 
can solve the system using an inverse matrix if such an inverse exists. 


If two lines are parallel then the resulting matrix will be singular and no inverse exists. This 
indicates that either the lines are coincident and there are infinitely many solutions, or the 
lines never meet and there are no solutions. 


If the lines are not parallel then the resulting matrix will be invertible. We premultiply by the 
inverse to find the unique solution which is the point of intersection. 


gi? 
pu 


never meet coincident 
unique solution (no solution) (infinitely many solutions) 


Example 10 


2x +y=4 i 
find |A|. Do Bos y have a unique 
Doi solution? 
a |A| =2(4)— 1(3) b The system in 2 o 
=8-3 matrix form is: Sd ua 
eo Nowas |A[=5%0, A”! exists and there is 
a unique solution. 











Example 11 



















RR é 2x +3y=4 Notice that we 
If A= |: 1| , find A”! and hence solve ( Sor E = 417: | premultiply with 
J the inverse matrix 





on both sides. 


à : RS E 4 
In matrix form the system is: É 1| H — E 


ie., AX=B where |A|=8-15=—7 
Now A-lAX= AB 
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x=> [4] = E andso 2x=5, y=-—2 


Check this answer! 





and state k when A”! exists. 
IE |A|=0, the 
1 matrix A is 
singular and is 
AT 


2k + 4 not invertible. 
=5) 9 


7 ADE 





oa 
So A! exists provided that 2k+4%0, 





EXERCISE 13€.2 


1 Convert into matrix equations: 





a 3Jr—-y=8 b 4r-3y=11 c 3Ja-b=6 
2x +3y = 6 3x + 2y = —5 2a +Tb= —4 
2 Use matrix algebra to solve the system: 
a 2x-y=6 b 57—-4y=5 Cc x-2y=7 
x + 3y = 14 2x + 3y = —13 ox +3y=—2 
d 3x+5y=4 e 4x-Ty=8 fo Tax+lly=al8 
2x —- y=11 3x — 5y = O llz—- Ty=-—11 


3 a Showthatif AX=B then X=A-IB whereasif XA =B then X=BA!. 


b Find X if: 
12 14 —5 a ls 1-3 
x [5 e E E si | 
[ka “Tê «ã [k41 2 
4 For a a=[H 3] b A=[5 o c A=| 1 | 


i find the values of k for which the matrix A is singular 
il find A! when A is non-singular. 


2x —- 3y=8 

42 —- y=11 

i Write the equations in the form AX=B and find |A|. 
ii Does the system have a unique solution? Tf so, find it. 


5 a Consider the system ( 
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2x +ky=8 
4x — y=11 


i Write the system in the form AX =B andfind |A). 


ii For what value(s) of k does the system have a unique solution? Find the unique 
solution. 


b Consider the system ( 


ill Find k when the system does not have a unique solution. How many solutions 
does it have in this case? 


FURTHER MATRIX ALGEBRA 


The following exercise requires matrix algebra with inverse matrices. Be careful that you use 
multiplication correctly. In particular, remember that: 
e We can only perform matrix multiplication 1f the orders of the matrices allow it. 


e JIfwe premultiply on one side then we must premultiply on the other. This is 
important because, in general, AB 4 BA. The same applies if we postmultiply. 





If A2=24+4838I find A! in linear form rA + sI, where r and s are scalars. 


ADA 
ATIA2 = AÍ(2A + 31) fpremultiply both sides by A! 


ACIMA = 2A-!A + 34H 
IA=21+341 
A-9N=3A4" 
—1.0 1 
A = (A 2 








EXERCISE 13€.3 


: 21 1 2 0 3 É 
1 Given A = [o 1). B= [4 o| and C = [1 3] fnáxit axe. 


2 Ifa matrix A is its own inverse, then A=A-. 


ca 10 + A IDT O =d). 
For example, ir A = | º, o | ten a Si o) =| [-4. 


a Showthat,if A=A-!, then A?2=I 


b|.. : ; ; 
b If E is its own inverse, show that there are exactly 4 matrices of this form. 
b a Y 


10 
11 
12 
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Il. 2 


a If a=[1 0 


| find A! and (AT. 


b IFA is any square matrix which has inverse A? simplify (AI)! (A!) and 
(ATIYA-!y1 by replacing A! by B. 
ce What can be deduced from b? 


11 0 1 da 
a If A= E a and B= E | find in simplest form: 
| AM i B iii (AB)! 
iv (BA)! v AB vi BA 


b Choose any two invertible matrices and repeat question a. 

What do the results of a and b suggest? 

Simplify (ABJX(B-!A-!) and (B-!A!(AB) given that A! and B! exist. 
Conclusion? 


[a 


1 1 
If k is a non-zero number and A! exists, simplify (RAXÇA O) and (GA IRA). 
What conclusion follows from your results? 


Suppose X, Y and Zare 2x1 matrices and A, Bare 2 x 2 matrices. 
If X>=AY and Y=BZ where A and B are invertible, find: 


a Xin terms of Z b Zin terms ofX. 
3.2 ) õs 
If A= 2 | write A“ in the form pA + ql where p and q are scalars. 


Hence write A! in the form rA + sI where r and s are scalars. 


Find A”! in linear form given that 
a A2=4A-I b 5A=1I- A? c 21=342 —- 4A 


Itisknownthat AB=A and BA =B where the matrices A and B are not necessarily 
invertible. 
Provethat A? = A. (Note: From AB-=A, you cannot deduce that B=I. Why?) 


Under what condition is it true that “af AB= AC then B= C"9 
IH X=P-!AP and Aº =, prove that Xº = I. 


HW acA2+bA+cI=O and X=P-!AP, provethat aXº + bX+ cI-= 0. 


Summary: During this exercise you should have discovered that: 


e (AII=DA 
e (AB) 1 =B-1A- 
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The principles of determinants and inverses are equally applicable to 3 x 3 and other larger 
square matrices. 


THE DETERMINANT OF A 3x3 MATRIX 





Gi bi ei 
The determinantof A = |as bs cs is defined as 
as bz c3 
a bi ci 
A j Es bo c» b (0/2) 2 ao bo 
JA] » Cl = RO RG 
bs cg as cc) as bs 
as bz cs 




















1 ai 
[hà 


same 
same 


same 





SO | dA SEM) 
=] 98 
=-9 








Just like 2 x 2 systems, a 3 x 3 system of linear equations in MATRIX 
matrix form AX = B will have a unique solution if [A|£0. m 0h = OPERATIONS 


Remember that you can use your graphics calculator or matrix 
software to find the value of a determinant. 


EXERCISE 13D.1 


1 Evaluate: 
a |2 30 b |12 -3 E lã ds 
=1 2 2 1 0 0 -1 1 2 
2 0 5 a 2 ds 
d 100 e 0 02 f 4 13 
020 010 -1 0 2 
0 03 3 0 0 -1 11 
2 a Find the values of «x for which the matrix v 2 9 is singular 
3 12 
b What does your answer to a mean? 10 
3 Evaluate: 
a la 0 0 b O xy Cla be 
0 b O =p 0 2 b ca 
0 0 c —y —z 0 cab 
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v+Iy—-3z=5 
& For what values of k does 2x —y—-z=8 have a unique solution? 
ke+y+2z=14 


2x —y— 42 =8 
5 For what values of k does dr — kyt+z=1 have a unique solution? 
dx —ytHhkz=—2 


6 Find kgiventhat: a |1l k 3 b jk 2 1 
he cd =L=T 2 k 2/=0 
3 4 2 12 k 


7 Use technology to find the determinant and inverse of: 


a b 12346 

1231 
23450 

2 0 12 
12014 

314 0 
1205 210 15 
30121 


8 If Jan bought one orange, two apples, a pear, a 
cabbage and a lettuce the total cost would be $6.30. 
Two oranges, one apple, two pears, one cabbage and 
one lettuce would cost a total of $6.70. One orange, 
two apples, three pears, one cabbage and one lettuce 
would cost a total of 87.70. Two oranges, two apples, 
one pear, one cabbage and three lettuces would cost 
a total of $9.80. Three oranges, three apples, five 
pears, two cabbages and two lettuces would cost a total of $10.90. 





a Write this information in the form AX =B where A is the quantities matrix, X 
is the cost per item column matrix, and B is the total costs column matrix. 


b Explain why X cannot be found from the given information. 


ce Ifthe last lot of information is deleted and in its place “three oranges, one apple, 
two pears, two cabbages and one lettuce cost a total of $9.20” is substituted, can 
the system be solved now, and if so, what is the solution? 


THE INVERSE OF A 3x3 MATRIX 


like there is for a 2 x 2 matrix. Hence we use technology. nb 


06 
1 2 4 


For example, if A=|2 0 1| whatisA-!? 


There is no simple rule for finding the inverse of a 3 x 3 matrix O B MATRIX 


3 —1 2 
id 8 = 
—0.111 0.888 —0.222 9 9 9 
We obtain A!=|0111 1.111 —0.777] which converts to = 4Ê 


0.222 —O.7TT 0.444 


copo com 
SIN 
O 
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EXERCISE 13D.2 


2 03 —11 9 15 2 0 3 
1 Find 1 5 2 —1 1 1 and hence the inverse of 1 & 2 
1-31 8 —6 —10 1-31 
3 2/3 2 0 3 
2 UsetechnologytofindA !for: a A=|1 -12 b A=|1 5 2 
2 13 1 -31 
13 43 —11 1.61 4.32 6.18 
3 FindB-!for: a B= 16 9 27 b B= | 0.37 6.02 941 
—8 31 —13 TI2 5.31 2.88 


4 Check that your answers to 2 and 3 are correct. 


Note: e In general, we can only find the determinants of square matrices 
TEC O [2 ER RD O RR A etc matrices. 


e IfAissquareand |[A|£0, then A”! exists and A is called an invertible 
or non-singular matrix. 


e IfAissquareand |A|=0, then A”! does not exist and A is called a 
singular matrix. 


e det(AB) = detA detB or |AB|=|A||B]| for all square matrices A, B 
of equal size. 





ES, 
> y—-2=2 
Solve the system z+ty+32=7 using matrix methods and g 
9x —y—32=—1 a graphics calculator. 
In matrix form AX — B the 1-1 + E o 
o IR va = | 
system 1s: de É É 


We enter A and B into our GDC and calculate [A]T![B]. 


= 


z j=tei 2 0.6 
yl=[1 1 3 T |=|-53 
z 9.=1 =3 =] 3.9 





So» “uv g=-5 2= 8) 
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Example 16 


Rent-a-car has three different makes of vehicles, P, Q and R, for hire. These cars are 
located at yards A and B on either side of a city. Some cars are out (being rented). 
In total they have 150 cars. At yard A they have 20% of P, 40% of Q and 30% of 
R which is 46 cars in total. At yard B they have 40% of P, 20% of Q and 50% of R 
which is 54 cars in total. How many of each car type does Rent-a-car have? 





Suppose Rent-a-car has x ofP, yofQ and zofR. 
Then as it has 150 cars in total, armar a = 150) 


But yard A has 20% of P + 40% of Q + 30% of R and this is 46. 
TU E 3Y o Z = 46 
ZA = AO) 
Yard B has 40% of P + 20% of Q + 50% of R and this is 54. 


dr+gu+ dbz= 5 


4x + 2y À 


We need to solve the system: Rat ==) 
23x + 4y + 32 = 460 
2y + 52 = 540 














45 
55 | (using tech) 


Thus, Rent-a-car has 45 of P, 55 of Q and 50 of R. 





A 3x3 system of linear equations in the form AX = B has a unique solution if [A | £ 0. 


EXERCISE 13E 


1 Write as a matrix equation: 


a t—oy—-z=2 b 2x+ty-z=3 c a+b-c=7 
c+y+3z2=7 yv+2z=6 a—-b+c=6 
9x —-y—-3z=—1 v—oytz=13 2a+b—-3c = —2 
2 1 —-1 4 To —3 
2 For A=|-1 2 1 and B=|-1 -2 1 |, 
0 6 1 6 12 —5 
calculate AB and hence solve the system of equations 4a +7b-—-3c=-—8 
—-a—-2b+ec=3 


6a + 12b — 5c = —15. 
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5 3 —7 3 2/3 
3 For M= |-1 3 3 and N=|1 -1 2], 
-3 1.5 2 1/3 


calculate MN and hence solve the system 3u+2v+3w = 18 
u-—v+2Zw=6 
Zu + v+3w = 16. 


4 Use matrix methods and technology to solve: 


a 3r+2y—-2z=14 b x-y-Zz=4 c v+3y—-z=15 
t—y+2z2=-—8 dv ty+2z= 6 2x +ytz=7 
2x +3y— 2 =13 3x — 4y—- 2=17 cv—y—2z=0 





5 Use your graphics calculator to solve: 

















a cty+z=6 b r+4y+1lz=7 c 2x-y+32=17 
2x +4y+z=5 v+6y+l7z=9 2x —2y—- 52 =4 
21 + 3y+z=6 x+4y+8z2=4 3x + 2y + 22 = 10 

d rzx+2y-z=23 e 10x-y+42=-9 f 132x+2.7y-3lz=82 
v—y+3z=-—23 Tx + 3y— 5z = 89 2.81 — 0.9y + 5.62 = 17.3 
Tx +y— 42 = 62 13x — 17y + 232 = —309 6.Ix + 1.4y — 3.22 = —0.6 








6 Westwood School bought two footballs, one baseball and three basketballs for a total 
cost of $90. Sequoia School bought three footballs, two baseballs and a basketball for 
$81. Lamar School bought five footballs and two basketballs for 8104. 


a State clearly what the variables x, y and z must represent if this situation is to 
be described by the set of equations: 2x +y+3z = 90, 3x +2y+z=ã381, 
dx + 22 = 104, 


b If Kato International School needs 4 footballs and 5 baseballs, and wishes to order 
as many basketballs as they can afford, how many basketballs will they be able to 
purchase if there is a total of $315 to be spent? 


7 Managers, clerks and labourers are paid according to an industry award. 
Xenon employs 2 managers, 3 clerks and 8 labourers with a total salary bill of €352 000. 
Xanda employs 1 manager, 5 clerks and 4 labourers with a total salary bill of €274 000. 
Xylon employs 1 manager, 2 clerks and 11 labourers with a total salary bill of €351 000. 


a If x,y and z represent the salaries (in thousands of euros) for managers, clerks 
and labourers respectively, show that the above information can be represented by 
a system of three equations. 


b Solve the above system of equations. 


c Determine the total salary bill for Xulu company which employs 3 managers, 8 
clerks and 37 labourers. 


8 A mixed nut company uses cashews, 
macadamias and brazil nuts to make three 
gourmet mixes. The table alongside indicates 
the weight in hundreds of grams of each kind 
of nut required to make a kilogram of mix. 





MATRICES (Chapter 13) 353 


If1 kg of mix A costs $12.50 to produce, 1 kg of mix B costs 812.40 and 1 kg of mix 
C costs $11.70, determine the cost per kilogram of each of the different kinds of nuts. 


Hence, find the cost per kilogram to produce a mix containing 400 grams of cashews, 
200 grams of macadamias and 400 grams of brazil nuts. 


9 Klondike High has 76 students in total in classes P, Q and R. There are p students in P, 

qin QandrinR. 

One-third of P, one-third of Q and two-fifths of R study Chemistry. 

One-half of P, two-thirds of Q and one-fifth of R study Mathematics. 

One-quarter of P, one-third of Q and three-fifths of R study Geography. 

Given that 27 students study Chemistry, 35 study Mathematics and 30 study Geography: 
a find a system of equations which contains this information, making sure that the 

coefficients of p, q and r are integers. 

b Solve for p, q and r. 


10 Susan and James opened a new business in 2001. Their annual profit was £160 000 in 
2004, £198000 in 2005 and £240000 im 2006. Based on the information from these 
three years they believe that their annual profit could be predicted by the model 


P(t)=at+b+ = pounds 


where t is the number of years after 2004, ie., t= 0 gives the 2004 profit. 


a Determine the values of a, b and c which fit the profits for 2004, 2005 and 2006. 
b Ifthe profit in 2003 was £130000, does this profit fit the model in a? 


ec Susan and James believe their profit will continue to grow according to this model. 
Predict their profit in 2007 and 2009. 


The system of equations in each of the examples above could be represented as AX — B 
where we are looking for matrix X. In every case above we could find X by pre-multiplying 
each side by A! to get X = AÍB. 

This pre-supposes that A is non-singular which may not be the case. Hence, in the next 


section we will investigate another technique for solving the system of equations that will 
still work if A is singular, ie., detA = O and A”! does not exist. 


INVESTIGATION 


<A 89 Cryptography is the study of encoding and decoding messages. 
Sa Cryptography was first developed for the military to send secret messages. 
However, today it is used to maintain privacy when information is being 
transmitted via public communication services such as the internet. 
Messages are sent in code or cipher form. The method of converting text to ciphertext is 
called enciphering and the reverse process is called deciphering. 
The operations of matrix addition and multiplication can be used to create codes and the 


coded messages are transmitted. Decoding using additive or multiplicative PRINTABLE 
inverses is required by the receiver in order to read the message. INVESTIGATION 


Click on the icon for a printable investigation on cryptography. Ea 
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The system of equations 2x +y=-— is called a 2 x 2 system, because there are 
v—sy=17 2 equations in 2 unknowns. 


In the method of “elimination” used to solve these equations, we observe that the following 
operations produce equations with the same solutions as the original pair. 


e The equations can be interchanged without affecting the solutions. 


21 +y = — 
x —3y=17 


q —3y=17 


has the same solutions as ( 
2x +y=—1 


For example, ( 


e An equation can be replaced by a non-zero multiple of itself. 


For example, 2x +y=-—1 could be replaced by —6x —3y=3 
(obtained by multiplying each term by —3). 


e Any equation can be replaced by a multiple of itself plus (or minus) a multiple of 
another equation. 


For example, suppose we replace the second equation by “twice the second equation 
minus three times the first equation”. In this case: 


21 — 6y = 34 
2 = 2 =-1 
( o =17 becomes ( o -35 using: — (22x+y=-—1) 
Ma es “Ty = 35 


We can use these principles to develop row operations for matrices. 


AUGMENTED MATRICES 


We will now solve systems of equations using row operations on an augmented matrix. 


Instead of writin ri we detach the coefficients and write the system in 
8 v—3y=17 
augmented matrix form | : E | Ee | : 


In this form we can use elementary row operations equivalent to the three legitimate 
operations with equations. We can hence: 


e interchange rows 
e replace any row by a non-zero multiple of itself 
e replace any row by itself plus (or minus) a multiple of another row. 


Interchanging rows is equivalent to writing the equations in a different order. It is often 
desirable to have 1 in the top left hand corner. 
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We can do this by swapping rows 1 and 2. We can write this as Rj o Ro. 
so [4 air | tmomes [5 5 Ea 


1 3/17 2 1 
We now attempt to eliminate one of the variables in the second equation by obtaining a O in 
its place. To do this we replace R, by Ro — 2R14, ie, row 2by (rw 2 — 2 x row 1). 





g Lodo do 1 -3/| 17 2 10 —1-— R 
do hã do | PE oe fe] Sds -2 6 —-34 -—— —2R, 
O 7 —35 adding 
The second row of the matrix is now really 7y=-—35 andso y=-—5. 


Substituting y=—5 into the first equation, «—3(-5) = 17 andso v=2. 
So, the solutionis 1=2, y=-—5. 
This process of solving a system using elementary row operations is known as row reduction. 


When we have rewritten the augmented matrix so there are all zeros in the bottom left hand 
corner, the system is said to be in echelon form. 


We may not see the benefit of this method right now but we will certainly appreciate it when 
solving 3x3 or higher order systems. 
ELA Dl 


DU a UN 
RA 


Use elementary row operations to solve: ( 


In augmented matrix form the system is: : 
- is read as 


DR “which has the 
ERA same solution as” 


DER 4 
0 7 —14 o Ro Ei 5Ri1 E 2Rs» 


Re-introducing the variables we 

eve p= os ym=2 

and on “back substituting” into the first 
equation we have 


de+ toa) =a a 
23 — 6 = 4 solution. 
=) 
Ro) 


So the solutionis x=5, y=-—2. 





Reminder: In two dimensional geometry ax +by=c where a, b and c are constants, are 
the equations of straight lines. If we are given two such equations then there are 
three different cases which could occur: 
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intersecting lines parallel lines coincident lines 


or == 








/ 
b ==" b 
eg. 2x4+3y=1 eg. 2x+3y=1 eg. 2x+3y=1 
v—2y=8 2x +3y=7 4x + 6y = 2 
one point of intersection no points of intersection infinitely many points of 
a unique solution . no solution intersection 


" infinitely many solutions 


Example 18 
g+3y=5 where k is a constant, by using 


ooo nono ( 4r + 12y = k — elementary row operations. 


In augmented matrix form, the system is: 





IRS Ro 
4 12 |k 
o) õ 4 2 k 
0 0 k — 20 = Ro = Ro E 4R4 —4 —12 —20 


0 O k-—20 
The second equation actually reads 0x + Oy = k — 20 


If k 4 20 we have O = a non-zero number, which is absurd 


no solution exists and the lines are parallel but not coincident. 


If k= 20 we have 0=0, which is true for any x and y. 
This means that all solutions come from x+3y=5 alone. 
Letting y=t, v=5-—3t for all values of t 
there are infinitely many solutions of the form x=5-3t, y=t, tEeR. 


In this case the lines are coincident. 








EXERCISE 13F.1 


1 Solve by row reduction: 
a v—2y=8 b 41+5y=21 c 3x +y=-—10 
4r+y=5 dx — 3y = —20 2x + 5y = —24 


2 By inspection, classify the following pairs of equations as either intersecting, parallel or 
coincident lines: 


a zx—-3y=2 b tty=7 c 4x-y=8 
3x +y=8 3x +3y=1 y=2 
d xzx-2y=4 e 5x-—-1ly=2 f 30 — 4y = 5 


21 — 4y =8 6r+y=8 —32 + 4y = 2 
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v+2y=3 
t+4y=6 





3 Consider the equation pair ( 9 


Explain why there are infinitely many solutions, giving geometric evidence. 


o 


Explain why the second equation can be ignored when finding all solutions. 
€ Give all solutions in the form: 
| op=t Esp À og=s, T= sas 





4 a Use elementary row operations on the system ( E o Ed = o to show that it 
; : o | «What does the second row indicate? What is the 


reduces to | 6 
geometrical significance of your result? 








R 2x +3y = 5 : 
b Use elementary row operations on the system ( Apôp= do to show that it 
reduces to | : o : | - Explain this result geometrically. 





5 a By using augmented matrices show that ( o has infinitely many 
solutions of the form x =t, y=3t-—2. º 


3x — y=2 


bug = where k can take any real value. 


b Discuss the solutions to ( 


: 3x —y=s8 : 
6 Consider ( E, O where k is any real number. 
a Use elementary row operations to reduce the system to: | : o. | 5 | 
b For what value of k is there infinitely many solutions? o 
e What form do the infinite number of solutions have? 
d When does the system have no solutions? 
; 4r+8y=1 
7 Consider ( pen 
. 4 8/1 
a Use elementary row operations to reduce the system to: 0 


b For what values of a does the system have a unique solution? 
a +88 1. ad 
4o-+16º *” Da +ê 
d What is the solution in all other cases? 


for these a values. 





c Show that the unique solution is x = 


8 Use elementary row operations to find the values of m when the system Ro 
. É 21 + my = 6 
has a unique solution. 
a Find the unique solution. b Discuss the solutions in the other two cases. 
USING A GRAPHICS CALCULATOR 
Click on the appropriate icon to obtain instructions on how to enter an O ES, 
augmented matrix. You can then obtain the reduced row-echelon 
form which has row reduction performed so that there are Os in the 9 


bottom left corner and in the higher rows wherever possible. 
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217 +y = — 


E b tp Z 
For the example ( rm the reduced row-echelon form is | 01 | a | a 


Consequently x =2 and y=-—S5. 


Try solving other 2 x 2 systems using your calculator: 


dr +5y=4 b 0.83x + 1.72y = 13.76 
6x —y=-—1l 1.65% — 2.77y = 3.49 


USING ROW OPERATIONS TO SOLVE À 3x3 SYSTEM 


ax+biytcz=d 








A general 3 x 3 system in variables x, wy and z has the form agx + boy + co2 = do 











where the coefficients of x, 3 and z are constants. 31 + bay + ca2 = da 


a bc | d | isthe system's augmented a b cl|d| using 
ao bo co | do | matrix form which we need |O e f|g| elementary 
a3 bz c3 | ds | to reduce to echelon form: O O h|i| row operations. 


Notice the creation of a triangle of zeros in the bottom left hand corner. 
In this form we can easily solve the system because the last row is really hz = ii. 


e If h0 (i may or may not be 0) we can determine z uniquely using z = * and 


likewise y and x from the other two rows. Thus we arrive at a unique a 

e If h=0 and à 0, the lastrowreads Ox z=%i where à £0 which is 
absurd. Hence, there is no solution and we say that the system is inconsistent. 

e If h=0 and à =0, the last row is all zeros. Consequently, there are infinitely 
many solutions ofthe form x=p-+kt, y=q+lt and z=t whereteR. 


Note: e The parametric representation of infinite solutions in terms of the parameter 
t is not unique. 


This particular form assumes you are eliminating x and y to get z from 
Row 3. It may be easier to eliminate, for example, x and z to get y. 


e A geometric interpretation of the different cases for three equations in three 
unknowns will be given later in Chapter 16. 


Example 19 


pon) “= 15 
Solve the system: 22 +yhz=7 
ER) RE Ms (OO 





In augmented matrix form, the system is 


FI e LO RR 
E il Y 
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Re a Es a I Tá 

m Ra 23 bh PRO (20 2060 
Qu = Ms EaD es 
==> 0 

RO eo SDS 


(O PR (1 


DE an es es 
Ra>5Rs-4R, 0 90 -12 92 


The lastrow gives —l7z=17 0 (A 
Ra E É 
Using the final row 2 —Sy+3z2=-—23 
we get O A typical graphics 
—5y = —20 calculator solution: 
ap= 4 


Using the final row 1 av+3y-—-z=15 
weget zv+12+1=15 
RE, 





Thus we have a unique solution 7=2, y=4, z=-—1. 





Remember: You can use matrix algebra to find unique solutions: 


—1 


2 Ss 15 2 
yl=[2 11 T|=| 4 
z | st = 0 = 


CASES WITH NON-UNIQUE SOLUTIONS 


As with 2 x 2 systems of linear equations, 3 x 3 systems may have a unique solution where 
a single value of each variable satisfies all three equations simultaneously. Alternatively, it 
could have no solutions or infinitely many solutions. 


We will now consider examples which show each of these situations. 


Example 20 


ge E 2a 
Solve the system: E 
3x — 4y À 








In augmented matrix form, the system is: 
es quis 2 —1 il 8 
ese Rê Ei is 
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Ro = Ro E 2R1 
Rs = Rs E 3R4 


Rs pi Rs E 2Ro 


The last equation is really 
0x+0y+02=5 ie, 0=5, which is absurd, 
the system has no solution. 


Use a graphics calculator to confirm there is no 
solution. 


Example 21 
DO O pet 
Solve the system: Ed a) Ra, 
Do a AO 


In augmented matrix form, the system is: 


Lo =il 


—1 1 ) > Notice the swapping 
—3 E Ri E Ro. 


1 =| 
Ro EE Rs = 2R1 
Rs a: Rs E 3R4 


1 
0 E Rs — R3 — 2Ro 


The row of zeros indicates infinitely many solutions. 
Ifwelet z=t in row 2, 
—Sy +3t=1 
RS RIR 
ES 1 
Thus in equation 1, v+(-5S+)-t=2 
7 


Lo E 
v1—35=2 and so v=s3 


the solutions have the form: v=4, y=-5+t, z=t, where tER. 
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Example 22 
Ra 
Consider the system DG SU eo 2 RP 
x+8y+9z=a where a takes all real values. 


Use elementary row operations to reduce the system to echelon form. 
When does the system have no solutions? 
When does the system have infinitely many solutions? What are the solutions? 





a In augmented matrix form, the system is: 


1-2 [= Di 
Da -242 9 
Ra DEE 
1-2 =1[ = 1 8 9 a 
Ro R$>R,-2R, 1 2 1 1 
00 io ao a RR O 10 10 a+l 
1-2 -1| = O 10 10 a+l 
o o ps O —-10 -10  —30 





SS) 
(==) 
E) 


a — 29 Rs > R3 — 2Ro 0 0 0 a — 29 





b Nowif a 29, we have an inconsistent system as zero = non-zero, 
and .. no solutions. 


ce Jf a=29, the last row is all zeros indicating infinitely many solutions. 


Letting z=t, in equation 2 gives DR UR 
y=3-—t 
Using the first equation, EUR 


gives v-U3-t)-t=-1 
9 — (D+ Bi = = Il 
T=6—t 
Thus we have infinitely many solutions, in the form: 
EURO RU — SR — ty Crea SIIRS 





EXERCISE 13F.2 


1 Solve the following systems using row reduction: 

















a g—-2y+52=1 b z+4y+llz=7 
21 — 4y +82 = 2 c+6y+17z=9 

—3x + 6y + Tz = —3 t+4y+82=4 

€ 21 —y+32=17 d 2x+3y4+42=1 
27x —2y—-52=4 dx + 6y + Tz = 2 
3x + 2y + 22 = 10 8x + 9y + 102 — 4 





Use technology to check your answers to b and c. 
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2 Without using technology, solve using row operations on the augmented matrix: 








a tH+y+z=6 b t+2y—-z=4 € 2x +4y+2=1 
2x +4y+2=5 3x +2y+z=7 3x +5y=1 
2x +3y+z=6 sx +2y+3z2=11 sr +I3y+Tz=4 











3 Write the system of equations rx+2y+z=3 
2x — y+42=1 
v+Ty—z=k im augmented matrix form. 


a Use elementary row operations to reduce the system to 


º º º º 
echelon form as shown: a selo 
b Show that the system has either no solutions or infinitely e ls 


many solutions and write down these solutions. 
ce Why does the system not have a unique solution? 


& Consider the system of equations rx+2y-—-2z=5 
s—oy4+3d2=—1 
v—Ty+kz=-—k. 





a Reduce the system to echelon form. 

b Show that for one value of k the system has infinitely many solutions and find the 
solutions in this case. 

ce Show that a unique solution exists for all other k. Find this solution. 


5 A system of equationsis v+3y+32z=a-l 
2x —- y+tz=T 
3x — dy + az = 16. 
a Reduce the system to echelon form using elementary row operations. 
b Show thatif a=—1 the system has infinitely many solutions, and find their form. 
ce If a —1l, find the unique solution in terms of a. 


6 Reduce the system 2r+ty—-z=3 to a form in which the solutions may 
of equations: mz -—2y+z=1 be determined for all real values of m. 
v+2y+mz =— 
a Show that the system has no solutions for one value ofm (m = ma, say). 
b Show that there are infinitely many solutions for another value ofm (m = mo, say). 
c For what values of m does the system have a unique solution? 
É 6 au à 7 3(m — 2) —7 
Show that the unique solutionis = ———, y=>DD—|, z=——. 
E ” m+5 e m+5 - m+s5 
7 Consider the system of equations g+3y+kz=2 
kr — 2y+ 32 = k 
4x — 3y + 102 = 5. 


a Write the system in augmented matrix form and reduce it 1 3 kl|2 
by elementary row operations to the form: 0 o elo 
O O elo 


b Show that for one value of k the system has infinitely 
many solutions and find the form of these solutions. 

c For what value(s) of k does the system have no solutions? 

d For what values of k does the system have a unique solution? 
(There is no need to find the unique solution.) 
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NOT ENOUGH OR TOO MANY EQUATIONS 


cv+ty+22=2 is an example of a 2 x 3 system of two linear equations in three 
2r+y—z=4 unknowns which has infinitely many solutions. 


K requires a further equation if a unique solution is to be obtained. We call this an 
underspecified system. 


If AX =B where Ais mxn, m<n, the system is underspecified. 


If AX=B where Aismxn, m>n, the system is overspecified and any 
solutions must fit a// of the equations. You need to check they do. 


Example 23 


: vt+ty+22=2 
Solve: ( Mo 


What can be deduced if the following equation is added to the system: 
RS a Rad 2 IIS ii 3x+y—42=18? 


The augmented matrix is: 
RR IR 
2 LR 


IR 2a RR? 
(O E RO) do 


SO O A O an Ri = 
and as ER a le Dao 
Ro La ai UR A 
t=2+3t. So, v=>2+3t y=-—5t, z=t foral teR. 
Ifin addition 3x —y — 42 = 18 
then 3(2+3t) — (—5t) — 4% = 18 
6+9t+5t — 4t = 18 
Ot 
ID 
When t=1.2, x=5.6, y=-6, 2= 1.2 is a unique solution: 
Ifin addition 3x +y— 42 = 18 


ihen So ds Co RB 
+ 6= 18 which is absurd, so no solution exists. 





Note: Underspecified systems may also have no solutions. 
This will be evident by any inconsistency. 
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EXERCISE 13F.3 


1 Solve the systems: 








a 2x+y+tz=5 b 3x+y+2z2=10 € t+tIytz=5 
t>oytz=83 g—Qy+z=—4 21 + 4y + 22 = 16 
o v—-dy+z=0 
2 Solve Eras and hence solve the system 2x +y—-22=0 
2x +y— 22 =0 
3x — y+z=18. 
o 27x +3y+2z=0 
3 Solve dps 0 and hence solve qx—-yv+2z2z=0 foral aeR. 
cv—y+22=0 
ax+y—z=0 


& An economist producing x thousand items attempts to model a profit function as a 
quadratic model P(x) = ax? + ba + c thousand dollars. She knows that when 
producing 1000 items the profit is $8000, and when producing 4000 items the profit 
is $17 000. 


a Using the supplied information show that ( a+b+e=8 


16a+4b+c=17 
b Showthat a=t, b=3-5t, c=5+4t represents the possible solutions for 
the system. 


ce If she discovers that the profit for producing 2500 items is $19 750, find the actual 
profit function. 


d What is the maximum profit to be made and what level of production is needed to 
achieve it? 









Let the matrix B = | É : IE 






a Find B2, Bº and Bº. 
b | Give a proposition (conjecture) for B?, ne Z*. 
ii Prove your proposition is true using mathematical induction. 






2 
2 0 4 0 
o a RS So A 
a Bº= E | [4 dE Also B -[5 | and B -[ E 
E: : ne = pe nm pu (ERR a 
b i P,isthat “if e | then B Go ] for all n e Z”. 


pl 0 2 0 
=. p= lie =s; 
li For n=1, Bl= | 91 1 |-| 1 | 


P, is true. 





MATRICES (Chapter 13) 


Assume that P, is true for some ke Zt, so Bº*= | 1=% q 


Now B*tl - BB 
2 E 
= | E : | | 1 É ok , | (by assumptionh 


E | se ok i | 


E | o | 


gk+1 
E | 1-9 q | as required. 


2h 


So, P, is true and P,,1 is true whenever P, is true. 


B” = | 1 - 9n i | for all n e Z* by mathematical induction. 
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EXERCISE 13G 


1 Let M=[0 Ee 


a a 


0 1 


Find M2, Mº and Mº. b State a proposition for M”. 


Prove your conjecture is true using mathematical induction. 


12 


Given A= o 3 


| find A2, A, A! and A*. 


Conjecture a value for A” in terms of n where ne Z”*. 
Use mathematical induction to prove your conjecture is true. 


Is the result true when n = —1? 


—-1 0 


3 Let the matrix p= | 2 e 


a Find P2, Pê and Pº. 
b Give a proposition (conjecture) for P" where ne Z*. 
€ Prove your proposition is true using mathematical induction. 
4 Forthe sequence 1,1,2,3,5,8, 13,..... where wu =uz=1 and un42 = UnHUn+1, 
: 11 de a : 
n E Z*, and the matrix A = | 10 | prove by the principle of mathematical 


induction that AH = | Paso nad | for allintegers n>1. 





Uns Um 
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REVIEW SET 134 


SR? 1 

1 If A=[5 É | and p=. 
a A+B b 3A 

e B-2A f 3A-2B 
DAE ioA 


2 Finda, b, c and d 1f: 


[2] 


3 Make Y the subject of: 


—q E 
2-c —A4 


2 


0 

Hi | find: 
c -—2B d A-B 
g AB h BA 
k ABA | (AB)! 


a B-Y-A b 2Y4C=D c AY-=-B 
d YB=C e C-AY-=-B faco B 
& Solve using an inverse matrix: 
3x — 4y = 2 de— y=5 AT, o 
Bo Ds Why is this possible” 
EA 5 4 PRO —1 
o CD 
1 1 õ 1 1 Z dl o dl 
= alo dá eia] 
RR 
5 IAis [1 2 3] andBis | 0 1| find, ifpossible: 
BRR? 
a 2B b 5B c AB d BA 
IR? EO 
CR RorMRE RIO and Q=|1 4 find: 
DR IR 
a P+Q b Q-P ce 5P-Q 
7 When does the system 2 UCM 2 have a unique solution? 
en does the syste Rr ve a unique solution? 


Comment on the solutions for the non-unique cases. 


8 Solvethe system 3x —y+22=3 
Raio Ra 28 O 
v—2y+3z =2. 


9 The two points (-2,4) and (1,3) lieonacirle xº+y +azx+tby+c=0. 
a Find two equations in a, b and c and solve the system of equations. 
b Explain why infinitely many solutions are obtained in a. 
ce If (2,2) is also on the circle, find the equation of the circle. 
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10 27x +3y —-42=13 
g—y+3z2=-—1 Solve the system using elementary row operations, and 
3x + Ty— 1lz =k describe the solution set as k takes all real values. 


MISolyeltheisy sic DS 7 EO EO] 


REVIEW SET 13B 
1 Determine the 2 x 2 matrix which when multiplied by : : | gives an answer 


of E a Hint: Let the matrix be E a 


RR d 
1 o 
SP Sos pad e o o nda possible 
0 IRES 
a AB b BA ce AC d CA e CB 


3 Find, if they exist, the inverse matrices of each of the following: 
ã 6 8 b 4 —3 E lil 8 
ETA 8 —6 —6 —3 
& a HF A=2A"!, showthat A2=2] 
b If A=2A"!, simplify (A — I(A 4 30 giving your answer in the form 
rA + sI where r and s are real numbers. 


5 A café sells two types of cola drinks. The drinks cach come in three sizes: small, 
medium and large. At the beginning and end of the day the stock in the fridge was 
counted. The results are shown below: 














Start of the day: End of the day: 
Brand C Brand P Brand C Brand P 
small 42 54 small 27 31 
medium 36 27 medium 28 15 
large —— | 34 30 large ——— |28 2 
The profit matrix is: small medium large 


[ 80.75 $0.55 $1.20 ] 


Use matrix methods to calculate the profit made for the day from the sale of these 


drinks. 
1 2 5) 3 —-2 —1 
(3 tt A = 2 õ A and B=| —4 1 -1 |, find AB and BA and 
—2 —4 —5 2 0 1 


hence find A! in terms of B. 


Dr eU SA ÃO 
7 Solve the system of equations: 4x — Ty+ 32 = 10 
E Ra ZA IR 
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Ep no Rito 2 


8 Solve the system: rara 


9 a Show that the system ( das O has an augmented matrix after 
mr —Ty=n 
| ; i f E =o 9 
elementary row operations o ie pm 


b Under what conditions does the system have a unique solution? 


NAMES 


kz + 3y = —6 
ERA 


Comment on the solutions for the non-unique cases. 


1 When does the system have a unique solution? 


E 2 0 
2 Findxif |2 v+1 2 |=0, giventhata is real. 
(Rr 


—2 3 —7.9 -—1 03 Ê a 
3 If A=[5 &).s-[5 E c-| 9 | + evaluate if posible 


a 2A —2B b AC c CB d D, giventhat DA = B. 
: : 2 = E 
4 Find X if AX =B, A=[5 a and B=[ É 13 E 


5 Write 5A2-6A =3I inthe form AB=I and hence find A! in terms of A 


and T. 
6 a IfA and B are square matrices, under what conditions are the following true? 
i If AB-=B then A-IT ii (A+ B) = A2424B+4 Bº 
b If M- | : : | | a = | has an inverse M-!, what values can k 
E) 
have? dei dr 
7 Find the values of t for which the system of equations ta ty-—-z=3t does 
not have a unique solution for x, wy and 2. T+ 3y+Htz=13 


Show that no solution exists for one of these values of t, and find the solution set for 
the other values of t. 


8 A rock was thrown from the top of a cliff such that its distance above sea level was 
given by s(t) = at? + bt + c, where t is the time in seconds after the rock was 
released. After 1 second the rock was 63 m above sea level, after 2 seconds 72 m, 
and after 7 seconds 27 m. 

a Find a, b and c and hence an expression for s(t). 
b Find the height of the cliff. 
€ Find the time taken for the rock to reach sea level. 
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REVIEW SET 13D 


10 


Solve the system: 3x—-y+2z2=8 
aa Ri ZA a) 
Rae Rad CARO) 





a+b G c 
Prove that a b+c a = 4abc. 
b b Ra 


If A2=5A42I find Aê, A?, A and A? in the form TA + sI 
The cost of producing x hundred bottles of correcting fluid per day is given by the 
function C(x)=axº +bar? +cr+d dollars where a, b, c and d are constants. 

a Ifit costs 880 before any bottles are produced, find d. 


b It costs $100 to produce 100 bottles, $148 to produce 200 bottles and $376 to 
produce 400 bottles per day. Determine a, b and c. 


Ro = 2 EL : 
4 [> Rea E e E E find X if AXB=C. 


Find the solution set of the following: 


a 2x +y—-z=9 b 2x+y-z=3 
ES (022 0) fe) 2 É Cf None 
a 28 RS RR) 
E kr+2y=1 
Solve the system of equations ( Ds), as k takes all real values. 


Find the solution set of the following: 


a 2x +y—-z=9 b 2x+y-z=3 
3 no 0) Dono VR RA E DR ta2 Ui 
E ia 2 Elo 1) RÃ 


POr Un ARNO) 


esa for all possible values of k and m. 


Solve the system ( 
Consider the system of equations x +5y-—6z=2 
kr+ty—-z=3 

dr — ky+32=T as k takes all real values. 


a Write the system in augmented matrix form. Show using elementary row 
operations that it reduces to: TR Ef 2 


os Gu SE oh 
O O (k-2(3k-2)|-(k— 2)(k + 18) 





b For what values of k does the system have a unique solution? 


For what value of k does the system have infinitely many solutions? Find the 
solutions. 

d For what value of k is the system inconsistent? How many solutions does the 
system have in this case? 
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REVIEW SET 13E 


1 Hung, Quan and Ariel bought tickets for three separate performances. The table below 
shows the number of tickets bought by each person: 








a Ifthe total cost for Hung was €267, for Quan €145 and for Ariel €230, represent 
this information in the form of three equations. 


b Find the cost per ticket for cach of the performances. 


ce Determine how much it would cost Phuong to purchase 4 opera, 1 play and 2 
concert tickets. 


2 Solve the system of equations: 2x +y+z=8 
ER Ro neo O 
E 7?) Ra E 


RR 
* lit = | pa q B=|-3 1| and C= E | find, if possible: 
IR (O) Lo 
lo 
a 3A b AB c BA d AC e BC 
o 2 dl LR 
4 If A=|2 4 6 and B= 2 —1 4 show by calculation that 
E LR? 3 4 1 


det(AB) = detA x detB = 80. 


5 A matrix A has the property that A2=A—I 
Find expressions for A” for n = 3,4,...., 8 in terms of A and I. Hence: 
a deduce simple expressions for AS”+3 and ASH 
b express A! in terms of A and I. 
e Prove your result for AS?+5 is true by mathematical induction. 


2 
6 a Find the values of a and b for which the matrix ld dl has an inverse 
2 > 
a b O 
of the form b 0 a 
02 b 
b Use your answer to a above to solve the system of equations: 
PT Rd 
Ttytz=6 


PU Ri la ÃO 
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OPENING PROBLEM 


An aeroplane in calm conditions is flying 

due east. A cold wind suddenly blows in 
from the south west. The aeroplane, 
cruising at 800 km h”?, is blown slightly 
off course by the 35 km h”! wind. 








What effect does the wind have on the speed and direction of the aeroplane? 


How can we accurately determine the new speed and direction using mathematics? 


e How much of the force of the wind operates in the direction of the aeroplane? 
How does this affect fuel consumption and the time of the flight? 


VECTORS AND SCALARS 


To solve questions like those in the Opening Problem, we need to examine the size or 
magnitude of the quantities under consideration as well as the direction in which they are 
acting. 


For example, the effect of the wind on an aeroplane would be different if the wind was 
blowing from behind the plane rather than against it. 


Consider the problem of forces acting at a point. 


force 1 If three equal forces act on point A and they are 
from directions 120º apart then clearly A would 
not move. 


For example, imagine three people 120º apart 
around a statue, pushing with equal force. 











force 2 force 3 
force 3 
Now suppose three forces act on the point force 1 
A as shown. What is the resultant force 
acting on A? In what direction would A Ea 
move under these three forces? 
force 2 


To handle these situations we need to consider quantities called vectors which have both 
size (magnitude) and direction. 


Quantities which have only magnitude are called scalars. 
Quantities which have both size (magnitude) and direction are called vectors. 


Velocity is a vector since it describes speed (a scalar) in a particular direction. 
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acceleration 
force 
displacement 
momentum 
weight 


Other examples of vector quantities are: 


DIRECTED LINE SEGMENT REPRESENTATION 


Consider a car that is travelling at 80 kmh-! in a 
NE direction. 





One good way of representing this is to use an arrow on N 
a scale diagram. 
45º 
Scale: 1 cm represents 40 kmh”! 
The length of the arrow represents the size (magnitude) of the quantity and 
the arrowhead shows the direction of travel. 
Consider the vector represented by the line segment from O to A. 
N e This vector could be represented by 
sao E E 
a OA or a e 6 O 
f 
bold used used by 
O in text books students 
e The magnitude (length) could be represented by 
| OÃ| or OA o |a| o |ã| o |qa'| 
For Eu 
B we say that AB is the vector which emanates from A and 


E dá terminates at B, 
A 


and that AB is the position vector of B relative to A. 


EL 


Scale: 1ecm=10ms 


On a scale diagram, sketch the vector 
which represents “a force of 20 ms”! 
in a southerly direction”. 
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Example 2 


N Scale: 1em=10N 


Draw a scaled arrow diagram 


representing “a force of 40 Ra 
Newtons on a bearing 115º”. E [25º 





40 N 





EXERCISE 144.1 


1 Using a scale of 1 cm represents 10 units, sketch a vector to represent: 
a 30 Newtons in a SE direction 
b 25ms! in a northerly direction 
c a displacement of 35 m in the direction 070º 
d an aeroplane taking off at an angle of 10º to the runway with a speed of 50 ms 1. 


2H-————S represents a velocity of 50 ms”! due east, draw a directed 
line segment representing a velocity of: 


a 100ms”! due west b 75ms”! north east. 
3 Draw a scaled arrow diagram representing the following vectors: 
a a force of 30 Newtons in the NW direction 
a velocity of 40 ms! in the direction 146º 


b 
c a displacement of 25 km in the direction S32º E 
d an aeroplane taking off at an angle of 8º to the runway at a speed of 150 kmh” 1. 


VECTOR EQUALITY 
Two vectors are equal if they have the same magnitude and direction. 
So, if arrows are used to represent vectors, then equal 
vectors are parallel and equal in length. 
a 
The arrows that represent them are translations a E 
of one another. 


As we can draw a vector with given magnitude and direction from any point, we consider 
vectors to be free. They are sometimes referred to as free vectors. 


NEGATIVE VECTORS 
B Notice that AB and BA have the same 
AB length but have opposite directions. 
— — 
BA We say that BA is the negative of AB 


— — 
and write BA = —AB. 


A 
e add tem since a and —a must be parallel and 


equal in length, but opposite in direction. 
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Example 3 


PQRS is a parallelogram in which 
— — 
PQ=a and QR=b. 


Find vector expressions for: 
— — — — 
a QP b RQ ce SR d SP 





— K — 

QP = —a (the negative vector of PQ) 

— , — 

RQ = —b (the negative vector of QRk 

SR = a (parallel to and the same length as PÓ) 
= 
SP 


qn o» 


= —b (parallel to and the same length as RÔ) 





EXERCISE 14A.2 


1 State the vectors which are: 
a equal in magnitude b parallel p q Ir E qd 


c in the same direction d equal 


+ 


e negatives of one another. 


2 The figure alongside consists of 2 equilateral triangles. A, B and C lie on a straight 
line. AB = p, AÉ =q and DC =r. E D 
Which of the following statements 1s true? 

=> EREEA q r 
a EB=r b |pl=lql 


Ç 
d DB =q e ED=p f 






Could we have a zero vector? 
What would its length be? 
What would its direction be? 


We have already been operating with vectors without realising it. 


Bearing problems are an example of this. The vectors in these cases are displacements. 


4 km 


A typical problem could be: 


À runner runs in an easterly direction for 4 km and 
then in a southerly direction for 2 km. 


How far is she from her starting point and in what 
direction? 
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Trigonometry and Pythagoras” theorem are used to answer such problems as we need to find 
0 and x. 


VECTOR ADDITION 


Suppose we have three towns P, Q and R. 


A trip from P to Q followed by a trip from R 
Qto R is equivalent to a trip from P to R. 


This can be expressed in a vector form as 
> —& — 
the sum PQ+QR=PR, Q 


This triangular diagram Q R Q 
could take all sorts of P 
shapes, but in each case Q 


the sum will be true. For R E úi 
example: P P 


After considering diagrams like those above, we can now define vector addition geometrically: 


To add a and b: Stepl: Draw a. 
Step 2: At the arrowhead end of a, draw b. 
Step 3: Join the beginning of a to the arrowhead end 
of b. This is vector a + b. 


: b 
So, given we have 
DEMO 





Example 4 








Given a and b as 
shown, construct 




















a+b. 



















































































EXERCISE 14B.1 


1 Copy the given vectors p and q and hence show how to find p+ q: 
a b c 


ProONTO Ny 
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d e f 


Er [a 





















































































































































A B 
Find a single vector which is equal to: 
= — 
a BC+ CA 
— — 
b BA + AÉ + EC É 
— —— — Cc 
e AB TBCAC 
d AB+BC+CD+DE b 
nc q pá fas shown) R 
— — — — 
b BA+AE+EC=B 
—s —— — —s 
c AB+BC+CA=AA E E 
d AB+BC+CD+4DE-AÉ 
D 


2 Find a single vector which is equal to: 


-— 


SS —& —  —& SS Ss  — >  — 
a AB+4BC b BC+CD ce AB+BC+CD d AC+4CB+BD 


3 a Usevector diagramsto find i p+q ii q+p given that: 
pis and q is N 


b Foranytwovectorspandqg, is p+q=q+P? 
























































4 Consider: Q b One way of finding PS is: 
R — 5 —& 
PS = PR4RS 
? E =(a+b)-+e. 


Use the diagram to show that 
P S (a+b)+c=a+(b+o). 
THE ZERO VECTOR 


Having defined vector addition, we are now able to state that: 


The zero vector O is a vector of length 0. 
For any vectora: a+0=-0+a=a 
par (=) = (8) pa = 





: q sa 
When we write the zero vector by hand, we usually write O. 
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VECTOR SUBTRACTION 


To subtract one vector from another, we simply add its negative, i.e, a-b=a+(-b). 


For example: 





for and then 























































































































Example 6 








For r, s and t as shown r 
find geometrically: 
a r-—s bs-t-r 





x 













































































































































































EXERCISE 14B.2 


1 For the following vectors p and q, show how to construct p — q: 
a b c d 


MM 


2 For the following vectors: 































































































































































































show how to construct: a p+q-r b p-q-r Cc r—-q-p 
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For points A, B, C and D, simplify the following vector expressions: 


SS  —s > SS Ss 
a AB-CB b AC-BC-DB 
Ss —s 
a AB — CB B 
>» — —s 
-RÊ A c 
a Ç 
b AC — BC — DB 
Ss Ss B 
CE eBEcB 
—s, A 
= AD) 





b 


p 





We select any vector 
for the LHS and then 
take another path 
from its starting point 
to its finishing point. 


Example 9 


Find, in terms of r, s and t: 
es 


—»+ —> 
a RS b SR Cs 





— — —=> — >  —s 
a AC+CB b AD-BD ce AC+CA 

> > — DS > — SS 5 
d B+BC+4C e BA-CA+CB f AB-CB-DC 
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& Construct vector equations for: 





a b c p 
E á r s 
S q 
t 
t r 
d e f 
p q 
t r 
S 
5 a Find, in terms ofr,s and t: b Find, in terms of p, q and r: 
= Es TO) rá num EA . o . EEREEro IT Rs 
i OB il CA iii OC | AD ii BC iii AC 
B 
s B p 
E A 
r t 


AN APPLICATION OF VECTOR SUBTRACTION 


Vector subtraction is used to solve problems involving displacement, velocity and force. 
Consider the following velocity application: 


An aeroplane needs to fly due east from one city 
to another at a speed of 400 kmh”!. However, 
a 50 kmh”! wind blows constantly from the 
north-east. 

In what direction must the aeroplane head to 


compensate for the wind, and how does the wind 
affect its speed? 





On this occasion we are given: 
f SIMULATION 





vz final vector 


wind vector 


We also know that the aeroplane will have to head a little north of its final destination so the 
north-ecasterly wind will blow it back to the correct direction. 


cai en 


f 


In order to move in the f direction, the aeroplane must actually head in the p direction. 
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Notice that p+Hw=f eh 


p+w+(-w=f+(—w) f 
p+0-=-f-w 
p=f-w 


By the cosine rule, 
q? = 502 + 4002 — 2 x 50 x 400 cos 135º 
x a 437 
sin0 | sinl35º 
50 436.8 


x . 0xm4.64 
9º 1354550 


By the sine rule, 











400 


Consequently, the aeroplane must head 4.64º north of east. It needs to fly so that its speed 
in still air would be 437 kmh”?. The wind slows the aeroplane down to 400 kmh”1. 


EXERCISE 14B.3 


1 A boat needs to travel south at a speed of 20 kmh”!. However a constant current of 
6 kmh”! is flowing from the south-east. Use vector subtraction to find: 


a the equivalent speed in still water for the boat to achieve the actual speed of 
20 kmh”1 
b the direction in which the boat must head to compensate for the current. 


2 As part of an endurance race, Stephanie needs 





to swim from X to Y across a wide river. gu 
Stephanie swims at 1.8 ms”! in still water. AG — eee 
If the river flows with a consistent current of 80 m | mito 
0.3 ms”! as shown, find: Ag EE Rae 
a the distance from X to Y XxX 
b the direction in which Stephanie should 
head 


€ the time Stephanie will take to cross the river. 


SCALAR MULTIPLICATION 


A scalar is a non-vector quantity. It has a size but no direction. 


We can multiply vectors by scalars such as 2 and —3. If a is a vector, what do 2a and —3a 
mean? 


We define Z2a=at+a and 32a=>a+a-+a 
so —3a = 3(-a) = (—a) + (—a) + (—a). 
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Ifa is rd then 





So, 2a is in the same direction as a but is twice as long as a 
3a is in the same direction as a but is three times longer than a 
—3a has the opposite direction to a and is three times longer than a. 


In general: Ifaisa vector and k is a scalar, then: 
ka is also a vector and we are performing scalar multiplication. 
If k>o0, ka and a have the same direction. 


If k<0, ka anda have opposite directions. 








Example 10 
E r 
Given vectors = and 


show how to find a 2r+s geometrically. 









































































































































ELA 


Draw sketches of vectors p and q if a 





EXERCISE 14B.4 




































































1 Given vectors / and Ea , show how to find geometrically: 
a — b 2s ce sr d -is 
e 2r-s f 2r+4+3s gs 5r+2s h 51 +3s) 


2 Draw sketches of p and q if: 
a p=q b p=-q cp=2q dp=5q e p=-38 
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3 a Copy this diagram and on it mark the points: 
i X such that MX = MN +MB 
ia —— > — N 
il Y such that MY = MN — MP 


P 














: —s — 
iii Z such that PZ = 2PM M 
b What type of figure is MNYZ? 












































So far we have examined vectors from their geometric representation. 
We have used arrows where: 


e the length of the arrow represents size or magnitude 
e the arrowhead indicates direction. 

















Consider a car travelling at 80 kmh”! in a NE direction. 


a? + a? = 80? 

The velocity vector could be represented using the x and y ã 

steps which are necessary to go from the start to the finish. “ 2a” = 6400 
axá a” = 3200 

In this case the column vector ( o] gives the x and y steps.  0x56.6 


y-component bo is the component form of a vector. 





x-component 


For example, given (3) we could draw 


2 is the horizontal step and 
3 is the vertical step. 


EXERCISE 14€.1 


1 Draw arrow diagrams to represent the vectors: 
3 2 2 —1 
6) d (0) e (Ss) dos) 
2 Write the illustrated vectors in component form: 
a b c 
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VECTOR ADDITION 
Consider adding vectors a = e, and b= fe de 


Notice that: 








the horizontal step for a+b is a+b 








the vertical step for a+b is as+bso. 




















So, if = and piada then E 
Example 12 


If = and b = ( RE / 
a+ 


find a+b. 

















Check graphically. 

























































































NEGATIVE VECTORS 
2 

Consider the vector a = (5) 

a/ |3) —3 —a 
Notice that —a = (55). 
In general, ias (2) then —a = RE! 
ZERO VECTOR 
The zero vectoris 0 = ES For any vector a: a+0=-0+a=a 

ara aia O: 

VECTOR SUBTRACTION 


To subtract one vector from another, we simply add its negative, 1e., a-b=a+(—b). 


Notice that, if a= (2) and b= E) 
aa ba 


then a-b=a+(-b) = (2) He [6] = aa 


E on E do ma 
it a=(2) and p= (8) den a-b= (270), 


VECTORS IN 2 AND 3 DIMENSIONS (Chapter 14) 385 








The position vector of B(b1, b>) relative to 


A(ay, 2) is: AB = fe Ee 


ba — aq 





Notice that this result could be found using: 


B —> —s —+ 
A AB= AO + OB -b-— a 


A  B=(2)-()=(108). 
EXERCISE 14€.2 


dra bles (o) ma 





a a+b b b+a c b+c d c+b 
e a+c f c+a g a+a h b+a+ce 
: =Á —1 j 
2 Given p=(5 |: q=[5) and r=( E] find: 
a p-q b q-r c p+rq-r 
d p-q-r e q-r-p f r+tq-p 


= 
br AB=(5)) and CA=(2), find CB. 


ce If PQ = j RO = (1) and R$= (5). find SP. 
— 
4 Find AB given: 
a A(2,3) and B(4, 7) b A(3,-l)andB(1,4) ec A(-2,7) and B(1, 4) 


d B(3,0) and A(2, 5) e PB(6,-1)and A(0,4) f PB(0,0) and A(—1, —3). 
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SCALAR MULTIPLICATION 


Recall the geometric approach for scalar multiplication. 


Consider asa) 22=a+a=(3)+(5)=(6) and 


3a=atara=(5)+(5)+(5)=(5) 


Examples like these suggest the following 
definition for scalar multiplication: 


. : o (—1) a o f-al 
Notice that: e (—1)a= fu = Ro se 


For example: 


If k is a scalar, then ka = e ; 


kag 


(E find: a 3q bp+2q <c 5p-3q 





b p+2q P—3q 


= (9) 2(3) = ()-s(3) 
(ie) = (io-aco) 
= (8) 





EXERCISE 14€.3 


1 For p=(5), q o) and (ci find: 


a -—3p b 5q c 2p+q d p-2q 
e p-dr f 2p+3 gs 2q-3r h 2p-q+g5r 


2 1f p= (1) and q= (2) find by diagram and then comment on the results: 


a p+rp+gtq+q b p+rqa+p+tq+q cc q+p+qg+p+q 
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LENGTH OF A VECTOR 
Consider vector a = (3) as illustrated. 


Recall that |a| represents the length of a. 
By Pythagoras, |a/=2+32=44+9=13 
jal= 13 units (since |a|>0! 








In general, if a= fa then |al= Va? + as. 





Example 15 


«Jp =v9+35 e p-2=(5)-2(0 


2 


lp — 2q] = 52 +(-1)? 
“ lg =v1+4 = 26 units 


= v5 units 


= v34 units 





EXERCISE 14€.4 


1 For Es) and o. find: 


a Ir b Is| c |r+s] d lr-—s e |s — 2r| 


2 If p=(5) and pe find: 


a lpl b |2p| e I-2p| d |3p| e |-3p| 
ft lal s |4g| h |-4q] à lia i |-3a| 
3 From your answers in 2, you should have noticed that |ka|=|kllal] 


So, (the length of ka) = (the modulus of k) x (the length of a). 


a 
az 


By letting a = ( ), prove that |ka/=[|kl|lal. 


4 The length of the vector between A and B is denoted AB or simply AB. 


Given A(2, —1), B(3, 5), C(—1, 4) and D(—4, —3), find: 
— — — 
a AB and AB b BA and BA ce BC and BC 
-— — — 
d DC and DC e CA and CA f DA and DA. 
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To specify points in 3-dimensional space we 
need a point of reference, O, called the origin. 


Through O we draw 3 mutually perpendicular 
lines and call them the X, Y and Z-axes. We 
often think of the Y Z-plane as the plane of the 
page, with the X-axis coming directly out of the 
page. However, we cannot of course draw this. 


Once the positive directions of the X and Y-axes 
are determined, convention requires the positive 
Z-axis is given by the right hand rule. (See 
page 411.) 


In the diagram alongside the coordinate planes 
divide space into 8 regions, each pair of planes 
intersecting on the axes. 


The positive direction of each axis is a solid line 
whereas the negative direction is “dashed”. 


Any point P in space can be specified by an 
ordered triple of numbers (x, y, z) where 
x, y and z are the steps in the X, Y and Z 
directions from the origin O, to P. 


EN x 
The position vector ofPis OP=|y|). 
z 

To help us visualise the 3-D position of a point 
on our 2-D paper, it is useful to complete a 
rectangular prism or box with the 

TE 3-D POINT 
origin O as one vertex, the axes  LOTTER 


as sides adjacent to it, and P being 
the vertex opposite O. 


Example 16 





Illustrate the points: a A(0, 2,0) b B(3,0, 2) cnc (IS) 
a Z b 7 c 
2 
A B 
2, A Há 
3 
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DISTANCE AND MIDPOINTS 
Z P(a, b,c) Triangle OAB is right angled at A 
OB? =a2+b? ..... (1) Pythagoras) 
Triangle OBP is right angled at B 
OP? = OB? + c? (Pythagoras) 
OP? = a? +b2 + c? (from (1) 
OP = va2+b2+c2 
A(x,, Y1 21) B(x,, 2, 29) For two general points A(xy, y1, 21) 


and B(x>, y2, 22) 
a, the z-step from AtoB= 7x5 -— x = Ar 
b, the y-step from Ato B= yo —y = Ay 
c, the z-step from A to B = 2) — 2) = Az 


So AB= GE mote nm ce 


A simple extension from 2-D to 3-D geometry also gives 





the midpoint of [AB] is (== Ena a) 


DAR E 
Note: As with the 2-D case, a proof of this rule can be made using similar triangles. 


ELA! 


If A(-1,2,4) and B(1,0, —1) are two points in space, find: 
a the distance from A to B b the coordinates of the midpoint of [AB]. 


AB b The midpoint is 


= to (= 2+0 —. 


DES DR 


= 474735 


= 00 units which is (0, 1, 5). 





EXERCISE 14D 


1 Illustrate P and find its distance from the origin O 1f P is: 


a (0,0,-3) b (0,-1,2) c (31,4) d (-1,-2,3) 
2 For each of the following: 
i find the distance AB il find the midpoint of [AB] 
a A(-1,2,3) and B(0,-1,1) b A(0,0,0) and B(2,-1,3) 


c A(3,-1,-1) and B(-1,0,1) d A(2,0,-3) and B(0,1,0) 
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3 Show that P(0, 4, 4), Q(2,6,5) and R(1,4,3) are vertices of an isosceles triangle. 


4 Determine the nature of triangle ABC using distances: 
a A(2, 1,7), B(3,1,4) and C(5,4,5) 
b A(0,0,3), B(2,8,1) and C(—9, 6, 18) 
c A(5,6, —2), B(6, 12,9) and C(2,4,2) 
d A(1,0, —3), B(2,2,0) and C(4, 6, 6). 


5 A sphere has centre C(—1, 2, 4) and diameter [AB] where A is (—2, 1, 3). 
Find the coordinates of B and the radius of the circle. 


6 a State the coordinates of any point on the Y-axis. 


b Use a and the diagram opposite to find the 
coordinates of two points on the Y-axis which 
are 14 units from B(—1, —1, 2). 








E NENT FORM 


Consider a point P(x4, y1, 21). Z P(x,, Yp 21) 
The x, y and z-steps from the origin to Pare x4, y and 
21 respectively. 


Eq x . . 
So, OP=|[Ô is the vector which emanates from O 


2 


and terminates at P. 





In general, if A(x1,,y, 21) and B(xo, y2, 22) are two points in space then: 





feat mo = il pe Ste fe 
AB=|[w-yn |-— y-step and [AB|=v(x2—21)2+(yo —w)2 + (22 — 21)? 
2—21 / «— z-step 


AB is called “vector AB” or the “position vector of B relative to A”. 
—s 
OP, the position vector of P relative to O, is called the position vector of the point P in 


both 2-D and 3-D. Its usefulness is marked by the fact that its components are exactly the 
same as the coordinates of the point P. 


Example 18 
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Example 19 
. . Ed 
E Bis (31,2% and Os (1 1,9) find | PO! 


[PQ] = V2+(23+2 


= 21 units 


Example 20 


WAis (-1,3,2) and Bis (2,1, —4), find: 
a the position vector of A from B b the distance between A and B. 


EE —3 
a The position vector of A from B is Dá = ( 3-1 )-(5) 


d= (cá) 6 


— 
b AB =|BÃ| 
= /9+4+36 |AB|=|BA[ is the 


= T units distance between 
A and B. 


EXERCISE 14E.1 


1 Consider the point T(3, —1, 4). 
a Draw a diagram to locate the position of T in space. 
b Find OT, c How far is it from O to T? a 





2 Given A(-3, 1,2) and B(1,0, —1) find: 
— -— — — 
a AB and BA b the length of AB and BA. 


—.  — — 
3 Given A(3,1,0) and B(-1,1,2) find OA, OB, and AB. 


4 Given M(4, —2, —1) and N(—1, 2,0) find: 
a the position vector of M from N b the position vector of N from M 
ce the distance between M and N. 

5 For A(-1,2,5), B(2,0,3) and C(—3, 1, 0) find the position vector of: 
a A from O and the distance from O to À 


b C from A and the distance from A to € 
c B from C and the distance from C to B. 


6 Find the distance from Q(3, 1, —2) to: 
a the Y-axis b the origin c the YOZ plane. 


GEOMETRIC REPRESENTATION 


As for 2-D vectors, 3-D vectors are represented by directed line segments or arrows. 
Consider the vector represented by the directed line segment from O to A. 
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A e This vector could be represented by 
ae EN 
a OA or a or ao a 
t ; 
bold used used by 
O in text books students 


E 
Rae 


e The magnitude could be represented by | OA |, OA, |al, |a| or | 


a1 
If = (2) then |al=vaf+as+az. 


as 


VECTOR EQUALITY 


Two vectors are equal if they have the same magnitude and direction. 
So, 1f arrows are used to represent vectors, then equal 
vectors are parallel and equal in length. a 
This means that equal vector arrows are translations FA a 
of one another, but in space (free vectors). 
a [7 
bi =|| andb = [00 ihen ab abr Go bo as =ba 
as bz 


a=b implies that vector a is parallel to vector b, 


Ed o and |al=|b|. 


Consequently, a and b are opposite sides of a 
parallelogram and lie in the same plane. 





e Do any three points in space define a plane? What about four points”? Ilustrate. 


e What simple tests on four points in space enable us to deduce that the points 
are vertices of a parallelogram? Consider using vectors and not using vectors. 


a—3 
Find a, b, and c if DR —b |. 
(ee -3-—c 





Example 21 





Equatinsicomponenis a Do RO anda 
= POE? and Die 
a=2, = and Ci 





ABCD is a parallelogram. A is (—1, 2, 1), Bis (2,0, —1) and D is (3, 1, 4). 
Find the coordinates of C. 
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First we sketch the points as shown: 
CeiiCeibel(anbre)! RT) B(2,0,—1) 
Now [AB] is parallel to [DC] and has the same 
—s —— 
length, so DC = AB 


3 3 C(a, b,c) 
RD Re D(3,1,4) 
c—4 —2 


-3=8% b-l=-2 e-d==-? 











qa =O! = —1, CE? So, C is (6, —1, 2). 
Check: midpoint of [DB] is midpoint of [AC] is 
RI ON Bo EG Bis 
(=>. BE ) GR ( 7 "3 o) Go (os 5) 


What property of a parallelogram are we checking? 





EXERCISE 14E.2 


a—4 1 a—s 3-—-a 
1 Finda, bandcif. a b-3 |=[ 3 b b-2]|=|2-b 
c+2 —4 c+3 5—-c 


2 Find scalars a, b and c if: 


AR de 


3 A(-1,83,4), B(2,5, —1), C(—-1,2, —-2) and D (r,s,t) are four points in space. 
— — -—s — 
Find r,s andtifl a AC=BD b AB=DC 
& A quadrilateral has vertices A(l, 2,3), B(3, —3, 2), C(T, —4,5) and D(5, 1, 6). 
a Find AB and DC. b What can be deduced about the quadrilateral ABCD? 
5 PQRS is a parallelogram. Pis (—1,2,3), Q(1, —2,5) and R(0, 4, —1). 
a Use vectors to find the coordinates of S. 
b Use midpoints of diagonals to check your answer. 






TH VECTORS 


E 


The rules for algebra with vectors readily extend from 2-D to 3-D: 


aj bi a1 +b ay — bi 
bo p= || 0 and b=|b then at+b=|[a+bo |, a-b=|az—b 
as ba as + b3 az — bg 


kar 
and a = (1) for some scalar k 


kas 
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SOME PROPERTIES OF VECTORS 














e a+b=b+a e l|kal=|kl||a| where ka is parallelto a 
—— + = 
e (aib' caldo pe, Esse 
length of ka length of a 
º a+0=0+a=a 
: a+(-a)=(-a)+a=0 modulus of k 


The rules for solving vector equations are similar to those for solving real number equations. 
However, there is no such thing as dividing a vector by a scalar. Instead, we multiply by 
reciprocals. 


. a 
For example, if 2x=a then x= za and not 2º 


has no meaning in vector algebra. 


Two useful rulesare: e if x4+a=b then x=b-a 


e if kx=a then x=7a (00) 
To establish these if x+a=b and 1f kx=a 
nonpernas: then x+a+(-a)=b+(-a) then Lkx) = La 
x+0=b-—a É 
x=b-—a 1 A 
x= a 
Another useful property is that: 
o — e B 
if OA=a and OB=b where O is the origin 
-— =— 
then AB=b-—-a and BA=a-—b. : 


Example 23 


Solve for x: 
a 3x—r=s 
b c-2x=d 


ELA! 


[2a] =2]a| 
-1 
If = (5) find |2a|. o UR 
2 =2/1F974 
= 2v14 units 
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EXERCISE 14F.1 


1 Solve the following vector equations for x: 


a 2x=q b 2x=n c -Sx=Pp 


d q4+2x=r e 44-5x=t f 4m-x=n 


a 2y=r b 


21 r=(5) and s=(5), findyif 
2y=s c r+2y=s d 3s-4y=r 


3 Show by equating components, thatif x = E ) a= fa and kx=a, then 


la, 


X= 


4 Find B if C is the centre of a circle with diameter [AB]: 
a Ais(3,-2) and C(I, 4) b Ais(0,5)and C(-1, —2) 
c Ais(-1,-4) and C(3, 0) 
5 A.6) Find: 
a the coordinates of M 
—  — — 
M b vectors CA, CM and CB. 
. ——: LAR 158 
C(-4,1) B(=1,2) c Verify that CM = 5CA + 5CB. 


—1 2 
6 If (2) and = (2) find xiff a 2a+x=b b 3x-a=2b 
3 1 c 2b-2x=-a 


—s = —s À —s 
7 If OA-= (=) and OB = 3 find AB and hence the distance from A to B. 
1 —1 


2 0 1 
8 The position vectors of A, B, C and D from O are 1 ) 3 ) (=) and 


a . —s — 
(2) respectively. Deduce that BD = 2AC. 
2 


9 Find the coordinates of C, D and E. 


B(2,3,-3) 
nAsD SSB 


10 Use vectors to find whether or not ABCD is a parallelogram: 
a A(3, —1), B(4,2), C(-1,4) and D(-2,1) 
b A(5,0,3), B(-1, 2, 4), C(4, —3,6) and D(10, —5, 5) 
ce A(2, -3,2), B(1,4, —1), C(-2,6, —2) and D(—1, —1, 2). 
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11 Use vector methods to find the remaining vertex of: 


a b c 
A(3,0) B(Q2,—1) P(—1,4,3) Q(—2,5,2) W(—1,5,8) X 
1 Z(0, 4, 6) TO;-2,=2 
C(8,—2) S(4, 0, 7) R ( ) 
12 In the given figure BD is parallel to OA and half its length. 


Find, in terms of a and b, vector expressions for: 
BD b AB c BA 
— — — 
OD e AD f DA 


13 If É) fts E ) and DD = (2 ) find: 
— —s 





= 
a AD b CB c CD 
2 1 0 
14 For a=[-1], b=[ 2 and c=[ 1), find: 
1 —3 —3 
a a+b b a-b c b+2c d a-3e 
e at+b+c f c-dla g a-b-c h 2b-c4+a 
15 


= 1 —2 
Ifa=|[1 |, b=[-3| ande=| 2) find ala) bI|b| cbl 
3 2 4 


1 
dl|al e lalb f —a 


ja| 
16 Find scalars r and s such that: 
1 2 “8 2 1 7 
a ( )+s(i)=( ) b (a )es(7)= (58) 
=] 5 —27 
1. 2 2 
THE DIVISION OF A LINE SEGMENT 
Consider these points which are 
equally spaced on a number line: A B 
C 
D 
Notice that B divides [AD] in the ratio 1:2. E F 


But in what ratio does B divide [DA] and F divide [AD]? 


Because confusion can arise we adopt the following convention to interpret the ratio of the 
division of a line segment: 


X divides [AB] in the ratio a:b means AX:XB=a:b 
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So, to find the ratio in which B divides [DA], we find DB:BA. This is clearly 2:1. 


— — 
Notice that both DB and BA have ATZ 


the same direction. B lies in between D 
A and D, so this is internal division. 


To find the ratio in which F divides [AD], we find AÉ: FD. 

Thisis 5:-2 or —5:2. 

The minus sign indicates that these two vectors are opposite in direction. 
F is outside the interval [AD], so this is external division. 

We say that F divides [AD] externally in the ratio 5: 2. 


Example 25 


I£A is (=1,4, 7) and Bis (3,0, 5) find: 
P if P divides [AB] in the ratio 3:1 
Q if Q divides [BA] externally in the ratio 3: 1. 





Pis (2,1, 55). 


b Since Q divides [BA] externally in the ratio 3: 1, we need to use a minus sign. 


— — > —s 
BOEION E SSEal OQ — OA A 
—s — — 


Q=1B = OA 4 








EXERCISE 14F.2 


1 The points A to F are equally spaced on a 
number line. Find the ratio in which: 


A E a Bdivides [AC] b C divides [BF] 
F c Cdivides [FB] d D divides [EA] 
e Cdivides [AB] f F divides [DA]. 
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2 For A(3, 1,1), B(-1,2,0), C(1, -1,4) and D(3, —2, 4) find: 
a Qif Q divides [BC] internally in the ratio 1: 2 

R if R divides [CA] externally in the ratio 3: 4 

S if S divides [BA] internally in the ratio 3:1 

Tif T divides [CB] externally in the ratio 2: 5 

X if X divides [ADJ] internally in the ratio 2:7 

Y if Y divides [DB] externally in the ratio 5: 3. 


- o Ma G 


P lies on the line passing through points A and 
B. Find the position vector p of point P 1f: 


a P divides [AB] internally in the ratio 3: 5 
b P divides [AB] externally in the ratio 2:7 
c P divides [AB] in the ratio m: mn. 








If two non-zero vectors are parallel, then one is a scalar multiple of the other and vice versa. 


Note: e fais parallel to b, then there exists a 


= scalar k such that a = kb. 
E: e If a=kb for some scalar k, then 
pera » ais paralleltob, and 

» lal=[kl||b]. 


2 1 4 
Notice that «= 1) tt E and e = (2) as a=2b and a = 5e. 
2 


= —8 


2 —3 
a= 6 is also parallel to d = [s as a = —3d. 
=A 6 


Example 26 


2 
Find r and s given that a = (1) is parallelto b = ) 
=) 


r 


Since a and b are parallel, then a = kb for some scalar k 


2) s 
(=) =e( RD es and = Sh 
if —3 


Consequently, k=-—5 and 
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Three or more points are said to be collinear if they lie on the same straight line. 


E -— — 
A, Band C are collinear if AB = kBC for some scalar k. ps al 





Prove that A(—1,2,3), B(4,0, —1) and C(14, —4, —9) are collinear and hence 
find the ratio in which B divides [CA]. 


õ 10 5 
= === = = 
= (4) ó= (=) -a(-) “+ BC=2AB 
A) =—8 —4 





- [BC] is parallel to [AB] and since B is common to both, A, B and C are collinear. 
To find the ratio in which B divides [CA], we find 


> > o 
CB :BÃ=-a( = : = )=2u 





B divides [CA] internally in the ratio 2:1. 


EXERCISE 14G 


2 —6 
1 a= (=) and b= r are parallel. Find r and s. 
3 s 


3 a 
2 Find scalars a and b given that (1) and (:) are parallel. 
2 b 


2 
3 a Finda vector of length 1 unit which is parallelto a = (=) 
Hint: Let the vector be ka. e 


—2 
b Find a vector of length 2 units which is parallelto b = [— ) 
2 


& What can be deduced from the following? 


— — 


a AB=-3CD  b R$--IKL «e AB-2B d BC-=1 


3 dg 2 =] 
5 The position vectors of P, Q, R and S from O are 2 ) 4 ) (1) and 2) 
respectively. sl e 2 3 
a Deduce that [PR] and [QS] are parallel. 
b What is the relationship between the lengths of [PR] and [QS]? 


6 a Provethat A(-2, 1, 4), B(4,3,0) and C(19, 8, —10) are collinear and hence 
find the ratio in which A divides [CB]. 

b Prove that P(2, 1, 1), Q(5, —5, —2) and R(—1, 7, 4) are collinear and hence 
find the ratio in which Q divides [PR]. 
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7 a A(2, 3,4), B(l1, —-9,7) and C(—-13,a, b) are collinear. Find a and b. 
b K(1, —1,0) L(4, —3,7) and M(a, 2, b) are collinear. Find a and 6. 


8 Triangle inequality 


In any triangle, the sum of any two sides must always be greater 
than the third side. This is based on the well known result: a b 
“the shortest distance between two points is a straight line”. 


Prove that |a + b|<[a|+]|b| using a geometrical argument. e 


Hint: Consider e ais not parallel to b and use the triangle inequality 


e aandb parallel e any other cases. 





A unit vector is any vector which has a length of one unit. 


1 
For example: e 3) is a unit vector as its lengthis V12+02+02=1 

0 
eo 
2 Ee 12 

Eu 5 o 
o o is a unit vector as its length is (=) + 0: + ( +) =1 

v2 


l 1 E 0 0 are special unit vectors in the 
sapato as io and k= [0 directions of the positive X, 


Y and Z-axes respectively. 


as EE === 


a1 
Notice that a = (x) S&S a=ai+as)+ ask. 
component form unit vector form 


2 
Thus, a= 3 can be writtenas a=2i+3j— 5k and vice versa. 
—5 


We call i, j and k the base vectors as any vector can be written as a linear combination of 
the vectors i, j and k. 





Example 28 


Find the lengthofthe | As 2-5j= E its lengthis 4/22 + (—5)2 


2-D vector 2i — 5j. = 29 units 
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Example 29 


Find a vector b of length 7 in the opposite direction to the vector a = o : 
1 


1 
The unit vector in the directionofais ——-—— | + 
v4+1+1 1 


We now multiply this unit vector by —7. The negative reverses the direction and 
the 7 gives the required length. 


2 
Thus »=-& (4) Check that |b|=7. 





EXERCISE 14H 


1 Express the following vectors in component form and find their length: 
a i-j+k b 3-j+k e i=Bk d 56+k) 


2 Find k for the unit vectors: 


3 Find the lengths of the vectors: 
a d+ 4 b 2i-j+Kk c i+2j-—-2k d -—2.36i + 5.65] 


& Find the unit vector in the directionof: a i+2j b 2i-3k c —-2i-5j—-2k 
5 Find a vector b if: 


e s ; 2 : 
a it has the same direction as Es and has length 3 units 


b it has the opposite direction to (11) and has length 2 units 


= 
ce it has the same direction as 4 and has length 6 units 
1 
=—1 
d it has the opposite direction to (=) and has length 5 units 


= 
Note: e A vector b of length k in the same direction as ais b= El a 
e A vector b of length k in the opposite direction to ais b= fo] a 
k 





e A vector b of length k which is parallel to a could be E a 


[a | 
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We have learned how to add, subtract and multiply vectors by a scalar. These operations have 
all been demonstrated to have practical uses. For example, scalar multiplication is used in 
the concept of parallelism and finding unit vectors. 


VECTOR PRODUCTS 


For ordinary numbers numbers a and b we can write the product of a and bas ab or a x b. 


There is only one interpretation for this product, and so we have developed power notation 


as a shorthand. a2=axa, a=axaxa, andso on. 





However, there are two different types of product involving two vectors. These are: 


e The scalar product of 2 vectors, which results in a scalar answer and has the 
notation aeb (read “a dot b”). 

e The vector product of 2 vectors, which results in a vector answer and has the 
notation ax b (read “a cross b”). 


Consequently, for vector a, a? or (a)? has no meaning, as it not clear which of the vector 
products we mean. 


So, we should never write a” or (a)”. 


SCALAR DOT PRODUCT 


The scalar product of two vectors is also known as the dot product or inner product. 


a1 bi 
Definition: If a= (x) and b= E » the scalar product of a and b 


as b3 


is definedas aeb= ab +asbs + agbs. 


ANGLE BETWEEN VECTORS 


aj bi 
Consider vectors: a= | a and ses = | bo» 
as ba 


We translate one of the vectors so that they both emanate from the same point. 


a This vectoris -a+b=b-a 
and has length |b — al. 
b 


Using the cosine rule, |b-a/=|a/+|b/-2]al|b|coso 


by a1 bi— as 
But b-a=|b|-—-l|a |=|b2—as 
ba as bs — ag 
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E (b — ay)? + (bo — ao)? + (bs — as)? mo | so é | bye | ba? | hs? 2|a||b|cos6 





which simplifies to ab; + azb» + asbz = |a||b| cos0 


aeb =|al|b| cosô 
aeb 
So, cosô = Ei can be used to find the angle 


between two vectors a and b. 


ALGEBRAIC PROPERTIES OF THE SCALAR PRODUCT 
The scalar product has the following algebraic properties for both 2-D and 3-D vectors: 


>» aeb-=bea and aca=|a/ 
>» ac(btc)-aeb+aec 
>» (a+b)e(c+d)=aectaced4+bec+bed 


a1 bi 
These properties are proven in general a= ) and b= [1 ) 


by using vectors such as: as ba 


Be careful not to confuse the scalar product, which is the product of two vectors to give a 
scalar answer, with scalar multiplication, which is the product of a scalar and a vector to 
give a parallel vector. They are quite different. 


GEOMETRIC PROPERTIES OF THE SCALAR PRODUCT 


» If0 is the angle between vectors a and b then: aeb=|al|b|cos0 
So, if0isacute, cos0>0 and .“. aceb>0 
if0is obtuse, cos0<0 and .“. aceb<oO. 
b  Fornon-zero vectors a and b: aeb=0 < aandb are perpendicular. 





» aecb=+|a||b| « aandb are non-zero parallel vectors 


Two vectors form two angles 0 and a as in the diagram drawn. The 
angle between two vectors is always taken as the smaller angle, so we 9 
take 6 to be the angle between the two vectors with O < O < 180º. a b 


Example 30 





4+9+1VI+0+4 


SC 1) 30) 4 (Da => 


=-2+0-2 
=-4 


= —4 Es o 
O = arccos (+) fa RO, 
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If two vectors 
are perpendicular 
then their scalar 
product is zero. 









Example 31 













Find t such that 
—1 
al ( E ) and 
E 2 
RR 


are perpendicular. 


Since a and b are perpendicular, aeb = 0 


se 
(IB) +5t=0 


—2+5t=0 
bu — 2 andiso fo 










Example 32 


Find the measure of the angle between the lines 2x+y=5 and 37 —2y=8. 


2x +y=5 hasslope —Z and .. direction vector (*:) which we call a. 


3x — 2y = 8 has slope - and .. direction vector (5) which we call b. 


If the angle between the lines is 0, then 
If a line has 
ash Mic 2sd 4 slope É, it 
fal|b| v1+4/449 V5v'13 has direction 


vector e : 





cos0 = 


=. —4 Es o 
O = arccos (=) RIOT 


When finding the angle between two lines we choose the 
acute angle, in this case 180º — 6 


the angle is about 60.3º. 





EXERCISE 141 


1 For p= (5). a= (5) and = (7). find: 


a qep b qer c qe(p+r) d 3req 
e 2pe2p f iep 9 qej h ici 
2 —1 0 
2 Fora=[1],b=[1 and c= [| —1) find: 
3 1 1 
a aeb b bea c la/ 
d aea e ac(b-+c) f aeb+aec 


3 —2 
3 If p= (1) and q= 1 ) find: a peq b theangle between p and q. 
2 3 


4 Find: a (i+tj-keQj)+kKk) b ici c ioj 
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a1 by c1 
5 Using a=[a2 |), b=[b2 |] and c=[|c | provethat 
as ba ca 


ac(b+c)-acb+aec. 
Hence, provethat (a+b)e(c+d)-aecrtaced+bec+bed. 


6 Find t given that these vectors are perpendicular: 


el) a(o) ea) 
dad anta me ii 


7 For question 6 find, where possible, the value(s) of t for which the given vectors are 
parallel. Explain why in some cases the vectors can never be parallel. 


3 —1 1 
8 Show that a = (3) b = 1 and c= 5 are mutually perpendicular. 
2 1 —4 


= 


3 1-—t 
b Find tif t is perpendicular to —3 ) 
—2 4 


1 2 
9 a Show that (:) and 3 are perpendicular. 
5 


10 Consider triangle ABC in which A is (5, 1, 2), B(6, —1, 0) and C(3, 2, 0). Using 
scalar product only, show that the triangle is right angled. 
11 AQ2,4,2), B(-1,2,3), C(-3,3,6) and D(0, 5, 5) are vertices of a quadrilateral. 
a Prove that ABCD is a parallelogram. 
b Find | AB | and | BC |. What can be said about ABCD? 
c Find ACeBD. What property of figure ABCD has been found to be valid? 


12 Find the measure of the angle between the lines: 
a v—y=3 and 38242y=11 b y=rx+2 and y=1-3zx 
c yitx=7T and zx-3y4+2=0 d y=2-zx and x-2y=7 


13 Find peqif a |pl=2 |q|=5,0=60º b |p[=6, |q|=3, 06=120º 


Example 33 


Find the form of all p= Un 
vectors which are 


So, ( 3 ) is one such vector 


: 3 
perpendicular to ( a 
required vectors have form k es RAIO: 
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14 Find the form of all vectors which are perpendicular to: 


5 =] 3 —4 2 
a) to) (4) a (ii) = Q) 
15 Find the angle ABC of triangle ABC for A(3, 0, 1), 
B(-3, 1,2) and C(-2,1, —1). A 
— — 
Hint: To find the angle at B, use BA and BC. B 9 
What angle is found if BA and CB are used? Cc 


Example 34 


2 
Use vector methods to Notice that vectors used 
determine the measure o o Ri jê 
if 1 AB . Í or towar: Ex . as no 
Ra ç ; done you will be finding the 
exterior angle at B. 





Placing the coordinate axes as illustrated, 
AISO O) BEST) and CASINO) 


— E — E 
BA is —4 | and BCis 0 
=5 = g 


 BÃeBC 

|BA | |BC| 

OR CO CC) 
VAGO /IEPOFEO 


o 
vaso 


Z and cosABC = 


1 
90 

Ro — 11 RS o 
ABC = arccos (+) a 49.8 





16 For the cube alongside with sides of length 2 cm, 
find using vector methods: 
a the measure of angle ABS 
b the measure of angle RBP 
c the measure of angle PBS. 


17 KL, LM and LX are 8, 5 and 3 units long respectively. 
P is the midpoint of KL. Find, using vector methods: 
a the measure of angle YNX 
b the measure of angle YNP. 
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18 For the tetrahedron ABCD: D(3,2,0) 
a find the coordinates of M C(2,2,2) 
b find the measure of angle DMA. M 
A(2,1,1) 


B(1,3,1) 
19 a Findtif 22+tj+(t—-2)k and ti4+3j + tk are perpendicular. 


2 s 
b Find r, sand tif a = (2) b = (*) and c= (:) are mutually 
perpendicular. é E 


20 Find the angle made by: 


1 =, 
a the X-axis and (:) b a line parallel to the Y-axis and 1 ) 
3 3 


21 Find three vectors a, b and e suchthat a£0 and aceb=-acc but bzc. 
22 Show using |x/ =xex, that: 
a la+bP+|a-b/=2]aP+2]bP b la+b/-|a-b//=4a0b 


23 a and b are the position vectors of two distinct points A and B, neither of which is the 
origin. Show thatif |a+b|=[a — b| then a is perpendicular to b using: 


a a vector algebraic method b a geometric argument. 
24 If |a/=3 and |b|/=4, find (a+b)e (a — b). 


25 Explain why aebec ismeaningless. 


We have now seen how the scalar product of two vectors results in a scalar. 





The second form of product between two vectors is the vector product or vector cross 
product, and this results in a vector. 


The vector product arises when we attempt to find a vector which is perpendicular to two 
other known vectors. Following is such an attempt: 


x a bi 
Suppose x = (:) is perpendicular to both a = (x) and b= (2) 
z as ba 


( ax + asy + asz = 0 


t t 
bherboy+baz =0 (as dot products are zero) 








ax +ay=-—ag2 a. (1) 
bjx tr boy = —bsz me stan (2) 


We will now try to solve these two equations to get expressions for x and y in terms of z. 
To eliminate x, we multiply (1) by —b; and (2) by a; 
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—ajbyx e aobiy =— asbiz 
ab, + a1boy =— —a1bgz 





Adding these gives (ajbo — asbi)y = (a3by — aqba)z andso £= Gsb1 — aids 
z a1b9 — asb1 


y=(asby — aybs)t and z=(abo-asby)t for any non-zero t. 
Substituting into (1), dk — —as(ajb» == abit = as(azby = a1ba)t 
E (—ajagb» + a2a3b, — asagby + ajasbsa)t 
LX — a (asbs = agbo)t 


ax 


b = (asbs = agbo)t 
So, the simplest vector perpendicular to both a and b is obtained by letting t= 1. 
a2b3 — agba 
In this case this gives x = | asby — abs |. 
a1b2 — aoby 
We call this vector the cross product of a and b, and itis writtenas ax b. 
a2bz — agbg 
ababr= | esti abs 


a1b2 — a2by 


az ag 
ba bz 


01 as 
bi bg 


aj ag 
bi bo 




















JE 


i j k 
aj a2 as 
bi bo bs 


This form is known as a 
3 x 3 determinant. After finding axb, 
check that your answer 
is perpendicular to 
both a and b. 


Notice also that: ax b= 











Example 35 


4 
find a x b. = 14i — 7; + 7k 


E 

E 
and b = 5) ES E: 2 
E ais [a oo 


Example 36 


a bxc 
b ae(bxc) 


: 1 E 
alia ali+]> ok =16+2+4 
Eno 


=8i + 2j— 4k 
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EL! 


DR 
0 —3 1 


GL Dj DK yhicha DO Ji Eb) 


the vectors have form k(3i — j + k), where k is any non-zero real number. 


Example 38 


Find a direction vector which is perpendicular to the plane passing through the 
poinisFA (ES BG In o)Randae( an): 


The vector v must be perpendicular to 
both AB and AC. 


É E E 
H = 


Cop 
Gas E i+| > 5 k 
—4ij + 14j) + 10k whichis —2(2i — 7j — 5K) 


Thus any non-zero multiple of (2i — 7j — 5k) will do. 





EXERCISE 14).1 


1 Calculate: 
a (o) (4) b (o )=(5) e G+j-xG-1) 
1 —2 2 —2 d Ci-kx(j+3k) 


1 —1 
2 Given a= (3) and b = 3 ) find a x b and hence determine ae(axhb) 
3 =1 


and be(axb). What has been verified from these results? 


3 Ifi, j and K are the unit vectors parallel to the coordinate axes: 
a find ixi jxj, and kxk 


b find ixj and jxi jxk and kxj, and ixk and kx ii. 
What do you suspect a x a equals for any vector a? 
What do you suspect is the relationship between a x b and b x a? 
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a1 bi 
4 Using a= [as and b=|b> |, prove that: 
as ba 


a ax a=0 forall space vectors a 








b ax b=-bx a forall space vectors a and b. 
ij 2 0 
5 For a=|[3),b=|[-1] and c=[1 find: 
2 1 —2 
3 
a bxc b ac(bxc) c Ij2 11 
0 1 —2 
Explain why the answers to b and c are the same. 
6 Repeat 5 for vectors of your choosing. 
7 MW a=i+2k b=-j+Kk and c=2i-—k, determine: 
a axb b axe c (ax b)-+(axc) d ax (b+o) 


8 What do you suspect to be true from 72 
Check with vectors a, b and e of your choosing. 


aq by 
9 Provethat ax (b+c)=-axb+axce using = (2) »= (2) and 


c1 ba 
c— ca |. 
c3 


10 Use ax(b+ce)=(axb)+(axc) to prove that 
(a+b)x(c+d)=(axo)+(axdD)+ (bx o) +(bx d). 
Notice that the order of the vectors must be maintainedas xxy=-—y xx. 


as 


11 Use the properties found in 4 and 9 to simplify: 
a ax (a+b) b (a+b)x (a+b) 
c (a+b)x (a -—b) d 2ae(axhb) 


12 Find all vectors perpendicular to both: 
2 1 = 5 
a —1 and 1 b 3 and 0 
3 1 4 2 
c i+j and i-j—-k d i-j-k and 2+42)—-3k 


2 


2 1 
13 Find all vectors perpendicular to both a = 3 and b= (=) 
1 


Hence find a vector of length 5 units which is perpendicular to both a and b. 


14 Find a direction vector which is perpendicular to the plane passing through the points: 
a A(1,3,2), B(0,2, —5) and C(3, 1, —4) 
b P(2,0,-—1), Q(0,1,3) and R(1, —1, 1). 
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In the above exercise you should have observed the following properties of vector cross 
products: 


> axb isa vector which is perpendicular to both a and b. 
> ax a=0 forall space vectors a. 
>» axb=-bxa forall space vectors a and b, 
ie. ax bandb x a have the same length but opposite direction. 
Gina Ras 


bi ba bg 
Cica cs 


> ac(bxc)= and is called the scalar triple product. 








>» ax(b+c)=(axb)+(axc) and hence 
(a+b)x(c+d)=(axeo)+(ax d+ (bx o) + (bx d). 


DIRECTION OF axb 


We have already observed thatas ax b=-bxa 
then ax b and bx a areoppositely directed. 


However, what is the direction of each? 


Consider ix j and j xi In the last Exercise, 





we saw that ixj=k and jxi=-—k. x 


In general, the direction of x x y is determined by the right hand rule: 


To determine the direction of x x y 





RA] use your right hand. If your fingers 
turn from x to y then your thumb points 
Pad y in the direction of x x y. 


THE LENGTH OF axb 





a2b3 — agb9 
As ax b= a3b; — a1b3 + |A X b| — (azbs = asbo)? + (agby = abs)? + (a1b» = agby)2 
aba — agby 


However, another very useful form of the length of a x b exists. This is: 


ja x b/=[|al|b|sin9 where O is the angle between a and b. 


Proof: Westartwith |a/?|b/2sin?0 
= la? |b/ (1 cos20) 
= [a|b|?— |a É |bfÉcos20 


= la É|b/P— (a e b)? 
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=(aP+ra?ray)(bo +b? + b2) — (ayby + asbo + asbs)? 
which on expanding and then factorising gives 

— (azbs = asbo)? + (agby = aba)? + (aybo = asb1)2 

=[|a x b/ 


andso |a x b|=[al|b|sinô fas sin0 > 0) 


Immediate consequences are: 


EXE 
1 


Ifu isa unit vector in the directionof axb then axb=|al|b|sin0u 
In some texts this is the geometric definition of a x b. 


Ifa and b are non-zero vectors, then ax b=0 < ais parallelto b. 





RCISE 14J.2 
a Find ixKk and kx ii using the original definition of a x b. 
b Check that the right-hand rule correctly gives the direction 
of ixk and kxi. 
c Checkthat ax b=[|al|b|sinQu could be used 
to find ix k and kxi X 
2 1 
Consider a= | -1) and b=[ 0 |. 
3 == 
a Find aeb and axb. b Find cos0 using aeb=|al|b|cos6. 
c Findsin0 using sin?0+cos20=1. d Findsin0 using |a x b|=|al|b|sino. 
Prove the property: 


“If a and b are non-zero vectors then a x b=0 < ais parallel to b.” AQ,3,-1) 






O is the origin. Find: 
— — -— — —.  — 
a OA and OB b OA x OB and [OA x OB|. 


. . . 1 O EREé 0 
ce Explain why the area of triangle OAB is 5 | OA x OB |. 


B(=1,1,2) 
A, B and C are 3 distinct points with non-zero position vectors a, b and e respectively. 
a Ifax c=bxce, what can be deduced about OC and AB? 
b Ifa+b+c=0, what relationship exists between a x b and b x e? 
c Ifc£0 and bxc=cxa, provethat a+b=kc forsome scalar k. 


AREAS AND VOLUMES 


TRIANGLES 


Proof: Area = 1 x product of two sides x sine of included angle 


If a triangle has defining vectors a and b Ê 
thenitsareais 5 [axo | units? 


b 


E alal|b|sing 


=> |axb] 
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Example 39 


Find the area of AABC given A(—1,2,3), B(2, 1,4) and C(0, 5, —1). 


= + 13] + 10k 


arca = | |ABx AC | = 11 F169+100 
V'270 units? 





PARALLELOGRAMS 


If a parallelogram has defining vectors 
a and b then its areais |axb| units? 


The proof follows directly from that of a triangle as the parallelogram consists of two con- 
gruent triangles with defining vectors a and b. 


PARALLELEPIPED (EXTENSION) 


If a parallelepiped has defining vectors a, b and ce then 








its volume is determinant 
a az ag 
lae(b x c)|=||b b; bs units. 
REP a 
modulus Ru 
modulus 
Proof: Volume = (area of base) x (perp. height) 
=|b x e| x AN r 
N 
=|b x eclxlalsin0 (as sind = Tal” 


=[al|b x cjsinô 

=|a||b x clcosó 

where à is the angle between a and b x c 
=|ae(b xc)| as cos >0. 
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TETRAHEDRON (EXTENSION) 


If a tetrahedron has defining vectors a, b and e 
then its volume is 


à aQz Ag 
E | ao (b x c)| = E [1 bo bs units”. 
Cj Ca C 


b 


Proof: Volume = a(area of base) x (perp. height) 
= 5 x3|b x elx AN 
=:|bxellalsino (as sing= RD 
=glal|b x elcosó 
where à is the angle between a and b x c 


=Plac(b xc)| as cosg>0. 





Find the volume of the tetrahedron with vertices P(0, 0, 1), Q(2, 3, 0), 
R(-1,2,1) and S(1, —2, 4). 


are the defining vectors from P 


volume = E 


1 S 


O 
RS 


E 2 
1 


e al 2 0) 
EE) 


Eai 
= + |12+9-0] 


= 35 units? 





EXERCISE 14).3 


1 Calculate the area of triangle ABC for: 
a A(2,1, 1), B(4,3,0), €C(1,3, —2) 
b A(0,0,0) B(-1,2,3) and C(1, 2, 6) 
c A(1,3,2), B(2,-—1,0) and C(1,10, 6) 


2 Calculate the area of parallelogram ABCD for A(—1, 2,2), B(2, —1, 4) and 
C(0, 1, 0). 


3 ABCD isa parallelogram where A is (—1,3, 2), B(2,0,4) and C(—1, —2,5). 
Find the a coordinatesofD b area of ABCD. 
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& ABCD is a tetrahedron with A(1, —1, 0), B(2, 1, —1), C(0, 1, —3) and 
D(—1, 1, 2). Find the: 
a volume of the tetrahedron b total surface area of the tetrahedron. 
5 A(3,0,0), B(0, 1,0) and C(1, 2, 3) are the vertices of a parallelepiped which are 
adjacent to another vertex at O(0, 0, 0). Find the: 
a coordinates of the other four vertices b measure of £ABC 
«e volume of the parallelepiped. 
6 If A(-1,1,2), B(2,0,1) and C(k, 2, —1) are three points in space, find k if the 
area of triangle ABC is 88 units?. 


7 A,BandC are three points with position vectors a, b and c respectively. Find a formula 
for S, the total surface area of the tetrahedron OABC. 


8 Three distinct points A, B and C have position vectors a, b and c respectively. Prove 
that A, Band Care collinear & (b-a)x(e—b)=0. 


TEST FOR COPLANAR POINTS 


Four points in space are either coplanar or form the vertices of a tetrahedron. If they are 
coplanar, the volume of the tetrahedron is zero. So: 


If four points A, B, C and D have position vectors a, b, ec and d respectively 
then A,B, Cand Dare coplanar & (b-a)e(c-a)x(d-—-a)=0. 





ELA 


Are the points A(1, 2, —4), B(3, 2,0), C(2,5, 1) and D(5, —3, —1) coplanar? 


3-1 2-1 
emma 

0 c—a=AC= 5—2 

4 El 





RECO 


and (b-a)e(c—-a)x(d-—a) 





A, B, € and D are coplanar. 


9 Are these points coplanar? 
a A(l1, 1, 2), B(2, 4,0), C(3, 1, 1) and D(4, 0, 1) 
b P(2,0,5), Q(0, —1, 4), R(2, 1, 0), S(1, 1,1) 


10 Find k given that A(2, 1,3), B(4,0, 1), C(0, k, 2), D(1,2, —1) are coplanar. 
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REVIEW SET 14A (Mainly 2-D) 


10 


13 


14 


Using a scale of 1 cm represents 10 units, sketch a vector to represent: 


a an aeroplane taking off at an angle of 8º to the runway with a speed of 60 ms”! 


b a displacement of 45 m in a direction of 060º. 





a x+y DRA x 





Copy the given vectors and find geometrically: x 






































Find a single vector which is equal to: a PR+RQ b PS+4 SQ+ QR 
Dino walks for 9 km in the direction 246º and then for 6 km in the direction 096º. 


Find his displacement from his starting point. 

q E —>  —s SS >  — 
Simplify a AB-CB b AB4BC-DC. 
What geometrical facts can be deduced from the equations: 


= == — —+ 
a AB=5CD  b AB=2AC? 





Construct vector a E b 
equations for: Pp 
q 
5 Q o —s — — 
E In the figure alongside OP = p, OR = r and RQ = q. 
q If M and N are midpoints of the sides as shown, find 
o in terms of p, q and r: 
— — —s —— 
r 7 a OQ b PQ e ON d MN 
: , 4 3 0 
Draw arrow diagrams to represent: a (| b (: 5) c E 
ip (Eu: q= (6) and (5) find: 
a 2p+4q b q-3r c p-q+r 
— EA =—& ih —s 9 — 
E o RO (o na Re O ana 


If o and E) find: a |r| b |s| c |r+s| d |2s-r| 


O p A Romaria 
BC is parallel to OA and is twice its length. 


ú M Find, in terms of p and q, vector expressions 
—— —— 
for a AC b OM. 





B Cc 


E ro RG RR 


15 


16 


17 
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Use vectors to show that WYZX is a parallelogram if X is (—2, 5), Y(3, 4), 
W(—3, —1), and Z(4, 10). 


; 2, 3 13 
Find scalars r and s such that ( 1 ) +s E = E 


[AB] and [CD] are diameters of a circle centre O. If OC = q and OB=r, find: 


a DB in terms of q and r b ACin terms of q and r. 
What can be deduced about [DB] and [AC]? 


REVIEW SET 14B (Mainly 3-D) 


10 


11 


Given P(2, —5, 6) and Q(—1, 7, 9), find: 
a the position vector of Q from P b the distance from P to Q 
€ the distance from P to the x-axis. 


6 2 = 
oe m=||-S|]. m=|[ 8 and p=[ 3 |, find: 
1 —4 6 


a m-n+p b 2n-3p c im+pl| 
2 =ô) 
— — — 
If = (4) and r=(1), find CB. 
4 E 


3 o 
Find m and n if (2) and (=) are parallel vectors. 
n 2 


Prove that P(—6, 8, 2), Q(4, 6, 8) and R(19, 3, 17) are collinear. Hence find the 
ratio in which Q divides [PR]. 


E ê 
Find t 1f [ ia ) and to |) are perpendicular vectors. 





t =) 
2 Et E H 
Determine the angle between (1) and 1 ! E 
3 3 
5 cm 
Find the measure of angle GAC in the rectangular 
box alongside. Use vector methods. ; 
a E 4cm 
For P(2, 3, -1) and Q(-4, 4, 2) find: pe 
a PQ b the distance between Pand Q «e the midpoint of [PQ]. 
—1 3 1 
For p=| 2 |, q=[-1 add find: 
1 4 2 
a peq b p+2q-—r c the angle between p and r. 


Find all angles of the triangle with vertices K(3, 1, 4), I(—2, 1,3) and M(4, 1, 3). 
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13 


14 


15 
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3 2 
Find the angle between 1 and (3) E 
-—2 1 


If A(4, 2, —1), B(-1,5, 2), C(3, —3, c) are vertices of triangle ABC which is 
right angled at B, find the possible values of c. 
Explain why: 

a aebec is meaningless b you do not need brackets for aebx cc. 


RO 


| qa 


Find k if the following are unit vectors: a ( 


REVIEW SET 14C (Mainly 2-D) 


2 


If BR e and O) find: a poeq b qe(p-r) 


Using BR E and RR) verify that: 
peiqo rn pego per: 


o 
Determine the value of t if ( E , and (' E ) are perpendicular. 


Given A(2,3), B(—1,4) and C(3, k), find k if BAC is a right angle. 


Find all vectors which are perpendicular to the vector o) 


Find the measure of all angles of triangle KLM for K(—-2, 1), L(3, 2) and 
M(1, —3). 


Find the angle between the two lines with equations 4x —5y = 11 and 2x+3y=T. 
In this question you may not assume any A B 
diagonal properties of parallelograms. 
OABC is a parallelogram with OA = Pp 
and OC = q. M is the midpoint of AC. 
a Find in terms of p and q: 
RE = O Cc 
i OB ii OM 
b Show using a only that O, M and B are collinear and M is the midpoint of OB. 
AP and BQ are altitudes of triangle ABC. 
— — — 
SO Ap ROBE Tqandmoer Er 
— — . 
a Find vector expressions for AC and BC in 
terms of p, q and r. 


b Deducethat qer=peqg=per. 
ce Hence prove that OC is perpendicular to AB. 
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2 ij 
MOR ar (=) and b= P find: a 2a-3b 
1 3 b xif a-3x=b. 


-—& -—& 

11 If OA-=a, OB=b, |al=3, |b/=v7 and axb=i+2]-3k find: 
a aeb b the area of triangle OAB 
€ the volume of tetrahedron OABC if C is the point (1, —1, 2). 


REVIEW SET 14D (Mainly 3-D) 


1 Ifa=3-j+2k and b=i-—2k find: 
a 3a-2b b lal 


2 If kisa scalar and a is any 3-dimensional vector, prove that |kal=|kl|al. 
3 P(-1,2,3) and Q(4,0, —1) are two points in space. Find: 


a PQ b the angle that PQ makes with the X-axis 
€ the coordinates of R if R divides QP in the ratio 2:1. 


& The triangle with vertices P(—1, 2, 1), Q(0, 1, 4) and R(a, —1, —2) has an area 
of 118 units2. Find a. 


5 Mis (-1,3,4) and Nis (2,0,1). Find: 
a the coordinates of two points on MN such that their distance from N is 3 units 
b a vector in the direction of MN with length 2 units. 


6 Show that A(1, —3, 2), B(2,0,1) and C(—1, —9, 4) are collinear and hence find 
the ratio in which C divides BA. 


7 Find the coordinates of the point which divides the line segment joining 
A(-—2,3,5) to B(3, —1, 1) externally m the ratio 2:5. 


8 Find the volume of tetrahedron ABCD given 
NG 11, 2), 1, 2, 1), (C(-2 0,8) cial IDA & lb) 


9 S divides AB externally in the ratio 3 : 5 and T divides CS internally in the ratio 1 : 2. 
If A, B and C have position vectors a, b and c respectively, find t = of. 


10 Find a unit vector parallelto i + rj + 2k and perpendicularto 2i+2j — k. 


1 
11 Given [u/=3 and |v|[=5 and uxv= (=) find the possible values 
of uev. Ee 
12 If v=i+2)-3%k u=2+2)+3k and w=i+(2—-0j+ (t+IDk, find 


the value of t such that u, v and w are coplanar. PM g 
13 Determine the measure of angle QDM Q 
given that M is the midpoint of [PS] of 


the rectangular prism. 
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REVIEW SET 14E 


10 


Show that A(—2, —1,3), B(4,0, —1) and C(—2, 1, —4) are vertices of an isosceles 
triangle. 


s—1 4s TP 
Find scalarsr, sandtif 2|r+1]=|sr])+[-1). 
É r 15) 
Find two points on the Z-axis which are 6 units from P(—4, 2, 5). 
—1 5 
fa=|| 3 and b= | -1], fndxiff a a-x=2b b b-2x=-a 
—2 4 
Find a and bif J(—4, 1,3), K(2, —2,0) and L(a, b, 2) are collinear. 
Given p=2i-j+4+4k and q=-i-4+2k, find: 
a |pedg| b the angle between p and q. 


ip E 
Find r and s if (1) and 10 are parallel. 
3 s 


b Find a vector of length 4 units which is parallelto 3i- 2j+k. 


k 
Find k given that 5 is a unit vector. 
=) 


3 
b Find the vector which is 5 units long and has the opposite direction to 2 , 


E 
—4 —1 
mu=(2) ama v= (8), ma 
1 e) 


a uey b the angle between u and v 
For the given tetrahedron, find D(1,-4,3) 
the measure of angle DMC. C(9=32) 
ND) 
BS =) 


Consider the points A(0, 1, 1), B(-2,2,3), C(1, —1,2) and D(—1,3, k). 
a Find a vector of length 10 units which is perpendicular to the plane defined by 
points A, Band C. 
b Find the area of triangle ABC. c If point D lies on plane ABC, find k. 


DES: t 
a Find t given that 3 and 4 are perpendicular. 
t esp il 


b Show that K(4,3, —1), I(-3,4,2) and M(2, 1, —2) are vertices of a right 
angled triangle. 
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Contents: 





my a 


Complex numbers as 2-D 
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form 

De Moivre's Theorem 
Roots of complex numbers 


Further complex number 
problems 


Review set 15A 
Review set 15B 
Review set 15C 
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Recall from Chapter 7 that a complex number can be written in Cartesian formas z=a-bi 
where a=9Re(z) and b= Im(z) are both real numbers. 





Hence, there exists a one-to-one relationship between any complex number a-+bi and any 
point (a, b) in the Cartesian Plane. 


When we view points in a plane as complex numbers, we refer to the plane as the complex 
plane or the Argand plane. 


The x-axis is called the real axis and the y-axis is called the imaginary axis. 


All real numbers with b = O lie on the real axis, and all purely imaginary numbers with 
a = 0 lie on the imaginary axis. The origin (0, 0) lies on both axes and it corresponds to 
2z=0, a real number. 


Complex numbers that are neither real nor pure imaginary (a and b both £ 0) lie in one of 
the four quadrants. 


Now recall from Chapter 14 that any point P in the Cartesian plane corresponds uniquely to 


a vector. The position vector of the point P is OP. We know that vectors have magnitude 
and direction, so we can in turn attribute a magnitude and direction to complex numbers. 


We can apply the vector operations of addition, subtraction, and scalar multiplication to give 
the correct answers for these operations with complex numbers. 


Note: For those studying the option “sets, relations and groups” this means there is an 
isomorphic relationship between complex numbers and 2-D vectors under the 
binary operation of +. 


() + (4) = o] for vectors 


and (a+bi)+(c+di)=(a+c)+(b+d)i for complex numbers 





so pesa =(aroJ+(b+di 


The plane of complex numbers (also called the complex plane or Argand plane), 
has a horizontal real axis and a vertical imaginary axis. 


When we illustrate complex numbers on the Argand plane, we call it an Argand diagram. 





























pa 2 . 
For example: h OP = ( ) represents 2+3i 
J P(2,3) 3 
pega 4 : 
OQ = (4) represents 4-4 
a OR = ( ds] represents —3% 
Str! Êo, OS = [5] represents —3-—1 
er R is the real axis, J is the imaginary axis. 
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In general, 
P = (5) represents x +yi 





ELA 








Ilustrate the positions of: 
Do dos 
22-50 a 42, 

25 =-3-—1 and 2z6=-2% 




















in the complex plane. 









































Example 2 


If 2w=3+% and 2z)=1—4 find algebraically and vectorially: 


a 2x+29 Dn, 





não 
RO a RR 
=4-3i 

















a 29, 
= (= 4) 
RIR Re 














IA 
SE 
r - Z 
as 
Y 


















































di Reminder: 
Draw 2 first and at its arrow end draw zo. 
21 + 29 goes from the start of 24 to the end of 25. 


Example 3 


If 2z=1+2i and w=3-i, find both algebraically and vectorially: 
































a 22+w b z—-2w 
a 2z2+uW 
DR on E 
=2+4+3-—1 
Na a 3 
= Ola O z+u 
5 
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b z— 2w 
RD 
=1+2%-6+2 
=-5+4 
































EXERCISE 154.1 


1 On an Argand diagram, illustrate the complex numbers: 
a 2 =5 b 2=-1+2 Cc 23=-6-—-2i 
d z=-6 e ms=2-1 f =4 


2 Ifz=1+2i and w=3-1, find both algebraically and vectorially: 
a z+w b z—-w c 22—-w d w-—-3z 


3 If 2x =4-i and 2)2=243, find both algebraically and vectorially: 


4 
a g+1l b a + 2 Ç z2+ 521 d E 


4 If z is any complex number, explain with illustration how to find geometrically: 
a 3z b —2z c z d 3%-z 
Zz+2 Z2—4 


h 
3 2 








e 2-z fo o zt4i 


REPRESENTING CONJUGATES 
If z=zv-+Hiy, then 2*=27-—iy. 


. E ERA x Ea x 
This means that if OP = (5) represents z, then OQ = ( ) represents z*. 



































=y 
For example: 9 
Rr P(2,4) 
OP, represents 2+ 4; and Os(0, 3)) 
OQ, represents 2 — 4% Qu 32) | B(4, 
EE «+ R 
OP; represents —3i and 
es P(-3,72) (4,51) 
= 
OQs represents 32 etc. po 
3(0, 
(2-4) 


















































It is clear that: 


. A . . . o == . . Rê . . 
If z is OP, its conjugate z* is OQ where OQ is a reflection of OP in the real axis. 


EXERCISE 15A.2 
1 Show on an Argand diagram: 
a z=3+2i andits conjugate z*=3-—2i 
b z=-2+5i andits conjugate 2z*= —-2-— 5i 
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2 If z=2-1i wecanadd z+z* as shown in the diagram. 








We notice that z+z* is4 which is real. A 


Explain, by illustration, that z+z* is always real. « FP » R 
Z 


3 Explain, by illustration, that z—z* is always purely 
imaginary or zero. What distinguishes these two cases? 












































& Ifzisreal, what is z*? 


5 Given that (a-+:)(3+bi) = 40-— 74; find the values of a and b where a and b E Z. 


MODULUS 





The modulus of the complex number z = a+bi isthe length of the corresponding 


vector ( E ) . 


We denote the modulus of z by ||. 


The modulus of the complex number z=a+bi is the real number |z|= va? + bi. 


Notice thatif z=a-+bi then |z| gives the distance of the point (a, b) from the origin. 
This is consistent with the definition in Chapter 1 of |x| for ze R. We stated there that 
|| is the distance of real number x from the origin O. 





Consider the complex number z=3+ 21. 








The distance from O to P is its modulus, | z |. 


So, |z|=v3º +22 [Pythagoras) 



































Example 4 


Find |z| for z equal to: 
a 3S+2 b 3-2; 


= IPEP 
= v9+4 
13 
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Prove that |2122]=|21||22| for all complex numbers 2; and za. 





Let 2 =a+bi and 2) =c+di where a, b, c and d are real 
2122 = (a + bi)(c + di) = [ac — bd] + ifad + be] 
Thus [2122] = /(ac— bd)? + (ad + bc)? 
E O 





a 
E En GEE 
= |2al[22| 
EXERCISE 15B.1 
1 Find |z| for z equal to: 
a 3-4i b 5+12i c -8S+2 d 3 e —4 
21 z-2+i and w=-1+3 find: 
a |zl b |2| ce la d 2% 
e |zul E elfo s |É| n 
w [to | 
E plz) k |%| Lo lzfé 


3 From 2, suggest five possible rules for modulus. 


* 


h If z=a+bi isa complex number show that: a |z*|=|z| b |z/=22 


5 If z=cos0-+isinô, find |z|. 








6 Simplify | - | x [w| using the result of Example 5 and use it to show that 
w 
- = == provided w 0. 
7 a Usetheresult |2,/22]=|21||22] to show that: 
à |azwz|=|all22||23] andthat [23]=]2]º 
ii [21222324]=| 21 ||2o||29]]24] andthat |24]=] 2]. 
b What is the generalisation of the results in a? 
ce Use the Principle of mathematical induction to prove your conjecture in b. 
d FHence prove that |2"|=|z|” forall neZr*. 
e Use the result of d to find | 20 | for z=1-iv8. 
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8 Given |z|=3, use the rules |zw|=|z||w| and El-É to find: 
a |2z| b |-3z7] ce |(1+2i)z| 
1 21 
d li e |- o 
Ea z z2 
9 a If id Em where z=a-+bi, find winthe form X+Yi when X 
= and Y involve a and b. 
sa 
b If v=" and |z|=1, find Re(w). 
SUMMARY OF MODULUS DISCOVERIES 
ep 
2 * 
e [2 = ps 
e |xmz2|=|al||2z2) and 2j-ê provided 22 %0 
22 | 29 | 
e eos | Jales Pao ando [p= e" forme zo. 


Example 6 


Find |2| giventhat 5|z—1|=|z—25| where z is a complex number. 


5slz—-1|=[|2-25| 
25|2-12=|z-25) 
o5(z—- 1(z-1)*=(2-25)(z—25)* (as z*=|z/) 











25(2z— 1)(z*—-1)=(2z-25)(2*—-25) (as (zw) = 2*4 
A a O o RD E 2 AR RD O OZ) 
24z2* = 600 
FAR RD 
[af = 
Ep 5 fas [e 0) 





10 Find |z| for the complex number z if |z+9|=3|z+1|. 


11 Find |z| for the complex number z if 








= 
2z+1 


12 If |z+w|=|z—w| deduce that L=-— 
z 
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DISTANCE IN THE NUMBER PLANE 


Suppose P; and P, are two points in the complex 
plane which correspond to the complex numbers 2; 
and 25. 





(x1 + nº) — (1x2 + y2º) | 
(2x4 — 2) + (my — yo)i | 


Now la —2a| — 
O 


= (x — x2)2+(y — yo)? which we recognise as the distance 
between P; and Ps. 
Alternatively: P, 


— + —— 
2-2 PoP, = P;0 + OP; 
P, =-2 +27 
Za =27—22 
Z Sd E 
2 -—2|= [PoPi| = distance between P; and Ps. 
Thus, ai 


. . . ed ea: 
|21 — 29] is the distance between points P; and Po, where 2, = OP, and 2, = OPs. 


Note: The point corresponding to 2; — zo can be found by drawing a vector equal to 
P5P, emanating (starting) from the origin. Can you explain why? 


CONNECTION TO COORDINATE GEOMETRY 









There is a clear connection between complex numbers, 
vector geometry and coordinate geometry. OPRQ is a 
parallelogram 
For example: 

. = A w-+z 
Notice that OR = w+z and OM = 3 


as the diagonals of the parallelogram bisect each other. 





R 


OR and PQ give the diagonals of the parallelogram formed by w and z. 


Example 7 


P(2, 3) and Q(6, 1) are two points on the Cartesian plane. Use complex numbers 
to find: a distance PQ b the midpoint of PQ. 





a Ifz=2+3 and w=6+1 
then z—-w=2+3-6-—1 
=-—4+42i 
lz—w|=(—4)2+22 = 20 
PQ = v20 units 



































É 5 Eiae E =449% “. the midpoint of PQ is (4, 2). 
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Example 8 


What transformation moves z to iz? 


If z=2+%)y 





then iz = i(a-+iy) 





=xi+2y 
=-—y+zi 














We notice that |z|= 12 +y? 





























and |izl=v(-y)2+«? 





= x2 it 


ODOR 


2 





So, (x,y) > (-y, x) under an anti-clockwise rotation of 5 about O. 





The transformation found in Example 8 can be found more easily later. (Sec Example 12.) 


EXERCISE 15B.2 


1 Use complex numbers to find: i distance AB ii the midpoint of AB for 
a A(3,6) and B(—1, 2) b A(-4,7) and B(1, —3) 


2 OPQR is a parallelogram as shown. OB 
— 
represents z and OR represents w where 
z and w are complex numbers. 


a In terms of z and w, what are: 
= E nm kr q 
i OQ ii PR? 





b Explain from triangle OPQ, why |z+w|<l|z|+|wl|. 
It is important to discuss when the equality case occurs. 

c Explain from triangle OPR, why |z—-w|>|w|-|z|. 
Once again discuss when the equality case occurs. 


3 What transformation moves: 
a ztoz* b zto-z c zto-—z* d zto-iz? 


: ; a 50 10 E 
& Find the complex number z that satisfies the equation — — — = 249 given 
2 z 


[2 =2V10, 
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ARGUMENT 


The direction of the vector (5) can be described by its angle from the positive real axis. 


Suppose the complex number z=a+bi is 
represented by vector OP as shown alongside. 
a-+bi is the Cartesian form of z. 


Suppose that OP makes an angle of O with the 
positive real axis. 





The angle O is called the argument of z, or simply arg z. 


argz = 0 has infinitely many possibilities ie, z +» argz=b6 isone-to-many and is 
not a function. Can you explain why? 


To avoid the infinite number of possibilities for 0, we may choose to use 0 € |] - 7,7] 
which covers one full revolution and guarantees that z > argz=0 isa function. 


Note: e Real numbers have argument of O or 7. 


: 5 Tila 
e Pure imaginary numbers have argument of 5 or —5. 


POLAR FORM 


The polar form representation of a complex number is an alternative to Cartesian form, and 
has many useful applications. 


Any point P which lies on a circle with centre 
O(0, 0) and radius r, has Cartesian coordinates 
(r cos 0, r sin 0). 


So, z=rcos0+irsind =r(cos0 +isind) 


But r=[|z| and if we define 


cis O = cos0 + isin 6 





then 4=|2| cis 6. 


Consequently: 


Any complex number z has Cartesian form z=ax+yi or polar form z=|z|cis0 
where |z| is the modulus of z, O is the argument of z, and cis 0 = cos O + isin6. 


We will soon see that polar form is extremely powerful for dealing with multiplication and 
division of complex numbers, as well as quickly finding powers and roots of numbers (see 
De Moivre's theorem). 


A useful identity is: 


2 peso then =p ples(o, 
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EULER FORM 
z can also be written in Euler form as z=re”? where r=|z| and 0=argz. 
In other words, cis O — e?º. We will derive this identity in Chapter 27. 


For example, consider the complex number z=1-+1. 


|zl=v2 and 0= 


So, v2cis (5) is the polar form of 1+% 

















and v2e'4 is the Euler form of 1+i. 





Example 9 
Write in polar form: a 2i b —3 c l-i 
a € 
N 
2 
2 
R 
Eae |-3|=3 l-il=viI+l=v2 
=5 0=7 0=-—& 
2=2cis5 RS O CISEm a l-i=v2cis (—5) 





Example 10 





Convert 3 cis E) 
to Cartesian form. 


= v3 [cos (3) + isin (22)] 








EXERCISE 15B.3 


1 Find the modulus and argument of the following complex numbers and hence write them 
in polar form: 
a 4 b 2i c —6 d -—3i 
e 1+i f 2-9 g —v3+i h 2V3+2% 
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2 What complex number cannot be written in polar form? Why? 


3 Convert k+ki to polar form. (Careful! You must consider k>0, k=0, k<O.) 
4 Convert to Cartesian form without using a calculator: 

a 2cis(Z) b Seis (Z) c 4cis(Z) 

d v2cis(-Z) e 3 cis (22) f SceisT 
5 a Find the value of cis 0. 


b Find the modulus of cis 0, ie., l|cis0|. 
c Show that cisacis 5 = cis (a + 8). 


MULTIPLYING AND DIVIDING IN POLAR FORM 


cis 8 has three useful properties. These are: 
e cisôxcisd=cis(0+d) 
cis 0 , 
A cis (0 — d) 
e cis(0+k2m) =cis0 forall keZ. 





The first two of these are similar to index laws: a?a? =a?t? and cs = q, 
a 
Proof: e cis0 xcis q = (cos0-+isind)(cosy +isind) 
= [cos 8 cos q — sin 0 sin À] + i[sin O cos q + cos O sin d] 
cos(9 + 4) +isin(0 + é) ([compound angle identities) 








=cis (0+ 4) 
pi : = : x Ee e cis(0+k27) =cis 0 x cis (k27) 
cisó cish cis(—6) = Ss 
— Sis (9 — 6) = cis 6 
cis O 
=cis(0-q4) (as cis0=1) (1,0) 


The above results are even easier to prove if we use Euler's form. 
Using cis0=e? and cisg=e'?, we find: 








es cis0 e! 
e cisOcisg= ee? o E e 
— (046) O 
; = e 
= cis (0 + 4) = (9-6) 


= cis (0 — 4) 
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ELA 


Example 12 (see Example 8 earlier) 


What transformation Lat 2=pPosQ mino de llos E 
moves z to 122 Ra ACASO is 


= cis (0+ 5) 


So, z has been rotated anti-clockwise by 5 about O. 





Simplify cis (1) a 





Orr O x 


is (172) 


Write z=1+3i in polar form and then multiply itby 2cis (E). 
Ilustrate what has happened on an Argand diagram. 
What transformations have taken place when multiplying by 2 cis (=) 2 


If z=1+v3, then |2| =4/12+(v3)2 
22 (+48) Fé 
z=2(cos(5) +isin(5)) 


E DRGIS) (5) 
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(1+v3i)x2cisz=2cis(5) x2cis (7) 





3 
=4cis(5 +85) 
=4cis (5) 
= 4(0 + li) 


= 4i 


c When z was multiplied by 2 cis (=) 


x 


its modulus (length) was doubled and 


it was rotated through Z. 





Ifa complex number z is multiplied by 1 cis O then its modulus is multiplied 
by r and its argument is increased by 6. 


Example 15 


Use complex numbers to write cos (7) and sin( 


) in simplest surd form. 





= (atm — 24) + (2 + ata) 


à : is 
Equating real parts: cos 5 — ( 


Us 


Equating imaginary parts: sin 5 = 


EXERCISE 15B.4 


1 Use the properties of cis to simplify: 


a cisôcis 26 b 

d cis(&) cis (5) e 
4 cis (5) h 
2 cis (E) 


cis 36 

cis O 

2 cis (15) cis (=) 
V32 cis (=) 
vãos (7) 





[cis 0] 
2 cis (2) x 4 cis ( 


[vZ eis (5)]” 





8r 
5 


) 
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o 


Use the property cis (0+k27) = cis0 to evaluate: 


a cisl7m b cis (—377) c cis(2Z) 


3 If z=2cis0: 
a Whatis |z]| and arg 2? 
b Write z* in polar form. 


ce Write —z in polar form. Note: —2 cis O is not in polar form as the coefficient 


of cis 6 is a length and so must be positive. 
d Write —z* in polar form. 


4 a Writei in polar form. 
b z=r cis 0 is any complex number. Write iz in polar form. 
c Explain why iz is the anti-clockwise rotation of z about O through 5 radians. 
d What transformation maps z onto —iz? Give reasoning in polar form. 

5 Write in polar form: a cos0-—isinf b sin6-—icos6 


Use a above to complete this sentence: 


If z=rcis0 then z*=.... in polar form. 
6 Use complex number methods to find, in simplest surd form: 


a cos (5) and sin (5) b cos (HE) and sin (EE) 


PROPERTIES OF ARGUMENT 


The basic properties of e arg(zw) =argz+Hargw e arg (=) = argz — arg w 


argument are: . ag (27) =nargz 


Notice that they are identical to the laws of logarithms, with arg replaced by log or In. 
Properties of modulus and argument can be proved jointly using polar form. 


Example 16 


Use polar form to establish that |zw|=|z||w| and arg(zw) = argz + argu. 


Let 2=|2[eis0 and wo jw|eiso 


Now zw=|z|cis0 x |wl|cis d 


=|z||jwl|cis(0+d) (property of cis 
= 


non-negative 
[2w| = |2||tw| (the non-negative number multiplied by cis (.....) | 


and arg(zw) =0 +64 =argz+argu. 





436 COMPLEX NUMBERS (Chapter 15) 


Example 17 


If z=v2cis0, find the modulus and argumentof: a 22 biz c(1-i)z 





a 22=2V2cis0 E Da 20 and ars =) 
b RSSIÇAS 
iz=cis 5x v2cis O 


=v2cis(5+0) So, |izl=v2 and arg(iz)=5 


l-i=v2cis (—5) 
(1-i)z=v2cis (-5) x v2 ci 
=2cis (-7+0) 
[(1-i)z]=2 and arg((l-i)z)=0-T 


Example 18 


Suppose z = cis ? where à is acute. Find the modulus and argument of z+1. 


|z|=1 
2 lies on the unit circle 


. q . 
z+1is OB (found vectorially) 


OABC is a rhombus 
arg(z + 1) = é 
(diagonals bisect the angles of the rhombus! 
OM 
o 
Also cos (5) SR 


OM = cos ( 


5) 
OB — 2 cos (5) 
(5 


) 


|z+1|=2cos 





EXERCISE 15B.5 


1 Use polar form to establish: 
| = | = Eai and arg (=) =argz—argw, provided w oO. 
2 Suppose z=3cis0. Determine the modulus and argument of. 
a —z b 2 c iz d (1+i)z 
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3 a If z=cisó where q is acute, determine the modulus and argument of z—1. 


b Usinga, write z—1 in polar form. 


c Hence write (z—1)* in polar form. 


& ABC is an equilateral triangle. Suppose 2; represents OA, z2 represents OB and 23 
— 
represents OC. 








a Explaim what vectors represent 22 — 21 J R 
and 23 — 29. 
E 292— £ 
b Find |2 E 
Z3— 22 
; 22—£ 
c Determine arg (2-2) ; 
23 — &2 





3 
d Use b and c to find the value of (===) 


237 22 


5 Giventhat z=a-i where a is real, find the exact value of a if argz= —. 


6 a Use e? =cos0+isin6 to find the values of e” and e”. 


is O 
b Provethat cisOcisgp=cis(0+q$) and Ri = cis (0 — d). 


c If z=cis0, findtheargumentof i vz il iz ii -iz2 iv — 
z 


FURTHER CONVERSION BETWEEN CARTESIAN AND POLAR FORMS 


Ti Er ou eis en: 
Nr?” God 


Cartesian Polar 


form form 
ae eo tang = É, 


cos6 — sinô = 





z y 


POLAR TO CARTESIAN : E 
PELCOSC IES 

oe SE = á 

z=2cis (E) L.B4PrÉ+, PESSTA 


= 2(cosT+ising) 


8 
= 1.85 + 0.765 
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CARTESIAN TO POLAR 


—3 1 
z=>-3+i has r=(-3)224+12=v10 and cos0= -—=, sin0= — 
( : v10 v10 
a 


6=7 — sin (3) (quadrant 2) 
> R 








—-3+im v10 cis (2.82) 


> 
Alternatively (TI-83): Gg B 


|[MATH] CPX takes us to the complex number menu. 





Pressing 5 brings up abs( for calculating the modulus (absolute value). 


To find the modulus of —3 + 1%, press lo) 3 H 2nd] 7 DI ENTER] 


MATH] CPX then 4 brings up angle( for calculating the 
argument. To find the argument of —3 +i, press 


(O] 3 HH [ana] à [DD] [ENTER] 





























EXERCISE 15B.6 


1 Use your calculator to convert to Cartesian form: 


a v3cis (2.5187) b vIlcis (-&E) c 2.83649 cis (-2.68432) 


2 Use your calculator to convert to polar form: 
a 3-4 b —5-— 12 c —11.6814+ 13.2697i 
3 Add the following using a + bi surd form and convert your answer to polar form: 
a 3cis(Z) +cis (=2) b 2eis(&) +5cis (=) 


4 Use the sum and product of roots to find the real quadratic equations with roots of: 
a 2cis(52), 2cis (5) b v2cis (5). V2 cis (E) 


Polar form enables us to easily calculate powers of complex numbers. 
Notice thatif z=|z|cis 0 





then 22=|z|cis0 x |zlcis O and g=zz 
= |z[cis (040) — |z|ºcis 20 x |z|cis 0 
=|z|cis 20 = |z[Pcis (20 +46) 


= |z|Écis 30 
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The generalisation of this process is De Moivre's Theorem: (|z|cis0)” = |z|"cisnô 
Proof for n € Zt: (using mathematical induction) 
Pais: (|z|cis0)” =|z|"cis nó 
0) HF n=1, them (|z|cs0)!=|z|cis0 & Pis true 
(2) 1 P, istrue, then (|z|cis0)* = |z|É cis k0 
Thus (|z|ciso)*tl = (|z|cis0)* x |z| cis9 [index law) 
= |z|fcisko x |z| cis0 using Pr) 
= |2|"" eis (k0 + 0) [index law and cis property) 
= 2" eis(k+1)0 





Thus Py,1 is true whenever P, is true and P, is true. 
P, is true (Principle of mathematical induction) 


cis O cis 0 








We observe also that | cis (—n0) = cis (0 — n0) = E fas EA cis (0 — q)> 
1 
cis (—n0) = ERR fas cis0=1) 
1 
= [eis OT (for n a positive integer) 


= [cis 0]"” | so the theorem is true for all ne Z 


Also [cis(2)]" =cis(n(2)) = cis0 andso [eis g|* = cis (2) 


n 


So, De Moivre”s theorem seems to hold for any integer n and for A. 
DE MOIVRE'S THEOREM 


(|z| cis0)” =|z|" eis n0 for all rational n. 


Example 19 


Find the exact value of (v3-+1)º using De Moivre's theorem. 
Check your answer by calculator. 





v3-+i has modulus (V3L+2=V4=2 
v3+i=2 (424 4i) 


Ee da TE 
=2ciss 
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Example 20 
By considering Now cos 20 + isin 20 
cos 26 + isin 20, = cis 20 


deduce the double 
angle formulae for = 
cos20 and sin20. = [cos 0 + i sin 0]2 

= [cos? 9 — sin? 0] + ià[2 sin 0 cos0] 


= [cis 0]? | (De Moivre's theorem) 


Equating imaginary parts, sin20 = 2sindcos0 
Equating real parts, cos 20 = cos? 8 — sin? 0 








EXERCISE 15€ 

1 Use De Moivre's theorem to simplify: 
a (v2cisE)” b (eis 5)? e (vZcis E)? 
d v5eisT e “BcisT f (8cis E)? 

2 Use De Moivre's theorem to find the exact value of: 
a (1+5)!5 b (1-5v3)!! ce (V2-i/2)1º 
d (-1+9)U e (v3-1)ê ft (2+2/3) 8 

3 Use your calculator to check the answers to 2. 


4 a Suppose z=|z|cis0 where -r<0<r. 
Use De Moivre's theorem to find /z in terms of |z| and 0. 
b What restrictions apply to q = arg(V/2)? 


c True or false? “,/z has a non-negative real part.” 
5 Use De Moivre's theorem to explain why |z"|=[|z|” and arg(z") =nargz. 
6 Show that cos0— isin6 =cis (—0). Hence, simplify (cos — isin0)8. 


7 Write z=1+i in polar form and hence write z” in polar form. Find all values of n 
for which: a z"isreal b 2” is purely imaginary. 


COMPLEX NUMBERS (Chapter 15) 441 


8 If |z|=2 and argz=0, determine the modulus and argument of: 
1 
a? b iz c - do 
z 2 


a 


—1 
9 If z=cis6, prove that a = itan0. 


10 a Use complex number methods to deduce that: 
i cos30 = 4cos260 — 3cos0 ii sin30 =3sin6 — 4sin? 0 
b Hence, find tan 30 in terms of tan O only. 


ce Using a and b above, solve the equations: 


i 42º -3r=—& à z)-3/32-32+V3=0. 


11 Points 4, B and C form an isosceles triangle with a right angle c 
at B. Let the points A, B and C be represented by the complex 
numbers 21, 22, and 23 respectively. 


a Show that (x — 29)? = —(23 == 29)2. 


b If ABCD forms a square, what complex number represents 
the point D? Give your answer in terms of 21, 22 and 23. 


12 Finda formula for a cos40 interms of cosô 
b sin40 in terms of cos0 and sind 


13 a If z=cis0 prove that + = 2 cosnô. 
b FHence, explain why z+ - = 2cos6. 
ce Use the binomial theorem to expand (z + =P, and simplify your result. 
d By using a, b and c above show that cos? 0 = z cos 30 + & cos 0. 


e Hence show the exact value of cos? (1) is Fava avo, Hint: 1êZ — & 4 


efa 


1 
14 Show thatif z=cis6 then 2” —- — = 2isinnô and hence 
gn 
that sin?0 = : sin 6 — z sin 36? 


15 Use the results of 13 and 14 to prove that sin? 0cos?0 = 35 (3 sin 20 — sin 66). 


SOLVING 2” =c 





We will examine solutions of equations of the form 2” =c where mn is a positive integer 
and c is a complex number. 


Definition: The nth roots of complex number c are the n solutions of 2” =c. 
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For example, the 4th roots of 2i are the four solutions of 24 = 2i. 


The roots may be found by factorisation, but this is sometimes difficult. It is therefore 
desirable to have an alternative method such as the mth roots method presented in the 
following example. 


Example 21 


Find the four 4th roots of 1 by: a factorisation b the “nth roots method”. 


We need to find the 4 solutions of 2! =1. 


I 
a By factorisation, 2*=1 b By the “nth roots method”, 1" 
É 4 
RR a IO) 


a 
ate Nao 2 =1cis(04+k2m) (polar form) 


(z+i)(z—i)(z+1I)(z—-1)=0 c z= eis (k2m)]f 
RR = == (Mon dl 














2 =cis (E) (De Moivre) 


2 Cis (+) 


= CisiO)NNCIS EAR cisma eIs 
eine RR a 


AR o a o 


37 
2 





Note: e The factorisation method is fine provided the polynomial factorises easily. This 
is not usually the case. 


e The substitution of k = 0,1,2,3 to find the 4 roots could be done using any 
4 consecutive integers for k. Why? 


EXERCISE 15D.1 


1 Find the three cube roots of 1 using: a factorisation | b the “nth roots method”. 


2 Solveforz: a zº!=-8i b 2) = 97 

3 Find the three cube roots of —1, and display them on an Argand diagram. 

4 Solveforz: a 2!=16 b 2 =-16 

5 Find the four fourth roots of —i, and display them on an Argand diagram. 

6 Solve the following and display the roots on an Argand diagram: 
a 2=2+% b 2=-2+4+2% É =1 48; 
d 2=v3+i e 2=-4-4i f 22=-2/3-2i 


Example 22 


Find the fourth roots of —4 in the form a-+bi and then factorise 2! + 4 into 
linear factors. Hence, write 24 4+4 as a product of real quadratic factors. 
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The fourth roots of —4 are solutions of 
= 
2*=4 cis (7 +k27) 
z= [4 cis (m + k2m)]ã 


1 2 
= 4Z cis (=) 


O To E a OE RR Ri 
2z=22cis%, 2ºcisS, 2ºcisS, 22 cis LS 





= 4 0 





Roots 1+i have sum = 2 and product = (1 +1)(1— 1) =2 In examples such as 


and .:. come from the quadratic factor 22-22 +2. E 
connection between 


Roots —1 +i have sum = —2 and product = (—1 +1)(-1— 1) =2 RES 
and .:. come from the quadratic factor 22 +2z+2. number theory. 


Thus 2! +4=(22-22+7)(224+22+2) 








7 Find the four solutions of 24+1=0 giving each in the form 
a bi, and display them on an Argand diagram. Hence write 
24+1 as the product of two real quadratic factors. 


— = si) 
j 2 2 
8 Consider z= 


(cos + — isin E (cos 30 + isin E 


a Using polar form and De Moivre's theorem, find the modulus and argument of z. 
Hence show that z is a cube root of 1. 
By simplifying and without using a calculator, show that (1-22)(222—-1) isa 
real number. 
9 a Write —16i im polar form. 


The fourth root of —16i which lies in the second quadrant is denoted by z. 
Express z exactly in: 


i polar form ii Cartesian form. 


SUMMARY OF SOLUTIONS OF 2” = c (nth roots of c) 


e There are exactly n nth roots of c. 
e If ceR, the complex roots must occur in conjugate pairs. 





e If céR, the complex roots do not all occur in conjugate pairs. 


1 
e The roots of 2” will all have the same modulus which is |c/n. 
Thus on an Argand diagram, the roots will all be the same distance from the origin 


1 
and hence lie on a circle radius |c|". 
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e Therootsonthecircle r=[|c ig will be equally spaced around the circle. 
If you join all the points you will get a geometric shape that is a regular polygon. 
For example, n=3 (equilateral A), mn =4 (square) 
n=5 (regular pentagon) 
n=6 (regular hexagon) etc. 


THE nth ROOTS OF UNITY 


The nth roots of unity are the solutions of 2” =1. 


Example 23 


Find the three cube roots of unity and display them on an Argand diagram. If w is 
the root with smallest positive argument, show that the roots are 1, w and w2 and 
that 1+w+w?=0. 


The cube roots of unity are the solutions of 2º =1. 
1=cis0=cis(0+k2m) foral ke Z 
2 Cjs(RAn) 
z = [eis (k2m)]3 (De Moivre's theorem) 


ua) 


= eis 3 


E cisi0Neis (5), cis 


E) [letting k = 0, 1, 2) 
ds, 
ia 


= VS, 
as So SRS» = 


w=cis (22) and w? = leis (20) = cis (47) 


the roots are 1, w and w? where w = cis ( 


and Lu? = 14 (>1 4 485) + (1 





EXERCISE 15D.2 


1 In Example 23 we showed that the cube roots of 1 are 1, w, w? where w = cis (27). 


a Use this fact to solve the following equations, giving your answers in terms of w: 


i (243) =1 ii (z-13=8 ii (22-1))=—1 
b Show by vector addition that 1+w-t+wl=0 ifl,w and w2 are the cube roots 
of unity. 


2 In Example 21 we showed that the four fourth roots of unity were 1,1%, —1, —i. 


a Is it true that the four fourth roots of unity can be written in the form 1,%w, w2, 


w? where w=cis 5? 


b Showthat 1+w+w+w? =0. 
c Show by vector addition that b is true. 
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a Find the 5 fifth roots of unity and display them on an Argand diagram. 
If w is the root with smallest positive argument, show that the roots are 1, w, w2, 
w? and w?. 

ce Simplify (A fru+uw2+ut+w?)(1—w) and hence show that 1+w+w2+wê+wt 
must be zero. 


d Show by vector addition that 1twtwltw'Jw!=0. 


If w = cis (27) is the nth root of unity with the smallest positive argument, show 
that: 


a thenrootsof 27"=1 are Lw, w?, w?,... wo 
bitutw +wé+..... +url = 


Note: The roots of unity lie on the unit circle, equally spaced around the unit circle. 


Show that for any complex number a, the sum of the n zeros of 2” = a is 0. 





The following questions combine complex number theory with topics covered in previous 
chapters. 


EXERCISE 15E 


1 
2 


Solve forz: 22-(2+i)z+(3+)=0 
Find the Cartesian equation for the locus of P(x,y) if z=xz+Hiy and 

a zt=-iz b arg(z-)-5 c |z+3|+|z-3|=8 
Use the binomial expansion of (1 +i)2” to prove that: 


(9) = (4 (4) — (E) aaa HD) — 2ºcos (5), nezr. 


By considering 1 +cis0+cis 20 + cis 30 +... +cis nf as a geometric series, 
find JE cos T6. 
r=0 


Prove that 1+cis0 = 2cos (5) cis (5) and hence determine the sum of the series 


n 


>: (1) cos(r0). 


r=0 


REVIEW SET 15A 


Find the real and imaginary parts of (i — 3). 


If z=x+yi and P(x,y) moves in the complex plane, find the Cartesian equation 
for: a |z-il=|z+1+4+i] b z*-iz=0 


Find |z| if z isa complex number and |z+16|=4|z+1. 
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Points A and B are the representations in the complex plane ofthe numbers z=2-2i 
and w=-1-v3i respectively. 

a Given that the origin is O, find the angle AOB im terms of 7. 

b Calculate the argument of zw in terms of 7. 


Write in polar form: a —5 b 2-2:/3 c k-—ki where k<O0 


Given that z=(1+ bi)? where b is real and positive, find the exact value of b if 
argz =. 

a Provethat cis0 x cis p = cis (0 + 6). 

b If 2z=-2v2cisa, write (1 i)z in polar form. Hence find argl(1 — i)2]. 


—— —— J 
21 =OA and 2) =OB represent two sides of B 


a right angled isosceles triangle OAB. 
2 


: z 
a Determine the modulus and argument of =. Z2 
£o 
b Hence, deduce that 2,2 +24 = 0. Z 


Let z=«a(cosZ+isinZ) and w=vVb(cosZ-—isinT). 
4 
Find in terms of a and b the exact values of the real and imaginary parts of (=) : 


a List the five fifth roots of 1 in terms of w where w = cis (=). 

b Display the roots in a on an Argand diagram. 

ce By considering the factorisation of 2º —- 1 in two different ways, show that: 
Arre rz4+1l=(2—-w)(z— w)(z — w3)(z — w!). 


d Hence, find the value of (2-w)(2—- w)(2 — w?)(2 — w!). 


Find the cube roots of —8%, giving your answers in the form a-+bi where a and b 
do not involve trigonometric ratios. 


Na MARES: 





1 


Tr 


Let z7=cos%+isins 


and 2zo=cosZ+isint. 


3 
Express (=) in the form z=a+bi. 
Z2 


If 2z=4+% and w=2-3, find: 
a 2wt—iz b |jw-z| e d arg(w-—z) 
3% 


nm 
Find rationals a and b such that -=3+21. 
2a + bi 


If z=x-+yi and P(x, y) moves in the complex plane, find the Cartesian equation 
for the curve: 





Zz+2 
Z2—2 


Write 2 — 2//3i in polar form. Hence find all values of n for which (2 — 2/3)” 
is real. 


a arg(z-1)=5 








-: 


10 


1 


12 


13 


14 
15 
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Determine the cube roots of —27. 


If z=4cis 6, find the modulus and argument of: 
1 
a 2 b — Ge 
& 
Prove the following: 


a arg(z”) = nargz for all complex numbers z and rational n. 


b (=) = = for all z and for all w + 0. 
w w 
Find n such that each of the following can be written in the form [eis 0]”: 
1 
a 30 + isin 30 b ————————— c 0 — isinQ 
cos 36 + 1sm ELE DO cos 1 sm 


Determine the fifth roots of 2 + 21. 
Il : : 

If z + is real, prove that either |z|=1 or z is real. 
a 


If z=cis 6, prove that: 


ll 
ana O =s € sin? 0 = i(cos40 — 4c0s20 +3) 
Z 


If w is the root of 2º = 1 with smallest positive argument, find real quadratic 
equations with roots of: 


a wand w! b wvrw! and vw? +w? 
If |z+w|=|z—w| provethat argz and argw differ by 5. 


The complex number z is a root of the equation |z|=|z+4]. 
a Show that the real part of z is —2. 
b Let v and w be two possible values of z such that |z|=4. 


i On an Argand diagram, sketch the points that represent v and ww, given that 
v is in the 2nd quadrant. 


2m 
ar 
iii Find argw where —7 <argw <T. 


ii Show that arg v= 


m 
c i Find arg (==) in terms of m and 7. 


m 

E : o o 

ii Hence find a value of m for which — isa real number 
i 


REVIEW SET 15C 


What single transformation maps z onto: ap DR CURR 


z and w are non-real complex numbers with the property that both z+w and zw 
are real. Prove that 2* = w. 


If (x +iy)” =X +Yi where n is a positive integer, show that 
XxX +7º=(0 +49). 


448 


10 


13 


14 


15 


16 


17 
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Prove that je-wP+z+wP=2(|2P+|w|). 


2º =1 has roots 1,a,a2, a? ando! where a=cis (E). 


a Provethat Itatal+ra!+a! =0. 











k RD 
b Solve the equation re NS 1 in terms ofa. 
== 
Fr A : : 
If z£0 and IE 1, prove that z is purely imaginary. 
: a a : 
ii 2=080 qr = TER show that w = cis à also. 
z 


Write —1 + iv'3 in polar form and hence find the values of m for which 
(-1 +iv3)” is real. 


Prove that cis0 + cis é = 2cos EC es | ie and hence show that 
2 5 





[Nº 
(: ii 1) = 1 has solutions of the form z=icot (E) for n=1,2,3and4. 
SR 


Find the cube roots of —64%, giving your answers in the form a-+bi where a and 
b are real. 


If z = cis 0, find the modulus and argument of: a (22) b 1-2 


Illustrate the region defined by (z: 2<|z|<5 and —-Z<argz< 5). 
Show clearly all included boundary points. 
1 1 il 

Use polar form to deduce that |—-|= El for z£0 and arg | — ) = —argz. 
E E E 

If z=cisa, write 1+z in polar form and hence determine the modulus and 
argument of 1 +xz. 


Hint: sinô = 2sin (5) cos (5) 


AP,P5P5 is an equilateral triangle, as illustrated. P, 
O is an origin such that OP; = 24, OP; = 2» 
—— 
and OPs E A 
Suppose arg(z2—-2))=a. 


a Show that arg(zs —- 2))=a— &. Hi 


220 


b Find the modulus and argument of : 
Z3 — 22 Ps 





Two ofthe zerosof P(z)=zº)+az?+bz+c where a,b,ceR, are z=-—3 
and z=3-+%. Find the values of a, b and c. 


State the five fifth roots of unity and hence solve: 
a (22-1))=32 b 2)4+524+1022410224+52=0 e (2z+1)5=(2-1) 
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INTRODUCTION 
Suppose the vector ( E represents a displacement of 1 km due East and 


(1) represents a displacement of 1 km due North. 





The diagram shows the path of a 
yacht relative to a yacht club which 
is situated at (0, 0). At 12:00 noon II 
the yacht is at the point A(2, 20). (1 a 


























The yacht is travelling in the fo E Opm | 











direction (5) with a constant 








speed of 5 kmh”1. Er 














Since | ( 


3)| = 5 we can see that LI 











(5) gives both the direction and 





speed of travel. ol [7 (15! 



















































































So, (5) is called the velocity [| A 








vector of the yacht. 


In order to define the position of the yacht at any time t hours after 12 noon, we can use the 
parametric equations vz=2+44 and y=20-3t where t is called the parameter. 


Note: Ift=0, vx=2 and y=20, so the yacht is at (2, 20). 
If t=1, «=6 and y=1T, so the yacht is at (6, 17). 
ft=2, 2v=10 and y=14, so the yachtis at (10, 14). 


We can find a vector equation for the yacht's path as follows: 


Suppose the yacht is at R(x, y) at time t hours after 
12:00 noon. 





which is the vector equation of the yacht's path. 


Notice how the parametric equations are easily 
found from the vector equation: 








V 


2 4 
E o - am] +t [os] then vx=2+4t and y=20-3t. 
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We can also find the Cartesian equation of the yacht's path: 


— 2 
As v=2+4t, 4t=x-—-2 andso = 3 








or a —2 
Substituting into y=20-3t gives y=20-3 (: 4 ) 


4y = 80-— 3(x — 2) 
4y=80-3x+6 
3x + 4y = 86 where x >2 because t>õbo0. 


In both 2-D and 3-D geometry we can determine the equation of a line by its direction and 
a fixed point through which it passes. 











Suppose a line passes through a fixed point A such 
that OA = a, and its direction is given by vector b e 


(i.e., the line is parallel to b). 
Let any point R be on the line so that OR =r. A 

= -—— —. — 
By vector addition, OR = OA + AR. 


R (any point) 


igi line 
Since AR || b, AR =tb forsome tER (uia 
r=a+tb 
Sa, r=a+tb, tEeR isthe vector equation of the line. 


LINES IN 2-D 
e In 2-D we are dealing with a line in a plane. 
º (5) = (2) +t (51) is the vector equation of the line 
where R(x, y) is any point on the line 
A(ai, a2) is the known (fixed) point on the line 


b= E ) is the direction vector of the line. 


b : 
Note: b= (51) also enables us to calculate the slope of the line, m = a (e) 
2 bi run 





c=a+bt . 
º o » o te R, are the parametric equations of the line 
a where t is called the parameter. 
With these equations each point on the line corresponds to exactly one value of t, 
so every point has a one-to-one correspondence with a real number. 


e We can convert these equations into Cartesian form by equating t values. 


Using ps eo 


== we obtain box = byy =— boa = bias 
bi > 


which is the Cartesian equation of the line. 
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Example 1 


Find a thevector b the parametric c the Cartesian equation 


of the line passing through the point (1, 5) with direction É) 


a OR and BE 


Re 3 
Eu A DR Gis Gieç: te R 


Froma, vx=1+3t and y=5+2t, tER 


gs ano 
a 
Do rag nlo 
Dn o (general form) 


Now t= 


Example 2 


A particle at P(x(t), y(t)) moves such that x(t)=2-3t and y(t)=2t+4, 
t > 0. The distance units are metres and t is in seconds. 

Find the initial position of P. 

Ilustrate the motion showing points where t = 0, 1, 2 and 3. 

Find the speed of P. 


mA “. the initial position of Pis (2, 4) 

y(1) = 6 | 
y(2) =8 pn 
y(3) = 10 






































Every second P moves with 
a-step —3 and y-step 2, 
which is a distance of 13 m. 


the speed is constant and 


tg «y/8) ms 
















































































EXERCISE 164.1 
1 Find i the vector equation ii the parametric equations of the line: 
a passing through (3, —4) with direction (| 
b passing through (5, 2) with direction Eu 


€ cutting the x-axis at —6 with direction 3i+ 7j 
d with direction —2i + j that passes through (—1, 11). 


LINES AND PLANES IN SPACE (Chapter 16) 453 


2 Find the parametric equations of the line passing through (—1, 4) with direction vector 


a and parameter À. Find the points on the line when A=0,1,3,-—1, —4. 


3 a Does (3, —2) lie on the line with parametric equations z=t+2, y=1-38 
Does (0, 6) lie on this line? 


b (k, 4) lies on the line with parametric equations v=1-2t, y=1+t. Find k. 


& A particle at P(x(t), y(t)) moves such that x(t)=1+2t and y(t)=2-5t, t>O0. 
The distances are in centimetres and t is in seconds. 
a Find the initial position of P. 
b Illustrate the initial part of the motion of P where t=0,1,2,3. 
ce Find the speed of P. 


LINES IN 3-D 


e In3-D we are dealing with a line in space. 


x a1 bi 
e yl=|[al+A|b is the vector equation of the line 
z az ba 


where R(x,y, 2) is any point on the line 
A(as, à2,a3) is the known (fixed) point on the line 


bi 
b = [e is the direction vector of the line. 
ba 


Note: We do not talk about the slope of a line in 3-D. 
We describe its direction only by its direction vector. 





v= a +aAb; 
o y = ag + Abo are the parametric equations of the line 
z= as + Abs where AE R is called the parameter. 


Every point on the line corresponds to exactly one value of À. 


a E RR : Ro m E (=A) are the Cartesian equations of the line. 
1 2 3 














Example 3 


Find the vector equation and the parametric equations of the line through 
(1, —2, 3) im the direction 4i + 5) — 6k. 


z 1 
The vector equation is à) TEA 
3 





The parametric equations are: zx=14+4), y=-2+5), 2z=3-6), AER. 
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Find the parametric equations of the line through A(2, —1, 4) and B(—1,0, 2). 


. . . . . E ER 
We require a direction vector for the line, either AB or BA. 


Eq) =8) 
cade 
AB= | 0--1 | = il 


Using the point A, the equationsare: x=2-3)A, y=-1+),2=4-2), ER. 
Note: Using the point B, the equationsare: vz=-1-3,y=4,2=2-2u, uER. 


These sets of equations are actually equivalent, and generate the same set of 
points. They are related by u=A-—1. 


EXERCISE 16A.2 


Find the vector equation of the line: 
2 
a parallel to (:) and through the point (1,3, —T) 
3 


b through (0, 1, 2) and with direction vector i + j — 2k 
c parallel to the X-axis and through the point (—2, 2, 1). 


Find the parametric equations of the line: 


- 
a parallel to 2 and through the point (5, 2, —1) 
6 


b parallelto 2i — j + 3k and through the point (0,2, —1) 
ce perpendicular to the XOY plane and through (3,2, —1). 


Find the parametric equations of the line through: 

a A(1,2,1) and B(-1,3, 2) b €(0,1,3) and D(3, 1, —1) 

c H1,2,5) and F(l, —1,5) d G(0,1,-1) and H(5, —1,3) 
Find the coordinates of the point where the line with parametric equations 
t=1-)À y=3+A and 2z=3-2A meets: 

a the XOY plane b the YOZ plane c the XOZ plane. 


Find points on the line with parametric equations x =2-A, y=3+2A and 
z=1+A which are 53 units from the point (1, 0, —2). 


The perpendicular from a point to a line minimises the distance from the point to that 
line. 
Use quadratic theory to find the coordinates of the foot of the perpendicular: 

a from (1,1,2) to the line with equations z=1+A, y=2-A, Zz=3+A 


x 1 1 
b from (2, 1,3) to the line with vector equation (:) = (+) + u (=) 
0 


z 2 
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THE ANGLE BETWEEN TWO LINES (2-D and 3-D) 


In Chapter 14 we saw that the angle between two vectors 
is measured in the range 0º <0< 180º. We used the 


b eb (0) 
formula cos6 = de Db; b; 


[bi ||bo | 


In the case of lines which continue infinitely in both 
directions, we agree to talk about the acute angle between 


them. We therefore use the formula Uta 
bbeb 
pe nbegosD ai 
[bs || bz | 





where b; and bs are the direction vectors of the given lines 
l and ly respectively. 





Bindithefansleibetweenithe lines = E Bt uy Ed and 
lo: v=1+2s, y=-—4+3s 


h=(5) h=(6) 
ie 
OTA 





cos6 = 0.2631 
andso 0x 74.7º (1.30 radians) 





Example 6 
Find the angle between the lines lj: z=4-3), y=-1+A, 2z=4-2A 
l-az 2— 2 
and ls: a so 
o ps E 
bir='[m and bs=| 1 Ecos 
cos0 = 1 
andisoBROl= 02 


In fact these lines are coincident, 1.e., ly and l> are the same line. 





EXERCISE 16A.3 


1 Find the angle between the lines: l passing through (—6, 3) parallel to o and 
lo cutting the y-axis at (0, 8) with direction 5i + 4j. 


456 LINES AND PLANES IN SPACE (Chapter 16) 


2 Find the angle between the lines: lh: v=-4+12t, y=3+5t and 
lo: v=3s, y=-—6-—4s 


3 Show that the lines: xv=2+5p, y=19-2p and 
q=3+4r, y=7+10r are perpendicular. 





E = —1 
& Find the angle between the lines: E 3 à = E E e 7 E and 


v=15+3u, y=29+8u, 2z=5-—5u 








N A PLANE 


THE VELOCITY VECTOR OF A MOVING OBJECT 


In Example 2 we considered a particle which moves ( 2 


—3 
) every second. 


o) is called the velocity vector of the particle. 


Since (5) = (32 52 =y19, 
the velocity of the particle is 13 metres per second in the direction E ) , and 


the speed of the particle is 13 metres per second. 


In general, 


if E is the velocity vector of a moving object, then it is travelling 


at a speed of [()| = 07-82 in the direction (o 


Example 7 
(5) = (1) +t (o is the vector equation of the path of an object. 


t is the time in seconds, t > O. The distance units are metres. Find the: 
object's initial position b velocity vector of the object c object's speed. 


mico (5) =( 


the object is at (7, 5). 


5) 
The velocity vector is o because the object moves (ea every second. 


The speed is Ns) = 90 E64 = vODS 10 ms. 





LINES AND PLANES IN SPACE (Chapter 16) 457 
CONSTANT VELOCITY PROBLEMS 


Suppose an object moves with constant velocity b. If the object is A a 
initially at A (when time t = 0) and at time t it is at R, then R 


A . . 
AR = tb [distance = time x speed? 


> —s 
Now r=-OA+AR 


r=a-+tb a 


Thus if a body has initial position vector a, and moves with constant velocity b, its 
position at time t is given by 


r=a+tb for t>0. 


Example 8 


An object is initially at (5, 10) and moves with velocity vector 3i — j. Find: 
a the position of the object at any time t where t is in minutes 
b the positionat t=3 € the time when the object is due east of (0, 0). 





r=a+tb 


(5) = (0) ++ (4). teR 
o) 


Pisat(5+3t, 10 -t) 





b Att=3, 5+3t=14 and 10-t=7 .. itisat (14, 7. 


ce When the object is due east of (0, 0), y must be zero 
OE 10 
RE The object is due east of (0, 0) after 10 minutes. 





THE CLOSEST DISTANCE FROM A POINT TO A LINE 


A ship sails through point A in the direction b 
and continues past a port P. At what time will the 
ship R be closest to the port? 


The ship is closest when PR is perpendicular to 
AR, 


o 
PReb=0 [the scalar product is zerok 
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Example 9 





If distances are measured in kilometres and a 


ship R moves in the direction (1) at a speed 
of 10 kmh”!, find: 


a an expression for the position of the ship 
in terms of t where t is the number of 
hours after leaving port A 


the time when it is closest to port P(10, 2). 





É (1) =v32 +42 =5 .. since the speed is 10 kmh”!, the ship's 


velocity vector must be 2 (4) E E 


— SS —s 
Now OR = OA + AR 
e —8 6 
(5) = (5) ++(5) 
Risat(-846t, 3+48t) 


b The ship is closest to P when PR E  PRe (6) = () 


-8+6t-—10 ne 
Sa E = 
3(6t—- 18) +4(1+8t)=0 
I8t— 54+4432t=0 

50t — 50 = O 


es] 
So, the ship is closest to port P 1 hour after leaving A. 





EXERCISE 16B.1 


1 Each of the following vector equations represents the path of a moving object. t is 
measured in seconds and t > 0. Distances are measured in metres. In each case find the: 


i initial position ii velocity vector iii speed of the object. 
 ()= (els) 0 G)=C)ri(ã) e ()=()r (a) 


2 Find the velocity vector of a speed boat moving parallel to: 


24 


a e] with a speed of 150 kmh"1 b ( é 


) with a speed of 12.5 kmh”! 
c 2i+j withaspeedof50kmh!  d -3i+4j with a speed of 100 kmh”1. 


3 Yacht A moves according to a(t)=4+t, y(t)=5 — 2t where the distance units 
are kilometres and the time units are hours. Yacht B moves according to x(t) = 1+2t, 
y(t)=-8+t, t>0. 
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Find the initial position of each yacht. b Find the velocity vector of each yacht. 
Show that the speed of each yacht is constant and state the speeds. 
If they start at 6:00 am, find the time when the yachts are closest to each other. 


e 2a ou 


Prove that the paths of the yachts are at right angles to each other. 

4 Submarine P is at (—5, 4) and fires a torpedo with velocity vector ) at 1:34 pm. 
Submarine Q is at (15, 7) and a minutes later fires a torpedo in the direction e. 
Distances are measured in kilometres and time is in minutes. 

a Show that the position of P's torpedo can be written as P(axi(t), y(t)) where 
What is the speed of Ps torpedo? 
ce Show that the position of Q's torpedo can be written in the form 
vo(t)=15-—-4(t—-a), vlt)=7—-3(t—a). 
d Qºs torpedo is successful in knocking out P's torpedo. At what time did Q fire its 
torpedo and at what time did the explosion occur? 


5 Let (0) represent a 1 km displacement due east 


and (1) represent a 1 km displacement due north. 


The control tower of an airport is at (0, 0). Aircraft 
within 100 km of (0, 0) will become visible on the 
radar screen at the control tower. 

At 12:00 noon an aircraft is 200 km east and 100 km 
north of the control tower. It is flying parallel to the 


1) with a speed of 40/10 kmh-2, 





vector b = ( 


a Write down the velocity vector of the aircraft. 

b Write a vector equation for the path of the aircraft using t to represent the time in 
hours that have elapsed since 12:00 noon. 

ce Find the position of the aircraft at 1:00 pm. 

d Show that the aircraft first becomes visible on the radar screen at 1:00 pm. 

e Find the time when the aircraft is closest to the control tower and find the distance 
between the aircraft and the control tower at this time. 

f At what time will the aircraft disappear from the radar screen? 


6 Boat A's position is given by 
a(t)=3—t, y(t) =2t— 4 where the distance 
units are kilometres and the time units are hours. 
Boat Bºs position is given by 
c(t)=4—3, y(t)=3-— 2%. 
Find the initial position of each boat. 
Find the velocity vector of each boat. 
What is the angle between the paths of the boats? 
At what time are the boats closest to each other? 





Jaco 
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GEOMETRIC APPLICATIONS OF r-a+4tb 


Vector equations of two intersecting lines can be solved simultaneously to find the point 
where the lines meet. 


Example 10 


Line 1 has vector equation (5) = (5) Bino É and 


line 2 has vector equation E = E E Ri; where s and t are scalars. 


Use vector methods to find where the two lines meet. 


The lines meet where (5) +s8 E E (5) +e(1) 








—2+3s = 15 — 4t and 1+2s=5+t 

3s +4t=17 ... (andas (2) 
E SANA 

8s — 4t = 16 (2) is multiplied by 4) 

l1s = 39 


Sos = andian (2); alo Also to 


Using line 1, (5) = (17) +3 E = (1) 
Checking in line 2, E = o +92 ad) = fá RR 





EXERCISE 16B.2 
1 The triangle formed by the three lines is ABC. 
Line 1 (AB) is (5) = ()+ (o): line 2 (AC) is (5) = (2) + o 
and line 3 (BC) is o] = fa +t fo where r, s and t are scalars. 


Draw the three lines accurately on a grid. 
Hence, find the coordinates of A, Band €C. 
Prove that AABC is isosceles. 

Use vector methods to check your answers to b. 


Zago 


2 A parallelogram is defined by four lines as follows: 


Line 1 (AB) is sl eo) line 2 (AD) is Glee): 
line 3 (CD)is (7) = (55) +t(T5). lines(cBis (1) = (55) +u(05), 


where 7, s, t and u are scalars. 
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a Draw an accurate sketch of the four lines and the parallelogram formed by them. 


Label the vertices. 
b From your diagram find the coordinates of A, B, C and D. 
ce Use vector methods to confirm your answers to b. 


3 An isosceles triangle ABC is formed by these lines: 
Line1 (AB)is (1)=(3)+r(1), tinez (sois (1)=(G)+s(T5) and 
line 3 (AC) is (5) = (6) +t (+) where r, s and t are scalars. 


a Use vector methods to find the coordinates of A, B and C. 
b Which two sides of the triangle are equal in length? Find their lengths. 


4 Line QP is (1) = (E)+r(io). line QR is (1) = (S)+s(5) and 
line PR is (5) = (6) +t (| where 7, s and t are scalars. 


Triangle PQR is formed by these lines. 
a Use vector methods to find the coordinates of P, Q and R. 
. — — —  — 
b Find vectors PQ and PR and evaluate PQ e PR. 
c Hence, find the size of “QPR. 
d Find the area of APQR. 


5 Quadrilateral ABCD is formed by these lines: 
; E 2 4 . . 18 —8 
Line 1 (AB) is (5) = (5) +r E line 2 (BC) is (5) = ( 9 ) + 8 ( : 
7! k x 14 —8 . . x 3 =, 
line 3 (CD) is (5) = |] +t [5] and line 4 (AD) is (5) = (1) +u ( 1 
where 7, s, t and u are scalars. 
a Use vector methods to find the coordinates of A, B, C and D. 
—+ =— 
b Write down vectors AC and DB and hence find: 
. Es TO Ee nus A e 
i |AC] ii |DB| ii ACeDB 
ce What do the answers to b tell you about quadrilateral ABCD? 


LINE CLASSIFICATION IN 2 DIMENSIONS 





intersecting parallel coincident 
O EDS Er cap adese na 
one point of intersection lines do not meet the same line 


unique solution no solutions infinitely many solutions 
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LINE CLASSIFICATION IN 3 DIMENSIONS 


b the lines are coplanar, or lie in the same plane: 
e intersecting e parallel e coincident 


» the lines are not coplanar and are hence skew 


Skew lines are any lines which are neither parallel nor intersecting. 


e If the lines are parallel, the angle 
between them is 0º. Ç 

e JIfthe lines are intersecting, the angle | 
between them is 0, as shown. point of intersection 

e If the lines are skew, there is still an line 1 
angle that one line makes with the Tie. 
other. If we translate one line to 
intersect the other, the angle between Fá aaa e 
the original lines is defined as the RP line 2 
angle between the intersecting lines, 
i.e., angle 0. 






line 1 
translated 


lines 1 and 2 are skew 


Example 11 


[insalhastequations = sc andas: 
Lins 2 es copos v=-l-g n=-6 ml nd 
Show that the lines are parallel. 


x | 2 2 
Line 1 is yl=|1 |45s|-2 with direction vector : 
E 1 4 4 
il 


Likewise, line 2 has direction vector : 


2 
2 EA 
Since —-2 |=-2| 1 ), the lines are parallel. 
4 = 


(If a = kb for some scalar k, then a || b.) 


Example 12 


Line 1 has equations x=-1+2s, y=1-2s and z=1+4s. 
inst2ihastequationsB RT anda 

Eine hastequations TE 2 = AS 

a Show that line 2 and line 3 intersect and find the angle between them. 
b Show that line 1 and line 3 are skew. 
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Equating x, y and z values in lines 2 and 3 gives 


1-t=1+2u t=-1l-u and 3—-2t=4+3u 
= U, co t=-l-u, and Ju+2t=—1 
e e? 


Solving these we get —-2u=-1l-u .. -u=-—1 
u=1 andso t=-—2 
Checking in (1): 3u+2=3HD)+2(-2)=3-4=-1 / 
u=1, t=-—2 satisfies all three equations, a common solution. 
Using u=1, lines 2 and 3 meetat (1+2(1), —-1-— (1), 4+3(1)) 
Le. (3, —2, 7). 


—1 2 
Direction vectors for lines 2 and 3 are a= and b= [<1) 


respectively. a E 


b —2-—- 1-6 : 
Now cos6 = Es E E IE where 0 is the acute 


lallbl V14+1+4/4+1+9 


9 
angle between a and b .. cosy= —— and so 0 = 10.89º 


v84 


the angle between lines 2 and 3 is about 10.9º. 


Equating x, y and z values in lines 1 and 3 gives 
Lo 2/5 IRS IR SD a CURI RU 


25 — Qu =2,  —Dsptu=-—?, and 45-—-3u=3 
EDDD——————=GTT  DPL?jPMJ 
Solving these we get DSR Real 


a (E 
o —u=0 [adding them) 
mn) riso 25=2 do, 5-1 
Checking in (1), 45-3u=41)-30)=4%3 
So, there is no simultaneous solution to all 3 equations. 
the lines cannot meet, and as they are not parallel they must be skew. 









3 Ae) ZA 
6x — 2y = k 


Give a geometric interpretation of the solutions. 


for ke R. 






Discuss the solutions to ( 















Eloa 


; E 
In augmented matrix form | 6 —9 | K | m | 


0 0 


2 
k-—4 Fo Ra] 


If k-4=0, the system is consistent, and the lines 3x—y=2 and 
6x — 2y = 4 are coincident. 


Petr Tso Tenis 
There are infinitely many solutions of the form v=t, y=-2+3t, tEeR. 
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This line has direction vector (|) or slope 3 and passes through the point (0, —2). 


If k-4%0 ie, k£4 the system is inconsistent. In this case the lines 
dr — y=2 and 6x-—-2y=k are parallel and have no 
points of intersection. 





PERPENDICULAR AND PARALLEL TESTS (for 2-D AND 3-D) 


Non-zero vectors v and ware >»  perpendicularif veow=0 


> parallelif v= kw for some scalar k 


Proof of perpendicular case: If voew=0 
then |v|lw|cos8 =0 
cos0 =0 v, w non-zero) 
9 = 90º 
EXERCISE 16€ 


1 Classify the following line pairs as either parallel, intersecting or skew, and in each case 
find the measure of the acute angle between them: 


a v=1+2t y=2-t, 2z=34+t and v=-2+43s, y=3-—8s, 2z=1+25 
b zx=-1+2A, y=2-12), 2z=4+12A 

and vx=44—-3, y=34+2, 2z=—-u—l 
c x=6, y=-3+8t, z=-—-1+2t and 2x=2+43s, y=45, 2z=1+s 
dar=2-y=z2+2 amd v=1+35, y=-2-2s, 2=28+5 
e 
f 





c=1+), y=2-), 2z=3+2ÀA and v=2+34, y=3-2u, z=4u—S 
t=1-2t, y=8+t, 2z=5 and 2x=2+4+45, y=-1-2s, 2=83 
2 Consider the two lines whose equations are 3x — y = 8 and 6x — 2y = k where k 


is some real number. Discuss the nature of the intersection of these lines for different 
values of k. 


3 Discuss for the different values of a, the geometric solutions of the equations 
4x +8y=1 and 2x—-ay=11. 


SHORTEST DISTANCE FROM A POINT TO A LINE (2-D AND 3-D) 


The coordinates of any point P on a line can be expressed in 
terms of the parameter t. 


ne 
We can hence find the vector AP in terms of t, where A is a 
point which is not on the line. 


The shortest distance d occurs when AP is perpendicular to b, 
so we findt for which APeb=0. 





The shortest distance d = | AB | for this value of t. 
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ELA 


Find the shortest distance from P(—1, 2, 3) to the line 


The equation of the line in parametric formis z=1+2), y=-4+3), z=3+A 
any point A on this line has coordinates (1 +2), —-4+3A, 3+2) 


= 2+2A 9 
BA = || =6--8A and the direction vector of the line is b = 
1 


A 


Now for the shortest distance, PAeb=0 (perpendicular distance) 
A+4) —-I8+9)+4+A=0 
14A = 14 andso A=1 


4 
Thus = (55) and d=|PA |= 26 units 
1 





& Find the shortest distance from the point (2, —3) to the line 3x —y=4. 


5 Find the shortest distance from the point (3, 0, —1) to the line with equation 
r=2i-j+4k+AGi+ 24). 
1 2 
6 Find the shortest distance from (1, 1, 3) to the line r = (1) + A [:) 
2 1 


THE SHORTEST DISTANCE BETWEEN SKEW LINES (EXTENSION) 


Example 15 


Find the shortest distance between the skew lines x=t, y=1l-t, 2z=2+t 
and v=3-s, y=-1+2s, 2z=4-s. 





=| 
== IE 1 NM 1 E 
[3 Ap Afe[ã a (5) 
Let A and B be points on the skew lines. 
Ais(t,l-t,2+t)and Bis(3—s, —-1l+2s, 4-— s) where s and t are scalars. 








e = 
To find the shortest distance between the two skew lines, we need to find | AB | 


where AB is parallelto v x w, 1.e., perpendicular to both skew lines. 


EN 3—-s—t —1 
As ABI vxw, So ori | RO for some scalar k. 
As on 1 
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3—-s—t=—k, —2+2s+t=0 and 2-5s-t=k 
Thus 2s+t=2 and 3-s-—-t=-2+s+t 
2s+t=2 and DIS) 


Solving simultancously, t=3 and s=-—5 


. . ls . 
the shortest distance is E units. 





7 Find the shortest distance between the skew lines: 
a v=1+2t y=-t, 2z=2+3 and v=y=2 
brx=1l-t, y=1l+t, 2z=3-t and 2x=2+5, y=1-2s, 2z=s 


8 Find the shortest distance between the lines given in Exercise 16C question 1. 


Note: e To find the distance between parallel lines, find the distance from a point 
on one line to the other line. 


e What is the shortest distance between intersecting/coincident lines? 


DJ DISTANCES 


To find the equation of a plane, we need to know a point on the plane and also its orientation 
in space. 





The orientation of a plane cannot be given by a single parallel vector because infinitely 
many planes of different orientation are parallel to a single direction vector. We require two 
non-parallel vectors to define the orientation uniquely. 


Any point R(x, y, z) on the plane with a known point A(ay, a2, as) and two non-parallel 


by c 
vectors b = (2) and c= [> must satisfy the vector equation 
ba c3 


AR = Ab + ue for some scalars À and qu. 
a 


-— 
OR- OA = Ab + ue 

— — 

OR = OA +Ab + ue 





r=a+ Ab + ye is the vector equation of the plane 


where ris the position vector of any point on the plane, 
a is the position vector of the known point A(as, az, as) on the plane 
b and ce are any two non-parallel vectors that are parallel to the plane 


A, 4 ER are two independent parameters. 
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Another way of defining the direction of a plane is to consider the vector cross product of 
the two vectors b and c which are parallel to the plane. 
The vector n=b x c iscalleda normal vector to the plane. 


n is perpendicular to b and c and is hence perpendicular to any vector or line in or parallel 
to the plane. This is because any vector parallel to the plane can be written in the form 
Ab + ue. 


Challenge: Show nl Ab+ ge. 


c 


a 
Suppose a plane in space has normal vector n = (º) 


and that it includes the fixed point A(xy, y1, 21). , 
R(x, y, 2) is any other point in the plane. n= (5) 
Now AR is perpendicular to n 
—s 
ne AR =0 


: di da 
b o isa E 0 As, 121) 
c Z—=2 


a(x—- x) +b(y—w)+e(z— 2) =0 
ax +by+cz = ax, +by + cz where the RHS is a constant. 


R(x, y, 2) 


ne AR = is another form of the vector equation of the plane. It could 
also be writtenas ne(r— a) = 0, which imples ren=aen. 


a 


If a plane has normal vector n = (º) and passes through (71, y1, 21) 
€ 


then it has equation ax+by+cz=az;+by+cma=d, wheredisa 
constant. 


This is the Cartesian equation of the plane. 





Example 16 






1 


Find the equation of the plane with normal vector (3) and containing (—1, 2, 4). 
3 





1 
Since n = (:) and (—1, 2, 4) lies on the plane, the equation is 
E 





v+2y+32=(—-1D)+2(2)+3(4) 
Le, v+2y+32= 15 
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Example 17 


Find the equation of the plane through A(—1, 2, 0), B(3,1,1) and C(1,0, 3): 
a in vector form b in Cartesian form 


E 4 — 2 
AB — ande 1 
li —2 


Now AB and CB are two non-parallel vectors both parallel to the plane. 


AAA) 


using C as the known (fixed) point on the plane. 


> —s 4 
If n is the normal vector, then n = ABx AC = [+ 
1 


=| 
LL RS 4 1). 4 — 
n=[55 4Ju- [5 3js+ [5 <3]e= (55) 
Thus the plane has equation x + 10y +62 = (—1) + 10(2) + 6(0) (using Ab 
O RO 2 AO 
Note: Check that all 3 points satisfy this equation. 








Example 18 


Find the parametric equations of the line through A(—1,2,3) and B(2,0, —3) 
and hence find where this line meets the plane with equation x — 2y + 32 = 26. 





RE 3 
=|| = so line AB has parametric equations 
E RS UR? Ro? ERA O RO (x) 
This line meets the plane x — 2y+3z = 26 where 
1+3-2(2-28)+3(3 — 6t) = 26 
AIN 26 
= li = 22 emiso =? 
it meets the plane at (—7, 6, 15) (substituting t = —2 into x! 








Example 19 


Find the coordinates of the foot of the normal from A(2, —1, 3) to the plane 
g—y+2z=27. Hence find the shortest distance from A to the plane. 





A il 


E g—y+2z=27 has normal vector (1) 
2) 


the parametric equations of AN are 
N qm DR dj So, 
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and this line meets the plane x —y+2z=27 where 
DR a lo Rd 
2+t+1+t+6+4t=27 
Oii Ei 
6t = 18 
ES “+ Nis(5, —4, 9). 


The shortest distance, AN=v(5-2)2+(—4 12 +(9-3) 


= 54 units. 





Example 20 


Find the coordinates of the foot of the normal N from A(2, —1, 3) to the plane 
with equation r=i+3%k+A4-j+k)+Hul2i+j-—2k), AguER. 





The normal to the plane has direction vector given by 
RR 
4 1 1 
2 1 -2 


ip 2 ) 
The equation of the normal through A is (1) — (=) +t (1º) 
z 3 6 


so N must have coordinates of the form (2+t, — 1+10t, 3+ 6t). 


DRC Iaao dl 4 2 
But N lies in the plane, so —1+10t |=[0]+A[-1)]+4ul| 1 
3 + 6t 3 1 = 


(4-j+ryx(i+j-2= 











2+t=1+4+42y 4A+2u—-t=1 
—1+10t= A+ and so EA [a aa O 
3+6t=3+A-—2u A-2u—6t=0 


Solving simultaneously with technology gives A= de, E — = = 
: : 9 47 o 54 
N is the point (25 O 33) 


Check by substituting for À and ju in the equation of the plane. 





EXERCISE 16D 


1 Find the equation of the plane: 


2 
with normal vector (4) and through (—1, 2, 4) 
3 


b perpendicular to the line comecting A(2,3,1) and B(5, 7, 2) and through A 


ce perpendicular to the line connecting A(1, 4, 2) and B(4, 1, —4) and containing 
P such that AP:PB=1:2 


d containing A(3,2,1) andtheline rz=1+t, y=2-t, 2z=3+2t. 


470 


10 


13 


14 
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State the normal vector to the plane with equation: 
a 2x+3y-z=8 b 3x-y=11 e 2=2 d z=0 


Find the equation of the: 
a XOZ-plane b plane perpendicular to the Z-axis and through (2, —1, 4). 


Find the equation of the plane in à vector form ii Cartesian form, through: 
a A(0,2, 6), B(1,3,2) and C(-1,2,4) b A(3, 1,2), B(0, 4,0) and C(0, 0, 1) 
c A(2,0,3), B(0, —1, 2) and C(4, —3, 0). 


Find the equations of the following lines: 
a through (1, —2, 0) and normalto the plane x —3y+42=8 
b through (3, 4, —1) and normalto the plane x -—y-—2z=11. 


Find the parametric equations of the line through A(2, —1, 3) and B(1, 2, 0) and 
hence find where this line meets the plane with equation v+2y-—-z=5. 


Find the parametric equations of the line through P(1, —2, 4) and Q(2, 0, —1) and 
hence find where this line meets: 
a the YOZ-plane b the plane with equation y+z=?2 
Sd pr a B0 


q — 
c theli ith ti —— É 
e line with equations 5 3 | 





In the following, find the foot of the normal from A to the given plane and hence find 
the shortest distance from A to the plane: 


a A(1,0,2); 2x+y-—-2z+11=0 b AQ,-1,3); v—-y+32=-10 
ce A(1,-—4, -—3); 41—-y-—-22=8 


Find the coordinates of the mirror image of A(3, 1, 2) when reflected in the plane 
c+2y+z=1. 


Does the line through (3, 4, —1) and normalto x +4y-—z=-—2 imtersect any of 
the coordinate axes? 


Find the equations of the plane through A(1, 2,3) and B(0, —1, 2) which is parallel 
to: a the X-axis b theY-axis c the Z-axis. 


— 2 
Show that the lines a-1=>E 50 =2+3 and v+1l=y—-3=22+5 are 


coplanar and find the equation of the plane which contains them. 


A(1, 2, k) lies on the plane x+2y-—-2z=8. Find: 
a the value of k 
b the coordinates of B such that AB is normal to the plane and 6 units from it. 


In the following, find the foot of the normal from A to the given plane and hence find 
the shortest distance from A to the plane: 


a (321; r=8+j+%Kk+AI+j+AI + u(4i + 2] — 2) 
b A(1,0,-2); r=i-j+kKk+AM3-j+2k) +u(-i+tj-—k) 
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15 Qis any point in the plane 
Ax+By+Cz+D=0. 
d is the distance from P(x4, y1, 21) 
to the given plane. 


P(x,,Yp 21) 
Ax+By+C+D=0 Id 
a e 
|QP en | É E 
|n | 
| Az, + By + Ca + D| 
A2+ B240C2 , 


ce Check your answers to question 8 using the formula of b. 


a Explan why d= 


b Hence, show that d = 


16 Find the distance from: 
a (0,0,0) to x+2y-—z=10 b (1-3) to v+y—-z=2. 


Note: e To find the distance between two parallel planes, find a point on one of the 
planes and use the method in Example 20. 


e To find the distance between a line and a plane, both of which are parallel, 
find a point on the line and use the method in Example 20. 


17 Find the distance between the parallel planes: 
a vz+y+22=4 and 27x+4+2y+42+4+11=0 
b ax+by+cz+d =0 and ax+bytcez+do,=0. 





18 Show that the line x=2+t, y=-1+2t, z=-3t is parallel to the plane 
llz — 4y+2z=0, and find its distance from the plane. 


19 Find the equations of the two planes which are parallel to 2x —y+2z = 5 and 
2 units from it. 





THE ANGLE BETWEEN A LINE AND A PLANE 


Suppose a line has direction vector d and a plane has normal vector n. We allow n to 
intersect the line making an angle of O with it. The required acute angle is & and 


|jned| 
ind] 


E q(pjned] 
da ri) 


line sn À = cos0 = 
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Example 21 


Find the angle between the plane x +2y-— z=8 and the line with equations 


+ 


UA a O O DR 


NR n-2-2] 
ii (ETA 
= sin! (Za) 
v6v6 
sino = ODE 





THE ANGLE BETWEEN TWO PLANES 








view here — plane 2 plane 2 


n ens|. 
cos = det is the cosine of the acute angle between two planes. 
1 | n2 
So, if two planes have normal vectors n; and no and Ô is the 


nen 
acute angle between them then 0 = cos! (e) : 
[na | Ino | 


Example 22 


Find the angle between the planes with equations vx+y-—-z=8 and 
ED Nao UR ja E 





1 
g+y—z=8 has normal vector n=(1) and 





2 
2x — y+ 32 = —1 has normal vector no = (=) 


If O is the acute angle between the planes then 


QuE icons! (trai É e) 
[ma ||na| 
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E EE ) 
= Cos = 


EEE AGORES 


= cos! (3) 
42 
SRTA 





EXERCISE 16E 


1 Find the angle between: 
: cv—l y+l 
a theplane «z—-y+z=5 and the line Re A 
b theplane 2x—-y+z=8 andthelne v=t+1, y=-1+3, z=t 
c theplane 3x+4y-z=-4 andtheline zx-4=3-y=2(2+1) 
d theplane r,=2i-j+k+A3i-4-k+u(li+j-—2k) and 
the line rn=%+2-k+t(i-j+k). 





2 Find the acute angle between the planes with equations: 
a 2x—-y+2=83 b v—-y+32=2 c 3jr—-y4+z=-1 
c+3y+2z2=8 3r+y—z=—5 2x +4y—- 2=2 
d r=%M+2-k-Ai-j+k)+u(2i— 4) + 3k) 
and r,=i+j-ok-AM2i+j+Hb)+Hui+j+k 














2 3 2 
e 3x—-4y+z=-2 and = (2) ea(2) eu(i) 
1 0 1 





e Two planes in space could be: 


(1) —intersecting (2) parallel (3) coincident 


é = 


e Three planes in space could be: 





(1) all coincident (2) two coincident and (3) two coincident and 
one intersecting one parallel 





474 LINES AND PLANES IN SPACE (Chapter 16) 


(4) two parallel and (5) all3 parallel (6) all meet at the one 
one intersecting 


point 





(7) allmeetina (8) the line of intersection 
common line of any 2 is parallel to 


the third plane. A; 
SÁ PS 
Y 


The program Winplot by Peanuts software displays these cases. 


This work should be linked to Chapter 13 on matrices. Solutions can be found by using 
inverse matrices (where there is a unique solution) and/or row operations on the augmented 
matrix. 


The use of row operations on the augmented matrix is essential when the solution is not 
unique. This is when the matrix of coefficients is singular (determinant = 0) and thus not 
invertible. 





a Use elementary row operations to solve the system: v+3y—-z=0 
ED UR Ro) 2) 
v—-by+(2-m)z=9-m? 


for any real number m. Give geometric interpretations of your results. 





b Hencesolve x+3y-z=0, giving a geometric interpretation. 
des dy— E = 0) 
ER Une RO 








a Augmented matrix 











Tais E 0 
o 6 = 0 
o Oo 
TS = 0 
ms |0 —A4 2 0 Ra — Ro — 3Ri1 
0 —8 3—-m 9—-m? Rs > Rs — R4 
do 3 E 0 
SRA OR: —1 0 Ro > Ro x —S 
o o |O ma Ra RS DIR 
. UR RO 
Case (1) If m=-—1, the augmented matrix becomes Oo RE 
ORM A E 





The system is inconsistent, so there are no solutions. 
the three planes do not have a common point of intersection 


1 3 1 
The normais are m= (5) m=(5) ns= (55) 
E Ea 3 
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None of the planes are parallel. 
the line of intersection of any two is parallel to the third plane. (diag (8)) 


Case (2) If m—1 there isa unique solution. (-m-—1)z=9-m? 
(m+1)z=m?-—9 


mê — 9 
2(m + 1) 
—3(m?2 — 9) E Omo) Os 
2(m +1) 2m+1) 2m+41) 
The three planes meet at a unique point (diag (6)) 
9-m? mê-9 mê-9 
2(m+1)' 2(m+1)' m41 


From row 2, 2y-2=0 .. y=52= 


Eron ye Ut 


) provided m 5-1. 


b Comparingwiha, 2-m=1 and 9-m2=8 “. m=1 


the three planes meet at the point (5. , >). Le, (2, —2, —4). 


EJA! 


a Find the intersection of the planes: rg+y+2z2=2 
E Ra) ie Rd 
b Hencesolve: artyt2z=2 
DR Ra 2 A Give a geometric interpretation 
t—oy—-z=5 of your result. 


a The augmented matrix | ; : E | ; | = | 
The system is consistent with infinite solutions. 
Let z=t so y=-—5t, v=>2+3t, tER are the solutions, 
the two planes meet in the line 


t=>2+3t, y=-5, z=t, tER. 


3 
Note: This line passes through (2, 0, 0) has direction vector (5) ; 
1 


The solutions of the first 2 equations are x =2+3t,y=-—5t,z=t (from a) 
Substitution into the third equation gives 2+3t+5t-t=5 
MEO 

t=8 


Tr 


= 29 Edi 3 
ZA 


the three planes meet at the unique point (2, — 2, x 
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EXERCISE 16F 


1 a How many solutions are possible ax +biy+cz=d 
when solving simultaneously: azx + boy + co2 = do? 














b Under what conditions will the planes in a be: i parallel ii coincident? 
Solve the following using elementary row operations and interpret each system of 
equations geometrically: 

io o v—-3y+22=8 ii 2x+ty+tz=5 il  x+2y—-32=6 
3x — 9y +22 =4 t—oyvtz=83 3x + 6y — 9z = 18 





2 Discuss the possible solutions of the following systems where k is a real number. Interpret 
the solutions geometrically: 
a v+2y—-z=6 b v—y+32=8 
21 + 4y + kz = 12 2x —2y+62=k 





3 For the eight possible geometric solutions of three planes in space, comment on the 
possible solutions in each case. 


For example, has infinitely many solutions where x, y and z 
are expressed in terms of two parameters s and t. 


4 Solve the following systems using elementary row operations and in each case state the 
geometric meaning of your solution: 





a gty—-z=—5 b g—y+22=1 Cc x+2y-z=8 
v—y+2z=11 2x +ty—-z=8 2x — y—z=5 
4r+y—5z=-—18 dx —2y+52=1l 3x — 4y—- 2=2 

d z—y+2z=8 e gt+ty—-2z=1 f t—oy—-z=5 
2x — 2y+2z=11 t—oytz=4 ctytz=1 

v+3y—z=—2 3x + 3y— 62 =83 ox —y+22=17 





5 Solve the system of equations t—yt+32=1 
2x —3y—- 2=83 
32 — 5y— 52 = k where k takes all real values. 
State the geometrical meaning of the different solutions. 


6 Find all values ofm for which z+2y+mz=-—l 
21x +y—-z=3 
ma — 2y+z = 1 has a unique solution. 


In the cases where there is no unique solution, solve the system. Give geometrical 
meanings to all possible solutions. Illustrate each case. 


7 Find if and where the following planes meet: 


2 1 0 
Pur=A-j+MH+H-+u(i+j—k) Bono (2) re (1) -u(3) 
2 0 2 


P:r,=85-j+H3%k+r(i-W+s(i+j) 
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REVIEW SET 164 (2-D) 


Find a the vector equation 'b the parametric equations 


of the line that passes through (—6, 3) with direction e 


Find the vector equation of the line which cuts the y-axis at (0, 8) and has direction 
od + 4j. 


(—3, m) lies on the line with vector equation (1) E (a +t E Find m. 


Find the velocity vector of an object that is moving in the direction 3i—- j witha 
speed of 20 kmh” 1. 


A particle at P(x(t), y(t)) moves such that x(t)=-—-4+8t and y(t)=3+6t, 
where t > 0 is the time in seconds. The distance units are metres. Find the: 

a initial position of P b position of P after 4 seconds 

c speedofP d velocity vector of P. 


A yacht is sailing at a constant speed of 5/10 kmh”! in the direction —i — 3j. 
Initially it is at point (—6, 10). A beacon is at (0, 0) at the centre of a tiny atoll. 


a Find in terms ofi and j: 
i the initial position vector of the yacht 
ii the direction vector of the yacht 
iii the position vector of the yacht at any time t hours, t > 0. 


b Find the time when the yacht is closest to the beacon. 
c Ifthere is a reef of radius 8 km around the atoll, will the yacht hit the reef? 


Submarine X23 is at (2, 4). It fires a torpedo with velocity vector E at exactly 


2:17 pm. Submarine Y18 is at (11, 3). It fires a torpedo with velocity vector ua 
at 2:19 pm to intercept the torpedo from X23. 


a Find ai(t) and yi(t) for the torpedo fired from submarine X23. 
b Find xs(t) and y>(t) for the torpedo fired from submarine Y18. 
€ At what time does the interception occur? 

d What was the direction and speed of the interception torpedo? 


Trapezoid (trapezium) KLMN is formed by the lines: 
E : 2 5 : : o [6 
line 1 (KL) is (1) = fo) +p E line 2 (ML) is (5) E (E) +q ( E ): 


line 3 (NK) is Got: line 4 (MN) is (E) +s(5) 


y y 
where p, q, 7 and s are scalars. 
a Which two lines are parallel? Why? 
b Which lines are perpendicular? Why? 
« Use vector methods to find the coordinates of K, L, M and N. 
d Calculate the area of trapezium KLMN. 
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REVIEW SET 16B (3-D) 


10 


Show that A(1, 0, 4), B(3, 1, 12), C(—-1,2,2) and D(-2, 0, —5) are coplanar. 
Find: a the equation of the plane 
b the coordinates of the nearest point on the plane to E(3, 3, 2). 
Ais(3,2,-1) and Bis(—1, 2, 4). 
a Write down the vector equation of the line through A and B. 
b Find the equation of the plane through B with normal AB. 
e Find two points on the line AB which are 2/41 units from A. 


P, isthe plane 2x —- y-—2z2z=9 and Po isthe plane x +y+22=1. 
l is the line with parametric equations vx=t, y=2t-1, z=3-t. 
Find the acute angle: a that / makes with P, b between P, and P,. 


For A(3, —1,1) and B(0,2, —1), find the: 


a vector equation of the line passing through A and B 
b the coordinates of P which divides BA in the ratio 2: 5. 


For C(-3, 2, —1) and D(0, 1, —4) find the coordinates of the point(s) where the 

line passing through C and D meets the plane with equation 2x —-y+2=83. 

qs8s iad O 
3.0 -16 7 

a show that they are skew b find the acute angle between them 








Given the lines andx=15+3t, y=29+8t, 2z=5-—5t: 


find the shortest distance between them. 


a How faris X(—1, 1,3) from the plane x —2y—-2z2=8? 


Find the coordinates of the foot of the perpendicular from Q(—1, 2, 3) to the 


line 2-2=y-3=-52. 


P(2, 0, 1), Q(3, 4, —2) and R(—1, 3, 2) are three points im space. Find: 
a PQ, | PQ | and QR b the parametric equations of line PQ. 
€ Use a to find the vector equation of the plane PQR. 


Given the point A(—1,3, 2), the plane 2x —y+2z=8, and the line defined by 
t=7-—-2t, y=—-64+t, z=1+5t, find: 
a the distance from A to the plane 
the coordinates of the point on the plane nearest to A 
c the shortest distance from A to the line. 


a Find the equation of the plane through A(—1, 0, 2), B(O, —1, 1) and 
CL, 2, =D). 

b Find the equation of the line, in parametric form, which passes through the origin 
and is normal to the plane in a. 


c Find the point where the line in b intersects the plane in a. 
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11 Solve the system t—>y+2=5 
2d = 
Tex+2y+kz=-—k for any real number k 


using elementary row operations. Give geometric interpretations of your results. 


a 


a Find pxq. 
b Findmif px q isperpendicular to the line | with equation 


Nono 


€ Find the equation of the plane P containing | which is perpendicular to p x q. 
Find t if the point A(4, t, 2) lies on the plane P. 


e IfB is the point (6, —3, 5), find the exact value of the sine of the angle between 
the line AB and the plane P. 


REVIEW SET 16C 


1 For A(-1,2,3), B(2,0, —1) and C(-3,2, —4) find: 
a the equation of the plane defined by A, B and C 
b the measure of angle CAB 
€ r given that D(r, 1, —r) is a point such that angle BDC is a right angle. 


2 a Find where the line through L(1,0,1) and M(—1,2, —1) meets the plane with 
equation x—2y-—-3z=14. 
b Find the shortest distance from L to the plane. 


3 Given A(-1,2,3), B(1,0, —1) and C(1,3, 0), find: 
a the normal vector to the plane containing A, B and C 
b D, the fourth vertex of parallelogram ACBD 
« the coordinates of the foot of the perpendicular from C to the line AB. 








; 2 O 
& Show that the line x —1 = En Ea is parallel to the plane 6x+T7y—5z =8 
and find the distance between them. 
- : , : Rd) Fa a 
5 Consider the lines with equations pe o A =" 3 emo == dk 


(UE RR A E 
a Are the lines parallel, intersecting or skew? Justify your answer. 
b Determine the cosine of the acute angle between the lines. 


6 For A(2, 1,3) and B(0, 1, —1), find: 
a the vector equation of the line through A and B, and hence 
b the coordinates of C on AB which is 2 units from A. 
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7 Find the equation of the plane through A(—1, 2,3), B(1,0, —1) and C(0, —1, 5). 
If X is (3, 2, 4), find the angle that AX makes with this plane. 


8 a Findall vectors of length 3 units which are normal to the plane x—-y+z= 6. 


b Find a unit vector parallelto i+rj-+3k and perpendicularto 2i — j + 2k. 


€ The distance from A(—1, 2, 3) to the plane with equation 2x —- y+2z=k 
is 3 units. Find k. 


Use vector methods to determine the measure of 
angle QDM given that M is the midpoint of PS. 





10 P(-1,2,3) and Q(4,0, —1) are two points in space. Find: 
a PQ b the angle that PQ makes with the X-axis. 


11 ABC isa triangle in space. M is the midpoint of side [BC] and O is the origin. 
: R — ni —s —& 
P is a point such that OP — 5(OA + OB + OC). 


Show that P lies on [AM]. 
Find the ratio in which P divides [AM]. 


Za co 
EE 
o 
B 
O 
E 
s 
O 
& 
s 
= 
Sl 
I 
cm 
e 
> 
EE 
õ 
gl 


12 Lines lj and Il, are given by 


3 li 3) = 
bh: r=|[-2)45[1 and lo: r=|[ 0 ]|+t|-1 
—2) 2 =l 1 


Find the coordinates of A, the point of intersection of the lines. 
Show that the point B(0, —3, 2) lies on the line ls. 

Find the equation of the line BC given that C(3, —2, —2) lies on lj. 
Find the equation of the plane containing A, B and €. 

Find the area of triangle ABC. 


Show that the point D(9, —4, 2) lies on the normal to the plane passing through 
(E: 


g Find the volume of the pyramid ABCD. 


o QLa co 
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REVIEW SET 16D 
1 Given the points A(4, 2, —1), B(2, 1, 5), and C(9, 4, 1): 


a Showthat AB is perpendicular to AC. 

b Find the equation of the plane containing A, B and C and hence determine the 
distance from this plane to the point (8, 1, 0). 

« Find the equation of the line through A and B. 

d Determine the distance from D(8, 11, —5) to the line through A and B. 


2 The equations of two lines are: bh: vx=3t-4, y=t+2, z=2t-1 
n=b =g= 

ET 

a Find the point of intersection of lj and the plane 2x +y-—-z=2. 





bs = 


b Find the point of intersection of l and ls. 
€« Find the equation of the plane that contains lj and ls. 


3 a Show thatthe plane 2x+y+z=5 contains the line 
(ERA trai ato St fl RSRS 
b For what values of k does the plane x+khky+z=3 contain lj? 


Without using row operations, find the values of p and q for which the following 
system of equations has an infinite number of solutions. Clearly explain your 
reasoning. detytz=5 
L>ytz=3 
=22 + py + 22 = q. 


4 a Consider two unit vectors a and b. Prove that the vector a + b bisects the 
angle between vector a and vector b. 


b Consider the points H(9, 5, —5), J(7, 3, —4) and K(1, 0, 2). 
Find the equation of the line | that passes through J and bisects angle HJK. 
c Find the coordinates of the point where | meets HK. 


5 124+y2 422º = 26 is the equation of a sphere, centre (0, 0, 0) and radius 26 units. 
Find the point(s) where the line through (3, —1, —2) and (5, 3, —4) meets the sphere. 


6 Find the angle between the plane 2x +2y— z=3 and the line 
c=t-1, y=-2H+44, 2z=-t+83. 

7 Letr=2i-2)-k s=2i+j4+2k t=i+2)-—k, be the position vectors 
of the points R, S and T, respectively. Find the area of the triangle ARST. 


8 In the figure ABCD is a parallelogram. 
X is the midpoint of BC, and Y is on B(4,4,-2) x €(10,2,0) 
AX such that AY: YX = 21. 


a Find the coordinates of X and D. 
b Find the coordinates of Y. 
c Show that B, Y and D are collinear. A(1,3,-4) D 
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9 Letthevectorsa, bandebe a=3i+2j-k b=i+j-k c=2i-j+k 
a Showthat bx c=-3j — 3k. 
b Verify for the given vectors that ax(bxc)=b(aec)-c(aeb). 


1 = 
10 Given the vectors a = 2 and b = (5). find t if: 
2 2t 


a a and b are perpendicular b a and b are parallel. 


E ] ES?) O 
11 Line1lh t é = d 
ine 1 has equation 3 Tê 7 an 


z 15 3 
line 2 has vector equation yv|l=[|[29]+A[ 8 
z 5 SO 


a Show that lines 1 and 2 are skew. 





Line 3 is a translation of line 1 which intersects line 2. Find the equation of the 
plane containing lines 2 and 3. 


c Use bto find the shortest distance between lines 1 and 2. 


Find the coordinates of the two points where the common perpendicular meets 
the lines 1 and 2. 
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BACKGROUND KNOWLEDGE IN STATISTICS 


Before starting this chapter you should make sure that you have e 
a good understanding of the necessary background knowledge. di oi 
Click on the icon alongside to obtain a printable set of exercises 


and answers on this background knowledge. 


THE PEA PROBLEM 


A farmer wishes to investigate 
the effect of a new organic 
fertiliser on his crops of peas. 
He is hoping to improve the 
crop yield by using the fertiliser. He divided a 
small garden into two equal plots and planted 
many peas in each. Both plots were treated the 


same except the fertiliser was used on one but 
not the other. 





A random sample of 150 pods was harvested 
from each plot at the same time, and the 
number of peas in each pod was counted. The 
results were: 


Without fertiliser 


4656564649536854686567465286565554446756 
7596485375364756575767547555665675868676 
6376833447656457377677466567634663767686 
666476653867686766684486626573 


With fertiliser 


6774955589897758T66TIT77BI9IZTA4BSS10S6TOTIOB 
7944968587747810610777I9T7T7B686STA4AS68BTI8BTONT 
69768395768T9T7848TT7T76686I858T6T4I966684TB 
Q77ATITATOLGTTOTETO6TIS6TI10S5134T 


For you to consider: 


Can you state clearly the problem that the farmer wants to solve? 

How has the farmer tried to make a fair comparison? 

How could the farmer make sure that his selection was at random? 

What is the best way of organising this data? 

What are suitable methods of display? 

Are there any abnormally high or low results and how should they be treated” 
How can we best describe the most typical pod size? 

How can we best describe the spread of possible pod sizes? 


Can a satisfactory conclusion be made”? 
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A continuous numerical variable can take any value on part of the number line. 


Continuous variables often have to be measured so that data can be recorded. 


Examples of continuous numerical variables are: 


The height of Year 11 students: the variable can take any value from 
about 140 cm to 200 cm. 


The speed of cars on a stretch | the variable can take any value from O kmh”! to the 
of highway: fastest speed that a car can travel, but is most likely 
to be in the range 60 kmh”! to 160 kmh”1. 


ORGANISATION AND DISPLAY OF CONTINUOUS DATA 


When data is recorded for a continuous variable there are likely to be many different values. 
We organise the data by grouping it into class intervals. A special type of graph called a 


histogram is used to display the data. 


A histogram is similar to a column graph but, to 
account for the continuous nature of the variable, 
a number line is used for the horizontal axis and 
the “columns” are joined together. 


An example is given alongside. Notice that: 


e the modal class (the class of values that 
appears most often) is easy to identify from 
a histogram 


e the class intervals are the same size 






frequency 


Histogram 


e no gaps 





data values 


e the frequency is represented by the height of the “columns”. 


SUMMARY: COLUMN GRAPHS AND HISTOGRAMS 


Column graphs and histograms both have the following features: 


e the frequency of occurrence is on the vertical axis 


e the range of scores is on the horizontal axis 


e column widths are equal and the height varies according to frequency. 


Histograms are used for Column Graph 
continuous data. They 
have no gaps between the 
columns. 

















Histogram 



































E o RR 





discrete data 


continuous data 
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CASE STUDY LL 

“O While Norm Gregory was here for the 
golf championship, I measured how far he 
hit 30 drives on the practice fairway. The 
results are given below in metres: 


244.6 245.1 248.0 248.8 250.0 
251.1 251.2 253.9 2545 2546 
255.9 257.0 260.6 262.8 262.9 
263.1 263.2 2643 2644 265.0 
265.5 265.6 266.5 267.4 269.7 
PATO ES RR O O O ES 





This type of data must be grouped before a histogram can be drawn. 


In forming groups, find the lowest and highest values, and then choose a group width so 
that there are about 6 to 12 groups. In this case the lowest value is 244.6 m and the largest 
is 277.5 m. This gives a range of approximately 35 m, so a group width of 5 m will give 
eight groups of equal width. 


We will use the following method of grouping. The first group “240 - < 245” includes any 
data value which is at least 240 m but less than 245 m. Similarly the group “260 - < 265" 
includes data which is at least 260 m but < 265 m. This technique creates a group for every 
distance > 240 m but < 280 m. 


A tally is used to count the data that falls in each group. Do not try to determine the 
number of data values in the “240 - < 245º group first off. Simply place a vertical stroke 
in the tally column to register an entry as you work through the data from start to finish. 
Every fifth entry in a group is marked with a diagonal line through the previous four so 
groups of five can be counted quickly. 


A frequency column summarises the number of data values in each group. The relative 
frequency column measures the percentage of the total number of data values that are in 
each group. 


Norm Gregory”s 30 drives 


Distance Distance (mn) Tally a 
Eai < 245 3.3 
245 - < 250 10.0 
250 - < 255 TIE 
255 - < 260 E 





[25 -<M0 [WI [6 [| 200 | 


270 - < 275 É) 10.0 
275 - < 280 2 6.7 
Do [Tous 3 | Im 


From this table two histograms can be drawn: a frequency histogram and a relative 
frequency histogram. They look as follows: 
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A frequency histogram displaying the A relative frequency histogram displaying the 
distribution of 30 of Norm Gregory"s drives. distribution of 30 of Norm Gregory"s drives. 

ã À frequency relative frequency (%) 
6 
5 
4 
3 
2 
1 
0 0 

240 245 250 255 260 265 270 275 280 240 245 250 255 260 265 270 275 280 


distance (m) distance (m) 


The advantage of the relative frequency histogram is that we can easily compare it with 
other distributions with different numbers of data values. Using percentages allows for a 
fair comparison. 


Notice how the axes are both labelled and the graphs have titles. 
The left edge of each bar is the first possible entry for that group. 


EL 


The weight of parcels sent on a given day from a post office were, in kilograms: 
DRESS ONO ORI RUIPO RD A RA 2 O E PRI S RAR 9 DE O ES IR RI 
Organise the data using a frequency table and graph the data. 


The data is continuous since the weight could be any value from 0.1 kg up to 

5 kg. 

The lowest weight was 0.3 kg and the heaviest was 4.2 kg, so we will use class 
intervals of 1 kg. The class interval “1 - < 2º includes all weights from 1 kg up 
to, but not including, 2 kg. 


Weight (kg) A histogram is used to graph this continuous data. 


Weights of parcels 











» 
Q 
& 
o 
3 
o 
o 
E 


So E a 





> 


4 5 
weight (kg) 





E) 


A stemplot could also be used 

to organise the data: Leaf 

36 
255789 
1446 
0129 

2 Scale: 1|2 means 1.2 kg 


Note: The modal class is 
(1-<2)kg as this 
occurred most 
frequently. 
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EXERCISE 17A 
1 A frequency table for the heights of a basketball squad is given below. 


a  Explain why “height” is a continuous variable. 





170 - < 175 
175 - < 180 
180 - < 185 


185 - < 190 
190 - < 195 
195 - < 200 
200 - < 205 





b Construct a histogram for the data. The axes 
should be carefully marked and labelled, and 
you should include a heading for the graph. 


c What is the modal class? Explain what this 
means. 


d Describe the distribution of the data. 


2 A school has conducted a survey of 60 students to investigate the time it takes for them 
to travel to school. The following data gives the travel times to the nearest minute: 


Qaco 


12 15 16 8 10 17 25 34 42 18 24 18 45 33 38 
45 40 3 20 12/10 10 27 16 37 45 15 16 26 32 
35 8 14 18 15 27 19 32 6 12/14 20 10 16 14 
28 31 21 25 8 32 46 14 15 20 18 8 10 25 22 


Is travel time a discrete or continuous variable? 

Construct an ordered stemplot for the data using stems 0, 1, 2,..... 
Describe the distribution of the data. 

What is the modal travelling time? 


3 For the following data, state whether a histogram or a column graph 


should be used and draw the appropriate graph. 
The number of matches in 30 match boxes: 


Number of matches per box 55 
1 


b 









Frequency Ji [iJofijaça|] 


The heights of 25 hockey players (to the nearest cm): 


Teigha (em) 
Frequency 


A plant inspector takes a random sample of six month 
old seedlings from a nursery and measures their height 
to the nearest mm. 

The results are shown in the table alongside. 


300 - 324 
325 - 349 


350 - 374 
375 - 399 a Represent the data on a histogram. 


AOO - 424 b How many of the seedlings are 400 mm or more? 

425 - 449 ce What percentage of the seedlings are between 
349 and 400 mm? 

The total number of seedlings in the nursery is 1462. Estimate the number of 

seedlings which measure | Jless than 400 mm ii between 374 and 425 mm. 
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We can get a better understanding of a data set if we can locate the middle or centre of the 
data and get an indication of its spread. Knowing one of these without the other is often of 
little use. 





There are three statistics that are used to measure the centre of a data set. 
These are: the mode, the mean and the median. 


THE MODE 


For discrete numerical data, the mode is the most frequently occurring value in the data set. 


For continuous numerical data, we cannot talk about a mode in this way because no two 
data values will be exactly equal. Instead we talk about a modal class, which is the class 
that occurs most frequently. 


THE MEAN 


The mean of a data set is the statistical name for the arithmetic average. 


sum of all data values 


mean = >——————————— 
the number of data values 


The mean gives us a single number which indicates a centre of the data set. It is usually not 
a member of the data set. 


For example, a mean test mark of 73% tells us that there are several marks below 73% and 


several above it. 73% is at the centre, but it does not necessarily mean that one of the students 
scored 73%. 


Ifwelet x bea data value 
n be the number of data values in the sample or population 
T represent the mean of a sample and 
| represent the mean of a population “u' reads “mu” 
E o 
then the mean is either: u = zo OR Ti Es 
n n 
THE MEDIAN 





The median is the middle value of an ordered data set. 


An ordered data set is obtained by listing the data, usually from smallest to largest. 

The median splits the data in halves. Half of the data are less than or equal to the median 
and half are greater than or equal to it. 

For example, if the median mark for a test is 73% then you know that half the class scored 
less than or equal to 73% and half scored greater than or equal to 73%. 

Note: For an odd number of data, the median is one of the data. 


For an even number of data, the median is the average of the two middle values 
and may not be one of the original data. 
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Here is a rule for finding the median: 








1 1 
If there are n data values, find Eai . The median is the (=) th data value. 
For example: 
1841 DEMO 
If n= 183, a - 7, so the median = Yth ordered data value. 
1441 : 
If n=14, a 7.5, so the median = average of Tth and 8th ordered data values. 


THE MERITS OF THE MEAN AND MEDIAN AS MEASURES OF CENTRE 


The median is the only measure of centre that will locate the true centre regardless of the 
data set's features. It is unaffected by the presence of extreme values. It is called a resistant 
measure of centre. 


The mean is an accurate measure of centre if the distribution is symmetrical or approximately 
symmetrical. If it is not, then unbalanced high or low values will drag the mean toward them 
and cause it to be an inaccurate measure of the centre. It is called a non-resistant measure of 
centre because it is influenced by all data values im the set. Ifit is considered inaccurate, it 
should not be used in discussion. 


THE RELATIONSHIP BETWEEN THE MEAN AND THE MEDIAN FOR 
DIFFERENT DISTRIBUTIONS 


For distributions that are symmetric, the mean or median will be approximately equal. 


E I E 
| | 


mean and median mean and median 


If the data set has symmetry, both the mean and the median 
should accurately measure the centre of the distribution. 


If the data set is not symmetric, it may be positively or negatively skewed: 


positively skewed distribution negatively skewed distribution 
mode mode 








1 


|| . ” mo 





median mean mean median 


Notice that the mean and median are clearly different for these skewed distributions. 
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INVESTIGATION EDIAI 


“O Recall the data gained from Norm Gregory while he was 

Sm here for the golf championship. The data was as follows: O B 
244.6 245.1 248.0 248.8 250.0 270.5 251.1 251.2 g 
253.9 254.5 2546 270.7 255.9 257.0 260.6 262.8 ERR 
262.9 272.9 263.1 263.2 264.3 2644 265.0 275.6 PACKAGE 


265.5 265.6 266.5 267.4 269.7 277.5 “E 
What to do: 
1 Enter the data as a List into a graphics calculator or use the statistics package 
supplied. 


a Produce a histogram of the data. Set the X values from 240 to 280 with an 
increment of 5. Set the Y values from O to 30. 

b Comment on the shape of the distribution. 

c Find à themedian ii the mean 

d Compare the mean and the median. Is the mean an accurate measure of the centre? 


2 Since we have continuous numerical data, we have a modal class rather than an 
individual mode. 
a What is the modal class? 
b What would the modal class be if our intervals were 2 m starting at 240 m? 


3 Now suppose Norm had hit a few very bad drives. Let us say that his three shortest 
drives were very short! 

a Change the three shortest drives to 82.1 m, 103.2 m and 111.1 m. 

b Repeat 1a, b, c and d but set the X values from 75 to 300 with an increment of 
25 for the histogram. 

e Describe the distribution as symmetric, positively skewed, or negatively skewed. 
What effect have the changed values had on the mean and median as measures 
of the centre of the data? 


4 What would have happened if Norm had hit a few really long balls in addition to the 
very bad ones? Let us imagine that the longest balls he hit were very long. 

a Change the three longest drives to 403.9 m, 415.5 m and 420.0 m. 

b Repeat 1a, b, c and d but set the X values from 50 to 450 with an increment of 
50 for the histogram. 

€ Describe the distribution as symmetric, positively skewed, or negatively skewed. 
What effect have the changed values had on the mean and median as measures 
of the centre of the data? 


While collecting the data from Norm, I decided to have a hit as well. I hit 30 golf balls 
with my driver. The relative frequency 

histogram reveals the results below. The relative frequency 

distribution is clearly positively skewed. 0.4 Edi 


The mean would not be a good measure 
of the centre of this distribution due to 
the few higher scores. Indeed the mean 


is 163.66 m compared to the median of 
Sia Oie 140 150 160 170 180 190 200 210 
distance (m) 
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UNGROUPED DATA 


Example 2 


The number of trucks using a road over a 13-day period is: 4632783557664. 
For this data set, find: a themean b the median c the mode. 





4+6+3+247+8+345+45+7+4646+4 — sum of the data 


a re 
mean 13-18 data values 


= 5.08 trucks 


b The ordered data setis: 2334455666778  (asn=13, 2H =7) 
median = 5 trucks 


ce Gis the score which occurs the most often ... mode = 6 trucks 





For the truck data of Example 2, how are the measures of the middle affected if on the 14th 
day the number of trucks was 7? 


We expect the mean to rise as the new data value is greater than the old mean. 
66+7. 73 
=— & 5.21 truck 
14 Tá Õ rucks 
The new ordered data set would be: 233445 56 667778 


two middle scores 





In fact, the new mean = 


median = a = 5.5 trucks fas n=14, EH =75) 


This new data set has two modes. The modes are 6 and 7 trucks and we say that the data set 
is bimodal. 


Note: e Ifa data set has three or more modes, we do not use the mode as a measure of 
the middle. 


e Considerthe data: 42567453547635865. 
The dot plot of this data is: 


O 1 2 3 





Etooo 
nfeocoo0 
oteoco 


For this data the mean, median and mode are all 5. 


Equal values (or approximately equal values) of the mean, mode and median 
can indicate a symmetrical distribution of data. 








sum of scores 199 
The mean of five scores is 12.2. 5 Sos 


What is the sum of the scores? Mo oc DO Gen 


The sum of the scores is 61. 
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EXERCISE 17B.1 


1 Findthe i mean ii median ill mode for each of the following data sets: 
a 2,3,3,3,4,4,4,5,5,5,5,6,6,6,6,6,7,7,8,8,8,9,9 
b 10, 12, 12, 15, 15, 16, 16, 17, 18, 18, 18, 18, 19, 20, 21 
c 224, 24.6, 21.8, 26.4, 24.9, 25.0, 23.5, 26.1, 25.3, 29.5, 23.5 


2 Consider the following Data set A: 3,4,4,5,6,6,7,7,7,8,8,9, 10 
two data sets: Data set B: 3,4,4,5,6,6,7,7,7,8,8,9, 15 


a Find the mean for both Data set A and Data set B. 

b Find the median of both Data set A and Data set B. 

c Explain why the mean of Data set A is less than the mean of Data set B. 

d Explain why the median of Data set A is the same as the median of Data set B. 


3 The annual salaries of ten $23000, $46000, $23000, $38000, $24000, 
office workers are: $23000, $23000, $38000, $23000, $32000 
a Find the mean, median and modal salaries of this group. 
b Explain why the mode is an unsatisfactory measure of the middle in this case. 
ce Is the median a satisfactory measure of the middle of this data set? 


4 The following raw data is the daily rainfall (to the nearest millimetre) for the month of 
July 2007 in the desert: 
3, 1,0,0,0,0,0,2,0,0,3,0,0,0, 7, 1,1,0,3,8,0,0,0, 42, 21,3,0,3,1,0,0 
a Find the mean, median and mode for the data. 
b Give a reason why the median is not the most suitable measure of centre for this 
set of data. 
e Give a reason why the mode is not the most suitable measure of centre for this set 
of data. 
d Are there any outliers in this data set? 
e On some occasions outliers are removed because they must be due to errors im 
observation and/or calculation. If the outliers in the data set were accurately found, 
should they be removed before finding the measures of the middle? 


5 A basketball team scored 43, 55, 41 and 37 points in their first four matches. 
a What is the mean number of points scored for the first four matches? 


What score will the team need to shoot in the next 
match so that they maintain the same mean score? 


€ The team scores only 25 points in the fifth match. 
What is the mean number of points scored for the 
five matches? 


d The team scores 41 points in their sixth and 
final match. Will this increase or decrease their 
previous mean score? What is the mean score for 
all six matches? 





6 The mean of 10 scores is 11.6. What is the sum of the scores? 


494 
7 


10 
11 


13 
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While on an outback safari, Bill drove an average of 262 km per day for a period of 
12 days. How far did Bill drive in total while on safari? 


The mean monthly sales for a clothing store are $15 467. Calculate the total sales for 
the store for the year. 


Find x if 5,9, 11, 12, 13, 14, 17 and x have a mean of 12. 
Find a given that 3, 0, a, a, 4, a, 6, a and 3 have a mean of 4. 


Over the complete assessment period, Aruna averaged 35 out of a possible 40 marks for 
her maths tests. However, when checking her files, she could only find 7 of the 8 tests. 
For these she scored 29, 36, 32, 38, 35, 34 and 39. Determine how many marks out of 
40 she scored for the eighth test. 


A sample of 10 measurements has a mean of 15.7 and a sample of 20 measurements has 
a mean of 14.3. Find the mean of all 30 measurements. 


Jana had seven spelling tests, cach with twelve words, but she could only find the results 
of five of them. These were: 9,5, 7, 9 and 10. She asked her teacher for the other 
two results and the teacher said that the mode of her scores was 9 and the mean was 8. 
What are the two missing results, given that Jana knows that her worst result was a 5? 


DISCUSSION 





Va É Which of the measures of the middle is more affected by the presence of 
an outlier? Develop at least two examples to show how the measures of 
the middle can be altered by outliers. 


MEASURES OF THE CENTRE FROM OTHER SOURCES 


When the same data appears several times 
we often summarise the data in table form. 
Consider the data of the given table: 


IX 


We can find the measures of the centre TELE A 
directly from the table. Se 
The mode 7x 6=42 


There are 15 of data value 7 which is more 
than any other data value. 


The mode is therefore 7. 


l5x7= 105 
8x8=64 
5x 9=45 





The mean 


Adding a “Product” column to the table helps to add all scores. 
For example, there are 15 data of value 7 and these add to 7x 15= 105. 


So, the mean = o = 6.95 


40 


DESCRIPTIVE STATISTICS (Chapter 17) 495 


The median 
There are 40 data values, an even number, so there are two middle data values. 


As the sample size n = 40, 


RE 
2 3 


So, the median is the average of 
the 20th and 21st data values. 
In the table, the blue numbers 
show us accumulated values. 


We can see that the 20th and 
21st data values (in order) are 
both 7º's, 


one number is 3 





two numbers are 4 or less 
five numbers are 5 or less 
12 numbers are 6 or less 
27 numbers are 7 or less 





median = a =" 


Notice that we have a skewed distribution even though the mean, median and mode are 
nearly equal. So, we must be careful if we use measures of the middle to call a distribution 
symmetric. 


Example 4 


The table below shows the number of aces served by tennis players in their first sets 
of a tournament. 


[Number ofaces [12 [3 [4 [56] 


Determine the mean number of aces for these sets. 





No. ofaces (x) | Freg. (1) | Product (fx) 
4 4 


1 22 
18 54 
13 52 
7 39 


6 2 12 
Tal [5/=B[DR=T5 
6 





496 DESCRIPTIVE STATISTICS (Chapter 17) 


Example 5 


Number of students 


In a class of 20 students the results of 
a spelling test out of 10 are shown in 
the table. 


Calculate the: a mean 
b median 


c mode. 


5$=20 
ando no 


E, 


57 2 


There are 20 scores, so the median is the average of the 10th and 11th. 


Number of Students 


1 Ist student 
2nd and 3rd student 
4th, 5th, 6th and Tth student 





8th, 9th, 10th, 1lth, 12th, 13th, 14th student 


The 10th and 11th students both scored 8 
median = 8. 


Looking down the “number of students” column, the highest frequency is 7. 
This corresponds to a score of 8, so the mode = 8. 


“WELLE VOU | ARES I DONT (UELL,ITS LIKE SAVING THAT “HE FEELS PRETTY GooD- 
compare te | BELIEVE IN ” HE A BLOKE HAD HIS HEAD ON THE AVERAGE 4 
AVERAGE AVERADES * INA REFRIGERATOR AND 

HIS FEET IN AN OVEN — 





The publishers acknowledge the late Mr Jim Russell, General Features for the reproduction of this cartoon. 
EXERCISE 17B.2 


1 The table alongside shows the 
results when 3 coins were tossed 


simultaneously 30 times. E 2 
Calculate the: : a 


a mode b median 
c mean. no 





O Jim Russell, General Features Pty Ltd. 


Number | Number of heads | heads | Number Le times occurred | 
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2 The following frequency table records the number of phone calls made in a day by 50 
fifteen-year-olds. 

















a For this data, find the: 


| No. of phone calls | Frequency 
a : i mean ii median iii mode. 


0 


b Construct a column graph for the data and 
show the position of the measures of centre 
(mean, median and mode) on the horizontal 
axis. 


e Describe the distribution of the data. 
d Why is the mean larger than the median for 
this data? 


e Which measure of centre would be the most 
suitable for this data set? 


OIT EO 





pa 
HA 


3 A company claims that their match boxes contain, on average, 50 matches per box. On 
doing a survey, the Consumer Protection Society recorded the following results: 

















| Number in a box | Frequency | a For the data calculate the: 
| AT RR | i mode ii median iii mean. 
48 4 b Do the results of this survey support the 


company's claim? 

ce In a court for “false advertising”, the 
company won their case against the 
Consumer Protection Society. Suggest why 
and how they did this. 





4 Families at a schoolin Australia were surveyed. “Number of children | Frequency] 
The number of children in each family was | 
recorded. The results of the survey are shown 
alongside. 

a Calculate the: 
i mean ii mode iii median. 
b The average Australian family has 2.2 
children. How does this school compare 
to the national average? 





e The data set is skewed. Is the skewness positive or negative? 


How has the skewness of the data affected the measures of the centre of the data 
set? 


5 For the data displayed in the following stem-and-leaf plots find the: 


i mean ii median ill mode. 

a Stem | Leaf b Stem | Leaf 
| 356 3/7 
6 | 0124679 4 | 0488 
7|3368 à | 00136789 
8 | 47 6 /036777 
9/1 where 5|3 means 53 7|069 

8 |1 where 3 | 7 means 3.7 
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Revisit The Pea Problem on page 484. 
a Use a frequency table for the Without fertiliser data to find the: 


i mean ii mode ill median number of peas per pod. 
b Use a frequency table for the With fertiliser data to find the: 
i mean ii mode ill median number of peas per pod. 


e Which of the measures of the centre is appropriate to use in a report on this data? 
d Has the application of fertiliser significantly improved the number of peas per pod? 


The selling prices of the last 10 houses sold in a certain district were as follows: 
$146400, $127600, $211000, $192500, 
$256400, $132400, $148000, $129500, 
$131400, $162500 


a Calculate the mean and median selling 
prices and comment on the results. 
b Which measure would you use if you were: 
i a vendor wanting to sell your house 
ii looking to buy a house in the district? 





The table alongside compares the mass at 
birth of some guinea pigs with their mass 
when they were two weeks old. 
a What was the mean birth mass? 
b What was the mean mass after two 
weeks? 
c What was the mean increase over 
the two weeks? 





EQ Qi 


15 of 31 measurements are below 10 cm and 12 measurements are above 11 cm. Find 
the median if the other 4 measurements are 10.1 cm, 10.4 cm, 10.7 cm and 10.9 cm. 


Two brands of toothpicks claim that their boxes contain an average of 50 toothpicks 
per box. In a survey the Consumer Protection Society (C.P.S.) recorded the following 
results: 


Es | CORRER 
| ERES 
Brand B [mberina box [18 [19 [50 [51 [52 [55 [57] 
| EEE 
a Find the average contents of Brands A and B. 


b Would it be fair for the C.P.S. to prosecute the manufacturers of either brand, based 
on these statistics? 





Towards the end of season, a netballer had played 14 matches and had an average of 
16.5 goals per game. In the final two matches of the season she threw 21 goals and 24 
goals. Find the netballer's new average. 


The mean and median of a set of 9 measurements are both 12. If 7 of the measurements 
are 7,9, 11, 13, 14, 17 and 19, find the other two measurements. 
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13 In an office of 20 people there are only 4 salary levels paid: 
$50 000 (1 person), 842000 (3 people), $35000 (6 people), $28000 (10 people). 
a Calculate: i the median salary ii the modal salary ill the mean salary. 
b Which measure of central tendency might be used by the boss who is against a pay 
rise for the other employees? 


DATA IN CLASSES 


When information has been gathered in classes we use the midpoint of the class to represent 
all scores within that interval. 


We are assuming that the scores within each class are evenly distributed throughout that 
interval. The mean calculated will therefore be an approximation to the true value. 


Example 6 


Find the approximate mean of the following ages of bus drivers data, to the nearest 
year: 





age (yrs) | 21-25 | 26-30 | 31-35 | 36-40 | 41-45 | 46-50 | 51-55 
frequency 32 27 

















age (yrs) | frequency (f) | midpoint (x) 
23 
28 
33 
38 
43 
- 


E 


EXERCISE 17B.3 


1 50 students sit a mathematics test and the results are as follows: 














Find an estimate of 
the mean score. 




















2 The table shows the petrol sales in one day by ia 
ber of cit ice stations. SIGA 

, gu er of city das o ions a 2000 to 2999 
ow many service stations were involve 3000 to 3999 


in the survey? 


. 4000 to 4999 
b Estimate the total amount of petrol sold 5000 to 5999 


for the day by the service stations. 6000 to 6999 
ce Find the approximate mean sales of petrol 7000 to 7999 
for the day. 
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3 This histogram illustrates the results of an 50 
aptitude test given to a group of people 40 



































seeking positions in a company. E 
a How many people sat for the test? 10 2 0 
b Find an estimate of the mean score 0 Lp 
80 90 100 110 120 130 140 150 160 
for the test. score 


e What fraction of the people scored less than 100 for the test? 
If the top 20% of the people are offered positions in the company, estimate the 
minimum mark required. 





Sometimes it is useful to know the number of scores that lie above or below a particular 
value. In such situations we can construct a cumulative frequency distribution table and 
use a graph called an ogive or cumulative frequency polygon to represent the data. 


Example 7 


The data shown gives the weights of 120 male Weight (w kg) 


footballers. 55 < 60 
Construct a cumulative frequency e 
distribution tabl o 

istribution table. 65 upa TO 
Represent the data on an ogive. 7W<w<T 
Use your graph to estimate the: T5<Lw<B80 
i median weight 80 < w < 85 
i number of men weighing less than 73 kg 85 <w< 90 


i number of men weighing more 90 <w< 95 
than 92 kg. 95 < w< 100 


100 < w < 105 
a , cumulative 
Weight (w kg) frequency 


59 < w< 60 2 pe Ro 
60 < w< 65 5 o Thisis 2+3 +12. 

65 <w< TO 17 A 

O<w<T5 31 This 50 means that there 
To<Luw<80 50 - ER are 50 players who weigh 
80 < w< 85 87 less than 80 kg. 

89 < w< 90 109 
90 <w<95 117 
95 < w< 100 119 
100 < w < 105 120 








Note: The cumulative 
frequency gives a 
running total of the 
number of players up 
to certain weights. 
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Ogive of footballers” weights 





ative frequency 




















The median is estimated 
using the 50th percentile. 
As 50% of 120 = 60, we 
start with the cumulative 
frequency 60 and find the 
corresponding weight. 

: So, the median = 81.5. 
is sis iots ii There are 25 men who 
weigh less than 73 kg. 
Dogs eo O — DI = é 
men who weigh more 
than 91.3 kg. 




































































70 80N 90 100 110. 
weight 


median = 81.5 


EXERCISE 17€ 


1 


The following frequency distribution was obtained by asking 50 randomly selected people 
the size of their shoes. 


BRR dE 
MES E BE 


Draw an ogive for the data and use it to find: 





a the median shoe size 
b how many people had a shoe size of. | 75 or more ii 8or less. 


The following data shows the lengths of 30 trout caught in a lake during a fishing 
competition. The measurements were taken to the nearest centimetre. 


31 38 34 40 24 33 30 36 38 32 35 32 36 27 35 
40 34 37 44 38 36 34 33 31 38 35 36 33 33 28 


a Construct a cumulative frequency table for 
trout lengths, x cm, using the intervals: 
24<x<27, 27<x<30, andso on. 


b Draw an ogive for the data. 
Use b to find the median length. 


Use the original data to find its median and 
compare your answer with c. Comment! 


aa 
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3 In an examination the following scores were achieved by a group of students: 





Draw an ogive for the data and use it to find: 


a the median examination mark 
NOTE 20 
b how many students scored less than 65 marks 0 <r<30 
c how many students scored between 50 and 70 30<x<40 
marks 40 <x<50 
d how many students failed, given that the pass 50 <x< 60 
mark was 45 60 < x < 70 
e the credit mark, given that the top 16% of OESTE 


students were awarded credits. 


80 < x < 90 





90 < x < 100 


4 The following table gives the age groups of car drivers involved in an accident in a city 


for a given year. Draw a cumulative frequency = 
polygon for the data and use it to find: Age (in years) | No. of 
NOS o < 2 


20< x < 25 
25<x<õ30 


a the median age of the drivers involved in 
the accidents 

b the percentage of drivers involved im 
accidents who had an age of 23 or less. 


30 <x< 35 
35 <x< 40 
40<xv<50 
50 < ax < 60 
60 < x < 80 


c Estimate the probability that a driver 
involved in an accident is: 
i aged less than or equal to 27 years 
ii aged 27 years. 





5 The table below gives the distribution of the life of electric light globes. 


Life (hours) | 
DI=2500 
500 < | < 1000 
1000 < | < 2000 
2000 < | < 3000 
3000 < | < 4000 
4000 < | < 5000 


Draw an ogive for the data and use it to 
estimate: 
a the median life of a globe 


b the percentage of globes which had a 
life of 2700 hours or less 


€« the number of globes which had a life 


between 1500 and 2500 hours. 


To accurately describe a distribution we need to measure 
both its centre and its spread or variability. 











1 A 
E a 


but clearly they have different spreads. A 
distribution has most scores close to the mean 
whereas the C distribution has the greatest spread. mean 


The given distributions have the same mean, 


We will examine four different measures of spread: the range, the interquartile range (IQR), 
the variance and the standard deviation. 
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THE RANGE 


The range is the difference between the maximum (largest) and the minimum (smallest) 
data value. 


Example 8 


A greengrocer chain considers purchasing apples from two different wholesalers. 
They take six random samples of 50 apples to examine them for skin blemishes. 
The counts for the number of blemished apples are: 


Wholesaler “Orchard Road”: 5 17 15 3 9 11 
Wholesaler “Red Tree”: 10 13 12 11 12 11 


What is the range from each wholesaler? 


Orchard Road: Range=17-3=14 Red Tree: Range=13-10=83 





The range is not considered to be a particularly reliable measure of spread as it uses only 
two data values. It may be influenced by extreme values or outliers. 


THE QUARTILES AND THE INTERQUARTILE RANGE 


The median divides the ordered data set into two halves and these halves are divided in half 
again by the quartiles. 


The middle value of the lower half is called the lower quartile or 25th percentile. One 
quarter or 25% of the data have values less than or equal to the lower quartile. 75% of the 
data have values greater than or equal to the lower quartile. 


The middle value of the upper half is called the upper quartile or 75th percentile. One 
quarter or 25% of the data have values greater than or equal to the upper quartile. 75% of 
the data have values less than or equal to the upper quartile. 


The interquartile range is the range of the middle half (50%) of the data. 
interquartile range = upper quartile — lower quartile 


The data set is thus divided into quarters by the lower quartile (Q1), the median (Q5), and 
the upper quartile (Qs). 


So, the interquartile range, IQR = Q5 — Q.. 





Example 9 


Rormitheidataiset: 6 Ao SADO oe SOS Oo indithe: 
a median b lower quartile c upper quartile d interquartile range 


The ordered data set is: 
DS er o RS 00.0 n/a e (O fat) 


ui 
TR 





al PA san It 9 .. the median = 9th score = 5 
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b/c As the median is a data value we now ignore it and split the remaining data 
into two 


ERRA 
lower upper Q, = median of lower half = a 3.5 
Rd RE 


34455 56667789 


6+7 
Q3 = median of upper half = SER 6.5 





d IQR=Q;-Q/=65-35=3 


Example 10 


Fonitheidatalseti o SITIOS Aos 2 6 ind: 
a themedian b Q, «e Q; Jd the interquartile range 





The ordered data set is: 
22-34-4556 DM 8889-103 (18 of them) 


ms 


a As n=18, 9.5 


9th value + 10th value 6+7 + 

2 pi e 
b/c As the median is not a data value we split the data into two 
lower upper 


EEE vem, 
45566 778889101113 Note: 
Some computer 
packages calculate 
quartiles in a 
different way to this 
example. 


median = 6.5 

















EXERCISE 17D.1 


1 For each of the following data sets, make sure the data is ordered and then find: 
i the median il | the upper and lower quartiles 
iii the range iu the interquartile range. 
a 2,3,3,3,4,4,4,5,5,5,9,6,6,6,6,6,7,7,8,8,8,9,9 
b 10, 12, 15, 12, 24, 18, 19, 18, 18, 15, 16, 20, 21, 17, 18, 16, 22, 14 
c 21.8, 224, 23.5, 23.5, 24.6, 24.9, 25, 25.3, 26.1, 26.4, 29.5 


2 The times spent (in minutes) by 20 people 
waiting in a queue at a bank for a teller were: 
34 21 3.8 22 45 14 0 0 1.6 48 
15 19 0 3.6 5.2 27 30 08 38 5.2 


a Find the median waiting time and the upper 
and lower quartiles. 
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b Find the range and interquartile range of the waiting times. 
e Copy and complete the following statements: 


i “50% of the waiting times were greater than ......... minutes.” 
il “75% of the waiting times were less than ...... minutes.” 
iii “The minimum waiting time was ........ minutes and the maximum waiting time 
was ..... minutes. The waiting times were spread over ...... minutes.” 
3 Stem | Leaf For the data set given, find: 
0/3479 a the minimum value b the maximum value 
11034678 c the median d the lower quartile 
2/00356999 e the upper quartile f the range 
3/1378 g the interquartile range. 
4/2 3|7 means 37 
4 The heights of 20 ten year olds are recorded in the Stem | Leaf 
following stem-and-leaf plot: 10 19 
a Find: 11/134489 
i the median height 12/22446899 
13/12588 


ii the upper and lower quartiles of the data. 


b Copy and complete the following statements: Roo 


i “Half of the children are no more than ..... em tall.” 
ii “75% of the children are no more than ..... em tall.” 


c Findthe: i range il interquartile range for the height of the ten year olds. 


d Copy and complete: 
“The middle 50% of the children have heights spread over ..... cm. 


5 Revisit The Pea Problem on page 484. 


a For the Without fertiliser data, find: 
i the range ii the median 
il the lower quartile iv the upper quartile 
vw the interquartile range. 


b Repeat a for the With fertiliser data. 


e Reconsider the questions posed in The Pea Problem. Amend your solutions where 
appropriate. 


BOX-AND-WHISKER PLOTS 


A box-and-whisker plot (or simply a boxplot) is a visual display of some of the descriptive 
statistics of a data set. It shows: 


the minimum value 


the lower quartile (Q,) 
the median (Q») These five numbers form the 


the upper quartile (Q3) five-number summary of the data set. 


the maximum value 
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For the data set in Example 10 on page 504, the five-number summary and boxplot are: 


minimum = 2 upper whisker 


Q=4 lower whisker - EE — 


median = 6.5 
AO tt ft pt) tb o fot tt to 


Q; =8 O LATAS Mi 
maximum = 13 , | + t ' 
min. Q1 median Q3 max. 


The rectangular box represents the 'middle” half of the data set. 
The lower whisker represents the 25% of the data with smallest values. 
The upper whisker represents the 25% of the data with greatest values. 





For the data set: 4595178735634325 


a construct the five-number summary b draw a boxplot 
c findthe i range il interquartile range 
d find the percentage of data values greater than 6. 


a The ordered data set is 
123 HE :4+4 HE 


y 


Q=3 median = 5 Q;=6.5 





T 8 9 (16 of them) 





minimum = 1 Qu = 
So the 5-number summary is: median = 5 Q3 = 6.5 
maximum = 9 


0 1 2 3 4 é) 6 7 8 9 10 
c À range = maximum — minimum IPIOR 0 0; 
= 8 = En 


d 25% of the data values are greater than 6. 





EXERCISE 17D.2 
— DIDO +—— 


ppp pt points scored by a 
0 10 20 30 40 50 60 70 80 basketball team 





a The boxplot given summarises the goals scored by a basketball team. Locate: 
i the median il the maximum value di the minimum value 
iv the upper quartile vw the lower quartile 


b Calculate: i the range ii the interquartile range 
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2 ii 

















ta ai a il sy test scores 
0 10 20 30 40 50 60 70 80 90 100 


The boxplot above summarises the class results for a test out of 100 marks. Copy and 
complete the following statements about the test results: 

a The highest mark scored for the test was ..... , and the lowest mark was ..... 

b Half of the class scored a mark greater than or equal to ..... 

ce The top 25% of the class scored at least ..... marks for the test. 

d The middle half of the class had scores between ..... and ..... for this test. 

e Find the range of the data set. 

f Find the interquartile range of the data set. 

g Estimate the mean mark for these test scores. 


3 For the following data sets: 
i construct a 5-number summary ii draw a boxplot 
iii find the range iu find the interquartile range 


a 3,5,5,7,10,9,4,7,8,6,6,5,8,6 
b 3,7,0,1,4,6,8,8,8.9,7,5,6,8,7,8,8,2,9 


ce Stem | Leaf 
11]7 
122/03668 
13/01113557 
14 | 47799 
15 |1 11|7 represents 117 


4 The following side-by-side boxplots compare the time students in years 9 and 12 spend 
on homework. 


E” Year 9 
— [e Year 12 


<< L L 1 1 L 1 1 1 1 1 1 L 1 1 ! 1 1 1 1 Lp time 
20 


0 5 10 15 


























a Copy and complete: 








median 


Q3 


maximum 





b Determine the: i range il interquartile range for cach group. 


ce True or false: 
i On average, Year 12 students spend about twice as much time on homework 
than Year 9 students. 
il Over 25% of Year 9 students spend less time on homework than all Year 12 
students. 
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5 Enid examines a new variety of bean and does a count on the number of beans in 33 
pods. Her results were: 


5,8, 10,4,2,12,6,5,7,7,5,5,5,13,9,3,4,4,7,8,9,5,5,4,3,6,6,6,6,9,8,7,6 
a Find the median, lower quartile and upper quartile of the data set. 
b Find the interquartile range of the data set. 
ce Draw a boxplot of the data set. 


6 Ranji counts the number of bolts in several boxes and tabulates the data as follows: 























EEE 
a Find the five-number summary for this data set. 
b Find the i range il IQR for this data set. 
e Construct a boxplot for the data set. 


PERCENTILES 


A percentile is the score below which a certain percentage of the data lies. 


For example: e the 85th percentile is the score below which 85% of the data lies. 


e Ifyour score in a test is the 95th percentile, then 95% of the class 
have scored less than you. 


Notice that: e the lower quartile (Q;) is the 25th percentile 




















e the median (Qs) is the 50th percentile 
e the upper quartile (Qs) is the 75th percentile. 
Ogive 

One way to display x» 4 
percentiles is to add a 5240 100% 
separate scale to an 3 
ogive. On the graph 9 
alongside, the cumula- s é 15% 
tive frequency is read É 
from the axis on the left õ 





side, and each value cor- E 
responds to a percentage 120 50% 
on the right side. 














We can use the percent- 
age scale to help find 
the quartiles. 60 dd ; 25% 





















































Q, Q Q; score 


percentage 


7 
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A botanist has measured the heights of 60 seedlings and has presented her findings on 
the ogive below. 


Heights of seedlings 













































































































































































cumulative frequency a How many seed- 
60 lings have heights 
55 of 5 cm or less? 

b What percentage of 
au seedlings are taller 
45 than 8 em? 

40 c What is the median 
height? 

35 d What is the inter- 

30 quartile range for 
the heights? 

25 . 

e Find the 90th per- 
20 centile for the data 
15 and explain what 

your answer means. 
10 
5] 
0 heightiCern)) 


















































































































































2 3 4 5 6 7/8 9/10 11 12 13 14 


The following ogive displays the performance of 80 competitors in a cross-country race. 


Cross-country race times 



































cumulative frequency Find: 

80 a the lower quartile 
time 

70 b the median 

€ the upper quartile 

60 d the | interquartile 
range 

50 e an estimate of the 
40th percentile. 

40 

30 

20 

10 

time (min) 
0 M 












































20 25 30 35 
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GRAPHICS CALCULATOR 


A graphics calculator can be used to find descriptive statistics and to 
draw some types of graphs. 
Consider the data set: 523364537571895 


No matter what brand of calculator you use you should be able to: 





e Enter the data as a list. 1] Stats 
euiê : EEEEr 
e Enter the statistics calculation 
part of the menu and obtain the 


descriptive statistics like these 
shown. x is the mean 





e Obtain a box-and-whisker plot. 


e Obtain a vertical barchart 1f required. 


e Enter a second data set into another list and obtain a 
side-by-side boxplot for comparison with the first one. 


Usethe data: 96235575676344584 


E 
o 
gi 

oa 


You will need to change the viewing window as appropriate. 


STATISTICS FROM A COMPUTER PACKAGE 


Click on the icon to load our statistics package. STATISTICS 
Enter dataset 1: 523364537571895 era 
Enter data set 2: 96235575676344584 

Examine the side-by-side column graphs. 

Click on the Box-and-Whisker tab to view the side-by-side boxplots. 

Click on the Statistics tab to obtain the descriptive statistics. 


É 


EXERCISE 17E 


Use technology to answer the following questions: 


1 a Enter the data set; 523364537571895 and obtain the mean and the 
9-number summary. This is the data used in the screendumps above, so you can 
use them to check your results. 


b Obtain the boxplot for the data in a. 


aa 


Enter the data set: 


DESCRIPTIVE STATISTICS 


Obtain the vertical bar chart for the data in a. 
96235575676344584 


(Chapter 17) 5 


into a second list. Find the 


mean and 5-number summary. Create a side-by-side boxplot for both sets of data. 


2 Shane and Brett play in the same cricket team and are fierce but friendly rivals when it 
comes to bowling. During a season the number of wickets taken in cach innings by the 


bowlers were: 


Shane: 1 6 
3 4 

Brett; 7 2 
4 3 

a 

b 

Ç 

d 


RN 


4 


o Ro 


0 


Ho Ou 


3 


Cen 


start to analyse the data? 


= + Q-«n q 


1 
3 
4 


0 


Obtain side-by-side boxplots. 


2 bo O E 
Coon 


Is the variable discrete or continuous? 


Describe the shape of each distribution. 


HHoOcTÇo 


Are there any outliers? Should they be deleted before we 


Compare the measures of the centre of each distribution. 
Compare the spreads of each distribution. 


What conclusions, if any, can be drawn from the data? 


Ho vo 
2 OO TO 
DO CN 
GUN VN 


Enter the data into a graphics calculator or statistics package. 
Produce a vertical column graph for each data set. 


Ho Ro 


RH OR 
ON EWU 


+HHoOwão 





3 A manufacturer of light globes claims that their new design has a 20% longer life than 
those they are presently selling. Forty of each globe are randomly selected and tested. 
Here are the results to the nearest hour: 


113 


103 
Old type: 11 
87 


146 
New type: 191 
133 


«as Da cao 


the data? 


96 
87 
127 


131 
117 
124 


117 


132 
132 
153 


Wi 
121 
131 


160 
107 
129 


126 
99 
115 


128 
141 
118 


Obtain side-by-side boxplots. 


100 
114 
116 


119 
136 
130 


Is the variable discrete or continuous? 


Describe the shape of each distribution. 


122 
105 
82 


133 
146 
134 


What conclusions, if any, can be drawn from 


110 84 117 
121 93 109 
130 113 95 


117 139 123 
142 123 144 
151 145 131 


Enter the data into a graphics calculator or statistics package. 
Are there any outliers? Should they be deleted before we start to analyse the data? 
Compare the measures of centre and spread. 


103 
87 
108 


109 
145 
133 


113 
118 
112 


129 
125 
135 


104 104 
To 111 


109 131 
164 125 
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The problem with using the range and the IQR as measures of spread or variation is that both 
of them only use two values in their calculation. Some data sets can therefore have their 
spread characteristics hidden when the range or IQR are quoted, and so we need a better way 
of describing variation. 





Consider a data set of n values: 14, X2, X3, X4, » Xn, with mean T. 


x; — x measures how far x; deviates from the mean, so one might suspect that the mean 


n 

of the deviations 1 53 (x;— Z) would give a good measure of variation. However, this 
=] 

value turns out to always be zero. 


n 
(x; — 7)? 
Instead we adopt the formula s2 = El o and call it the variance of the n data 
n 
values. 
Notice in this formula that: 


2 


e (x; — T)º is also a measure of how far x; deviates from 7. However, the square 


ensures that each of these is positive, which is why the sum turns out not to be zero. 


n 
e If 5) (x;— 7)? is small, it will indicate that most of the data values are close to Z. 
i=1 


e Dividing by n gives an indication of how far, on average, the data is from the mean. 


E (1 — 7)? 


n 





For a data set of n values, sn = is called the standard deviation. 


The square root in the standard deviation is used to correct the units. 
For example, if x; is the weight of a student in kg, s? would be in kg?. 
For this reason the standard deviation is more frequently quoted than the variance. 


The standard deviation is a non-resistant measure of spread. This is due to its 
dependence on the mean of the sample and because extreme data values will give large 
values for (x — 7)2. tis only a useful measure if the distribution is approximately 
symmetrical. However, the standard deviation is particularly useful when the data from 
which it came is normally distributed. This will be discussed later. 


The IQR and percentiles are more appropriate tools for measuring spread if the distribution 
is considerably skewed. 
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Example 12 


Find the means and standard deviations for the apple samples of Example 8. 
What do these statistics tell us? 









The wholesaler Red Tree supplied apples with more blemishes but with less 
variability (smaller standard deviation) than those supplied by Orchard Road. 








EXERCISE 17F.1 


1 The column graphs show two distributions: 









































Sample A Sample B 
124 12 
frequency frequency 
10 10 
8 8 
6 6 
4 + 
2 2 
0 1 0 




















45678 9% 6 78 91011121314 


a By looking at the graphs, which distribution appears to have wider spread? 
b Find the mean of each sample. 
ce Find the standard deviation for each sample. Comment on your answers. 


2 The number of points scored by Andrew and Brad in the last 8 basketball matches are 


no, Epp pop=pa] 





[o [zo [ar [26 [1a [aa [as [as] 


a Find the mean and standard deviation for the number of points scored by each 
player. 
b Which of the two players is more consistent? 
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3 Two baseball coaches compare the number of 
runs scored by their teams in their last ten 
matches: 








a Show that each team has the same mean and 
range of runs scored. 





b Which teams performance do you suspect is 
more variable over the period? 

ce Check your answer to b by finding the standard deviation for each distribution. 

d Does the range or the standard deviation give a better indication of variability? 


4 A manufacturer of soft drinks employs a statistician for quality control. He needs to 
check that 375 mL of drink goes into each can. The machine which fills the cans may 
malfunction or slightly change its delivery due to constant vibration and other factors. 


a Would you expect the standard deviation for the whole production run to be the 
same for one day as it is for one week? Explain your answer. 
b If samples of 125 cans are taken each day, what measure would be used to: 
i check that an average of 375 mL of drink goes into each can 
ii check the variability of the volume of drink going into each can? 
e What is the significance of a low standard deviation in this case? 


5 The weights in kg of seven footballers are: 79, 64, 59, 71, 68, 68 and 74, 
a Find the mean and standard deviation for this group. 
b Surprisingly, cach footballer's weight had increased by exactly 10 kg when measured 
five years later. Find the new mean and standard deviation. 
c Comment on your findings from a and b in general terms. 


6 The weights of ten young turkeys to the nearest 0.1 kg are: 
0.8, 1.1, 1.2, 0.9, 1.2, 1.2, 0.9, 0.7, 1.0, 1.1 


a Find the mean and standard deviation for the turkeys. 

b After being fed a special diet for one month, the weights of the turkeys doubled. 
Find the new mean and standard deviation. 

ce Comment, in general terms, on your findings from a and b. 


7 A sample of 8 integers has a mean of 5 and a variance of 5.25. 
The integers are: 1,3,5,7,4,5,p,q. Find p and q given that p< q. 


8 A sample of 10 integers has a mean of 6 and a variance of 3.2. 
The integers are: 3,9,5,5,6,4,a,6,b,8. Finda and b given that a > b. 


9 a Provethat 5 (x;-7)2 = 


i=1 i 


(x?) — n(x)?. 


Mis 


l, 


25 
b Find the mean of the data set x14, 9, ..... » 25 given that 5º E = 2568.25 
and the standard deviation is 5.2. 
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10 The following table shows the change in cholesterol levels in 6 volunteers after a two 
week trial of special diet and exercise. 





AEB Res PO EERfEr 
os [oo[07[08 [04/25] 
a Find the standard deviation of the data. 
b Recalculate the standard deviation with the outlier removed. 





c Discuss the effect of an extreme value on the standard deviation. 


SAMPLING FROM A POPULATION 


Populations are often huge, and gathering data from every individual is impossible due to 
time constraints and cost. 


Consequently, a random sample is taken from the population with the hope that it will truly 
reflect the characteristics of the population. To ensure this, the sample must be sufficiently 
large, and be taken in such a way that the results are unbiased. 


From the sample we hope to make inferences about the population”s mean and possibly 
other key features. 


To help distinguish between a sample and the 
whole population, we use different notation for the 
mean, variance, and standard deviation. This is 
shown in the table opposite. 








Given statistics from a sample, we can make inferences about the population using the 
following results which are assumed without proof: 
When a sample of size n is used to draw inference about a population: 
e the mean of the sample Z is an unbiased estimate of u 


n . . . a 
“ se ( ) s2 is an unbiased estimate of the variance o?. 


qu 





Note: Evenif s2 , is an unbiased estimate of o2, this does not imply 


that sm-1 1s an unbiased estimate of o. 


NOTE ON PARAMETERS AND STATISTICS 


arameter 
opulation 
ample 
tatistic 


A parameter is a numerical characteristic of a population. 


A statistic is a numerical characteristic of a sample. 


For example, if we are examining the mean age of people in retirement villages throughout 
Canada, the mean age found would be a parameter. If we take a random sample 
of 300 people from the population of all retirement village persons, then the 
mean age would be a statistic. 
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Example 13 


A random sample of 48 sheep was taken from a flock of over 2000 sheep. 
The sample mean of their weights was 48.6 kg with variance 17.5 kg. 
Find the standard deviation of the sample. 
Find an unbiased estimation of the mean weight of sheep in the flock. 


Find an unbiased estimation of the standard deviation of the population 
from which the sample was taken. 


Sn = Vvariance = 17.5 = 4.18 kg 
| is estimated by x = 48.6 kg 


n—1 


48 
o2 is estimated by s2 ,= (—) s2m > X 17.55 17.9 kg? 


Par 





EXERCISE 17F.2 


1 A random sample of 87 deer from a huge herd had a mean weight of 93.8 kg with a 
variance of 45.9 kg. 


a Find the standard deviation of the sample. 


b Find an unbiased estimation of the mean and variance of the entire herd from which 
the sample was taken. 


2 The weights (in grams) of a random sample of sparrows are as follows: 
ST 75 68 69 818973 6691 7784 83 TT TA BO TO 67 
a Find the mean and standard deviation of the sample. 


b Find unbiased estimates of the mean and variance of the population from which the 
sample was taken. 


3 Jacko drives down to the beach every morning to go surfing. On 16 randomly chosen 
trips he recorded his travel time x; in minutes. 


16 16 
He finds that 5) x;=519 and 5 (x?) = 16983. 
i=1 i=1 


Calculate unbiased estimates of a the mean and b the variance of the driving 
times to the beach. 


STANDARD DEVIATION FOR GROUPED DATA 


EE a e 
For grouped data s=,[/——>——— where s is the standard deviation 
Rj x isany score, Z] isthe mean 


f is the frequency of each score 
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Example 14 





Find the standard deviation score 2 3 4 5 


of the distribution: nei ao 











EXERCISE 17F.3 


1 Below is a sample of family sizes taken at random from people in a city. 


[Ninberoj emana 0 [12/23 [475 
FequenoyT [MA [E[3[5 [3/2 


a Find the sample mean and standard deviation. 





b Find unbiased estimates of the mean and variance of the population from which 
the sample was taken. 


2 Below is a random sample of the ages of squash players 
at the Junior National Squash Championship. 








a Find the mean and standard deviation of the ages. 


b Find unbiased estimates of the mean and variance 
of the population from which the sample was taken. 





3 The number of toothpicks in a random sample of 48 boxes was counted and the results 
tabulated. 





[Namber ofiooilpicks [33 [35 [36 [7 [38 [395] 
ll 5) TA li 112 8 2 


a Find the mean and standard deviation of the number of toothpicks in the boxes. 


b Find unbiased estimates of the mean and variance of the population from which 
the sample was taken. 
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4 The lengths of 30 randomly selected 12-day old babies 
were measured to the nearest cm and the following data 
obtained: 

a Find estimates of the mean length and the standard 
deviation of the lengths. 


b Find unbiased estimates of the mean and variance 
of the population from which the sample was 
taken. 








5 The weekly wages (in dollars) of 200 
randomly selected steel workers are given 












360 - 369.99 


alomende: 370 - 379.99 
a Find estimates of the mean and the 380 - 389.99 
standard deviation of the wages. 390 - 399.99 


j É j 400 - 409.99 
b Find unbiased estimates of the mean 410 - 419.99 


and variance of the population from 490 - 429.99 
which the sample was taken. 430 - 439.99 


Consider the volumes of liquid in different cans of a particular brand of soft drink. The 
distribution of volumes is symmetrical and bell-shaped. This is due to natural variation 
produced by the machine which has been set to produce a particular volume. Random or 
chance factors cause roughly the same number of cans to be overfilled as underfilled. 


The resulting bell-shaped distribution is called the normal distribution. It will be discussed 
in more detail in Chapter 29, but it is worth noting here how it relates to standard deviation. 


If a large sample from a typical bell-shaped data distribution is 


taken, what percentage of the data values would lie between RS 
T—s and T+S? 


. . . . DEMO bell-shaped 
Click on the icon and try to answer this question. “” distribution 
Repeat the sampling many times. 


Now try to determine the percentage of data values which would lie 
between x— 25 and Z+2s, and then between T—3s and T+ 35. 


I can be shown that for any measured variable from any population that is normally 
distributed, no matter the values of the mean and standard deviation: 


e approximately 68% of the population will measure between 1 standard deviation 
either side of the mean 

e approximately 95% of the population will measure between 2 standard deviations 
either side of the mean 

e approximately 99.7% of the population will measure between 3 standard deviations 
either side of the mean. 
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A sample of 200 cans of peaches was taken from a warehouse and the contents of 
each can measured for net weight. The sample mean was 486g with standard 
deviation 6.2 g. What proportion of the cans might lie within: 


a 1 standard deviation from the mean b 3 standard deviations from the mean? 





a About 68% of the cans would be expected to have contents between 
486 +6.2 g ie., 479.8 g and 492.2 g. 


b Nearly all of the cans would be expected to have contents between 
486 +3x6.2g ie. 467.4 and 504.6 g. 








THE NORMAL CURVE 


The smooth curve that models normally distributed data is asymptotic to the horizontal axis, 
so in theory there are no limits within which all the members of the population will fall. 


e concave 







convex 


convex — 


u—o u u+o 


In practice, however, it is rare to find data outside of 3 standard deviations from the mean, 
and exceptionally rare to find data beyond 5 standard deviations from the mean. 


Note that the position of 1 standard deviation either side of the mean corresponds to the point 
where the normal curve changes from a concave to a convex curve. 


EXERCISE 17G 


1 The mean height of players in a basketball competition is 184 cm. If the standard 
deviation is 5 cm, what percentage of them are likely to be: 
a taller than 189 cm b taller than 179 cm 
€ between 174 cm and 199 cm d over 199 cm tall? 


2 The mean average rainfall of Claudona for August is 48 mm with a standard deviation 
of 6 mm. Over a 20 year period, how many times would you expect there to be less 
than 42 mm of rainfall during August in Claudona? 


3 Two hundred lifesavers competed in a swimming race. The mean time was 10 minutes 
30 seconds. The standard deviation was 15 seconds. Find the number of competitors 
who probably: 

a took longer than 11 minutes b took less than 10 minutes 15 seconds 
c completed the race in a time between 10 min 15 sec and 10 min 45 sec. 
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4 The weights of babies born at Prince Louis Maternity Hospital last year averaged 3.0 kg 
with a standard deviation of 200 grams. If there were 545 babies born at this hospital 
last year, estimate the number that weighed: 


a less than 3.2 kg b between 2.8 kg and 3.4 kg. 


NIM 


1 The data supplied below is the diameter (in cm) of a number of bacteria colonies as 
measured by a microbiologist 12 hours after seeding. 
04 21 34 3.9 47 3.7 0.8 3.6 41 49 25 3.1 1.5 2.6 40 
IPS RR o OO IS RA RS o RR O RIA ODESSA S S 
a Produce a stemplot for this data. 
b Findthe i median ii range of the data. 
€ Comment on the skewness of the data. 


2 The data below shows the distance in metres that Thabiso threw a baseball. 
71.2 65.1 68.0 71.1 746 68.8 83.2 85.0 745 874 
843 TT.O 828 844 80.6 75.9 89.7 83.2 97.5 82.9 
90.5 85.5 90.7 92.9 95.6 85.5 64.6 73.9 800 86.5 

Determine the highest and lowest value for the data set. 

Produce between 6 and 12 groups in which to place all the data values. 

Prepare a frequency distribution table. 

Draw a frequency histogram for the data. 


e Ma do 


Determine: À themean ii the median. 
3 5,6,8,9,3,b, have a mean of 6 and a variance of 3. Find the values of a and b. 


4 For the following distribution of continuous grouped data: 


a  Construct an ogive. b Find the median of the data. 
c Find the interquartile range. d Find the mean and standard deviation. 


5 The back-to-back stemplot alongside represents the Girls Boys 
times for the 100 metre freestyle recorded by Ez 
members of a swimming squad. ABES SO 2a 
AGE RSA RSS 

87430 | 35 | 024799 

Distribution Girls | Boys 8833 | 36 | 788 


mp | |] Ea 
tre Ceia [O] Es 


40 | leaf unit: 
1/41 | 0.1 sec 


a Copy and complete the following table: 








[spread (range) [| [| 


b Discuss the distributions of times for the boys 
and girls. What conclusion can you make? 


DESCRIPTIVE STATISTICS (Chapter 17) 521 





6 The given parallel boxplots represent 
the 100-metre sprint times for the 


members of two athletics squads. O i sis) 
«+ 


4 T T 4 T —>— 
q 12 IS 14 
time in seconds 


>> [— 

















a Determine the 5 number summaries for both 4 and B. 
b Determine the i range il interquartile range for cach group. 
«e Copy and complete: 
i We know the members of squad ...... generally ran faster because ...... 
ii We know the times in squad ...... are more varied because ...... 


7 Katja's golf scores for 90 106 84 103 112 100 105 81 104 98 
her last 20 rounds were: 107 95 104 108 99 101 106 102 98 101 
a Find the i median ii lower quartile il upper quartile 
b Find the interquartile range of the data set. 
€« Find the mean and standard deviation of her scores. 





8 The number of litres of petrol purchased by 
a random sample of motor vehicle drivers is 
shown alongside: 


Litres Number of vehicles 


a Find the mean and standard deviation 
of the number of litres purchased. 
b Find unbiased estimates of the mean 


and variance for the population this 
sample comes from. 





9 The average height of 17-year old boys was found to be normally distributed with 
a mean of 179 cm and a standard deviation of 8 cm. Calculate the percentage of 
17-year old boys whose heights are: 

a more than 195 cm b betwcen 163 cm and 195 cm 
€ between 171 cm and 187 cm. 


10 80 senior students needed 80 0 
to run 400 metres in EH HH E EE 
a Physical Education 
program. Theirtimes were o H H 
recorded and the results 
were used to produce 
the following cumulative 
















































































frequency graph. Fo EEE EH] ER EEEEGEECE 
Estimate: EEE mm E EEE! 
a the median 20 











b the interquartile range. 
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This cumulative frequency curve ERR 
shows the times taken for 200 og | 
students to travel to school by bus. 




















a Estimate how many of the 180 
students spent between 10 
and 20 minutes travelling to 
school. 140 


b If 30% of the students o RE 
spent more than m minutes 
travelling to school, estimate 100 


the value of m. FErEArrrERPPEPAPRArrePEPEPEPPEPEPPEPEA 
80 














160 
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40 
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REVIEW SET 17B 


The winning margin in 100 basketball games was Margin (points) 
13 


recorded. The results are given alongside: 


Draw a histogram to represent this information. 35 
27 
18 
7 


| 
number of matches in a sample of 
sa i 


Find the mean and standard deviation for this data. 





The table alongside shows the 





Does this result justify a claim that the average number of matches per box is 502 
The table alongside shows the number of 
250 - 299 customers visiting a supermarket on various 


300 - 349 dae: 
350 - 399 Find the mean number of customers per day. 


400 - 449 
450 - 499 
500 - 549 
990 - 599 





& Find the range, lower quartile, upper quartile and standard deviation for the following 


data: 120, 118, 132, 127, 135, 116, 122, 128. 
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5 Draw a box and whisker plot for the following data: 
11, 12, 12, 13, 14, 14, 15, 15, 15, 16, 17, 17, 18. 


6 A random sample of the weekly supermarket 
bills for a number of families was observed 


É ; TO - 79.99 
d ded in the tabl ; 
and recorded in the table given 80 - 89.99 
a Find the mean bill and the standard 90 - 99.99 
deviation of the bills. 100 - 109.99 
b Find unbiased estimates of the mean and 110 - 119.99 
variance of the population from which 120 - 129.99 


the data was taken. 130 - 139.99 
140 - 149.99 





7 The mean and standard deviation of a normal distribution are 150 and 12 respectively. 
What percentage of values lie between: 
a 138 and 162 b 126 and 174 c 126 and 162 d 162 and 1742 


8 The middle 68% of a normal distribution lies between 16.2 and 21.4. 
a What is the mean and standard deviation of the distribution? 


b Over what range of values would you expect the middle 95% of the data to 
spread? 


9 A bottle shop sells on average 2500 bottles 
/ ZARA per day with a standard deviation of 300 

bottles.  Assuming that the number of 
bottles is normally distributed, calculate the 
percentage of days when: 

a less than 1900 bottles are sold 

b more than 2200 bottles are sold 

€ between 2200 and 3100 bottles are sold. 





10 Masoumeh measured the width (x; cm) of 30 randomly 
selected cockle shells and observed that 


30 30 
SE mn 
== =] 





a Calculate: 
i the mean width ii the variance of the widths 


b Calculate unbiased estimates of the mean and variance of the population from 
which this sample comes. 


11 7,5,0,8,1,a,4,6,b have a mean of 5 and a variance of 35. 


a Find the values of a and b given a, be Z*. 
b What is the median of the data set? 
€ Find the interquartile range of the data set. 
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12 An examination worth 100 marks was given to 800 biology students. 


The cumulative frequency graph for the students” results follows: 


o Ma co 





number of candidates 








800 





700 








600 








500 








400 








300 








200 








100 







































































marks 
>— 


10 20 30 40 50 60 70 80 90 100 





Find the number of students who scored 45 marks or less for the test. 
Find the median score. 

Between what values do the middle 50% of test results lie? 

Find the interquartile range of the data. 

What percentage of students obtained a mark of 55 or more? 


If a “distinction” is awarded to the top 10% of students, what score is required 
to receive this honour? 





Probability 


Contents: Experimental probability 
Sample space 
Theoretical probability 
Compound events 
Using tree diagrams 
Sampling with and 
without replacement 
Binomial probabilities 
Sets and Venn diagrams 
Laws of probability 
Independent events 


Probabilities using 
permutations and 
combinations 


L Bayes' theorem 


mg av p 


*a--Zz0 


Review set 18A 
Review set 18B 
Review set 18C 
Review set 18D 
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In the field of mathematics called probability theory we use a mathematical method to 
describe the chance or likelihood of an event happening. 


This theory has vitally important applications in physical and biological sciences, economics, 
politics, sport, life insurance, quality control, production planning, and a host of other areas. 


We assign to every event a number which lies between O and 1 inclusive. We call this number 
a probability. 


An impossible event which has 0% chance of happening is assigned a probability of 0. 
A certain event which has 100% chance of happening is assigned a probability of 1. 


All other events can be assigned a probability between O and 1. 


The number line below shows how we could interpret different probabilities: 








not likely likely 
to happen to happen 
0 pes 0.5 1 
tm od 
impossible pe | co certain 
very unlikely very likely 
to happen equal chance to happen 
of happening 


as not happening 


The assigning of probabilities is usually based on either: 
e observing the results of an experiment (experimental probability), or 


e using arguments of symmetry (theoretical probability). 


EIS NINE Teo E 


8) The development of modem 












probability theory began in 1653 

when gambler Chevalier de Mere 

contacted mathematician Blaise 
Pascal with a problem on how to divide the 
stakes when a gambling game is interrupted 
during play. Pascal involved Pierre de Fermat, 
a lawyer and amateur mathematician, and 
together they solved the problem. In the process 
they laid the foundations upon which the laws 
of probability were formed. 














a 





Blaise Pascal Pierre de Fermat 


In the late 17th century, English mathematicians compiled and analysed mortality tables. 
These tables showed the number of people who died at different ages. From these tables 
they could estimate the probability that a person would be alive at a future date. This led 
to the establishment of the first life-insurance company in 1699. 


Life Insurance Companies 
use statistics on life 
expectancy and death 
rates to work out the 
premiums to charge 
people who insure with 
them. 


The life table shown is 
from Australia. It shows 
the number of people out 
of 100000 births who 
survive to different ages, 
and the expected years of 
remaining life at each age. 
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AAA NR 








Number 
surviving 


100 000 
98 809 
98 698 
98 559 
98 052 
97325 
96 688 
96 080 
95 366 
94323 
92709 
89891 
85 198 
78123 
67798 
53 942 
37532 
20998 

8416 
2098 
482 





LIFE TABLE 
Female 
Em - Fei Number Ea pm a 
remaining surviving remaining 
life life 
100 000 79.46 
99307 75.15 
99125 70.22 
98 956 65.27 
98 758 60.40 
98516 55.54 
98 278 50.67 
98 002 45.80 
97615 40.97 
96 997 36.22 
95 945 31.59 
94285 27.10 
91774 22.76 
87923 18.64 
81924 14.81 
72656 11.36 
o8 966 8.38 
40 842 5.97 
21 404 4.12 
7004 3.00 
1953 2.36 








Notice that out of 100000 births, 98 052 males are expected to survive to the age of 20 
and at that age the survivors are expected to live a further 54.35 years. 


Things to think about: 


e Can you use the life table to estimate how many years you can expect to live? 


e What is the estimated probability of a new-born boy or girl reaching the age of 159 


e Can the table be used to estimate the probability that: 
» a 15 year old boy will reach the age of 75 
p» a15 year old girl will not reach the age of 7572 


e An insurance company sells policies to people 
to insure them against death over a 30-year 
period. If the person dies during this period, 
the beneficiaries receive the agreed payout 
figure. Why are such policies cheaper to take 
out for a 20 year old than for a 50 year old? 


e How many of your classmates would you expect 
to be alive and able to attend a 30 year class 


reunion? 
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In experiments involving chance we use the following terms to describe what we are doing 
and the results we are obtaining. 





e The number of trials is the total number of times the experiment is repeated. 
e The outcomes are the different results possible for one trial of the experiment. 


e The frequency of a particular outcome is the number of times that this outcome is 
observed. 

e The relative frequency of an outcome is the frequency of that outcome expressed as a 
fraction or percentage of the total number of trials. 


When a small plastic cone was tossed into the air 279 
times it fell on its side 183 times and on its base 96 
times. 





The relative frequencies of side and base are 
e = 0.656 and =— x (0.344 respectively. side base 


In the absence of any further data, the relative frequency of each event is our best estimate 
of the probability of cach event occurring. 


Experimental probability = relative frequency. 


We write: Experimental P(side) = 0.656, Experimental P(base) = 0.344 


INVESTIGATION 1 


dA, 
ZA Ifa drawing pin tossed in the air finishes | we say it has finished 


Sm on its back. If it finishes A we say it has finished on its side. 
If two drawing pins are tossed 
simultaneously the possible Elio is E A A A 


results are: : E 
two backs back and side two sides 


What to do: 


1 Obtain two drawing pins of the same shape and size. Toss the pair 80 times and 
record the outcomes in a table. 








Obtain relative frequencies (experimental probabilities) for each of the three events. 


3 Pool your results with four other people and so obtain experimental probabilities 
from 400 tosses. 
Note: The others must have pins with the same shape. 


4 Which gives the more reliable estimates, your results or the group's? Why? 
5 Keep your results as they may be useful later in this chapter. 


In some cases, such as in the investigation above, experimentation is the only way of obtaining 
probabilities. 
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EXERCISE 18A 








1 When a batch of 145 paper clips was dropped 
onto 6 cm by 6 cm squared paper it was observed on ú 
that 113 fell completely inside squares and 32 am Í 
finished up on the grid lines. Find, to 2 decimal 
places, the estimated probability of a clip falling: inside 
a inside a square b ona line. 6cm 











Jose surveyed the length of TV commercials (in seconds). 
Find to 3 decimal places the estimated probability that a 
randomly chosen TV commercial will last: 

a 20 to 39 seconds b more than a minute 

ce between 20 and 59 seconds (inclusive). 





number of days 


3 Betul records the number of phone calls she 
receives over a period of consecutive days. 


a For how many days did the survey last? 
b Estimate Betul's chance of receiving: 

i no phone calls on one day 

ii 5 or more phone calls on a day 





2345678 


iii less than 3 phone calls on a day. number of calls per day 


4 Pat does a lot of travelling in her car and she 
keeps records on how often she fills her car with 
petrol. The table alongside shows the frequencies 
of the number of days between refills. Estimate the 
likelihood that: 

a there is a four day gap between refills 
b there is at least a four day gap between refills. 








INVESTIGATION 2 


Eai A The coins of most currencies have two distinct faces, usually referred to as 
“heads” and “tails”. When we toss a coin in the air, we expect it to finish 
on a head or tail with equal likelihood. 


In this investigation the coins do EN 
not have to be all the same type. F | = Ee 
EE Va 
What to do: i e” 





1 Toss one coin 40 times. Record the number of heads resulting in a table: 





Result Tally Frequency | Relative frequency 





1 head 
O head 
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Tally Relative frequency 


2 Toss two coins 60 
times. Record the 
number of heads 
resulting in a table. 





3 Toss three coins 80 
times. Record the 
number of heads 
resulting in a table. 





4 Share your results to 1, 2 and 3 with several others. Comment on any similarities and 
differences. 


5 Pool your results and find new relative frequencies for tossing one coin, two coins, 
tossing three coins. 

6 Click on the icon to examine a coin tossing simulation. COIN TOSSING 
Set it to toss one coin 10000 times. 
Run the simulation ten times, each time recording the 
% frequency for each possible result. Comment on these results. Do your results 
agree with what you expected? 


7 Repeat 6 but this time with two coins and then with three coins. 


From the previous investigation you should have observed that, when tossing two coins, there 
are roughly twice as many “one head” results as there are “no heads” or “two heads”. 


The explanation for this is best seen using two different coins where you could get: 





two heads one head one head no heads 


This shows that we should expect the ratio two heads : one head : no heads to be 
1:2:1. However, due to chance, there will be variations from this when we look at 
experimental results. 


INVESTIGATION 3 


A You will need: At least one normal six-sided die with numbers woRKSHEET 


1 to 6 on its faces. Several dice would be “ 
useful to speed up the experimentation. 
What to do: 
1 List the possible outcomes for the uppermost face when the die is rolled. 
2 Consider the possible outcomes when the die is rolled 60 times. 
Copy and complete the 


following table of your 
expected results: 





Outcomes | Expected frequency | Expected rel. frequency 
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Roll the die 60 times. Record Outcome | Tally Relativo Pequenos 
the results in a table like the T 
aa PER 
e Look at similarities and is 


differences from one set to another. 





Pool as much data as you can 











SIMULATION 


e Summarise the overall pooled data in one table. 
Compare your results with your expectation in 2. ] 


6 Use the die rolling simulation on the CD to roll the die 10000 times. Repeat this 10 


10 


11 


times. On each occasion, record your results in a table like that in 3. Do your results 
further confirm your expected results? 








HEBDHDE 
SOGRA 


The different possible results [+ 
when a pair of dice is rolled 
are shown alongside. e 


























ARE) 


There are 36 possible |% 
outcomes. 


Notice that three of the 
outcomes, (1, 3), (2, 2) 
and (3, 1), give a sum of 4. 


Using the illustration above, 
copy and complete the table : 
PRC! 


Fraction as decimal 






























































SEE 




















E 
E 
















of expected (theoretical) 
results: 





If a pair of dice is rolled 360 times, how many of each result (2, 3, 4, ...., 12) would 
you expect to get? Extend the table in 7 by adding another row and writing your 
expected frequencies within it. 


Sum Tally Rel. Frequency 
2h] 


Toss two dice 360 times. 
Record the sum of the two 
numbers for each toss in 
a table. 


WORKSHEET 














Pool as much data as you can with other students and find the overall relative frequency 
of each sum. 


Use the two dice simulation on the CD to roll the pair of dice — siMULATION 
10000 times. Repeat this 10 times and on each occasion record 

your results in a table like that in 9. Are your results consistent 

with your expectations? 
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There are a variety of ways of representing or illustrating sample spaces. 





A sample space U is the set of all possible outcomes of an experiment. 


LISTING OUTCOMES 





List the sample space of possible outcomes for: 
a tossing a coin b rolling a die. 





a When a coin is tossed, there b When a die is rolled, there are 6 
are two possible outcomes. possible outcomes. 
sample space = (H, Th “ sample space — 11,2, 3.45.b] 





2-DIMENSIONAL GRIDS 


When an experiment involves more than one operation we can still use listing to illustrate 
the sample space. However, a grid can often be more efficient. 





. Each of the points on the 
Ilustrate the possible outcomes grid represents one of the 


when 2 coins are tossed by possible outcomes: 
using a 2-dimensional grid. cora nID ORI EI DE 





TREE DIAGRAMS 


The sample space in Example 2 could also be represented by a tree diagram. The advantage 
of tree diagrams is that they can be used when more than two operations are involved. 


Example 3 


Ilustrate, using a tree diagram, the possible outcomes when: 
a tossing two coins 
b drawing two marbles from a bag containing many red, green, and yellow marbles. 


coin l coin2 marble 1 marble 2 


» 


What is 
the sample 
space 
here? 


H 
aa 
H 
isso 
Each “branch” gives a different 


outcome and the sample space is 
Seeniiolbe (REL ER DR 


AAA 


07 <ZX07 07 
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EXERCISE 18B 


1 List the sample space for the following: 
a twirling a square spinner labelled A, B, C, D 
b the sexes of a 2-child family 
c the order in which 4 blocks A, B, C and D can be lined up 
d the 8 different 3-child families. 


2 Illustrate on a 2-dimensional grid the sample space for: 
a rolling a die and tossing a coin simultaneously 
b rolling two dice 
c rolling a die and spinning a spinner with sides A, B, C, D 
d twirling two square spinners: one labelled A, B, C, D and the other 1, 2, 3, 4. 





3 Illustrate on a tree diagram the sample space for: 
a tossing a 5-cent and a 10-cent coin simultaneously 
b tossing a coin and twirling an equilateral triangular spinner labelled A, B and C 
c twirling two equilateral triangular spinners labelled 1, 2 and 3 and X, Y and Z 
d drawing two tickets from a hat containing a number of pink, blue and white tickets. 


Consider the octagonal spinner alongside. 





Since the spinner is symmetrical, when it is spun the 
arrowed marker could finish with equal likelihood on 
each of the sections marked 1 to 8. 





The likelihood of obtaining a particular number, for example 4, would be: 


Ichancein8, q 125% o 0.125. 


This is a mathematical or theoretical probability and is based on what we theoretically expect 
to occur. It is a measure of the chance of that event occurring in any trial of the experiment. 


If we are interested in the event of getting a result of 6 or more from 
one spin of the octagonal spinner, there are three favourable results 
(6, 7 or 8) out of the eight possible results. Since each of these is 
equally likely to occur, P(6 or more) = Ê. 






We read % as 
“3 chances in 8º. 


In general, for an event E containing equally likely possible results, 
the probability of E occurring is 


the number of members of the event E n(E) 
BCE) — = 





the total number of possible outcomes n(U). 
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A ticket is randomly selected from a basket containing 3 green, 4 yellow and 
5 blue tickets. Determine the probability of getting: 

a a green ticket b a green or yellow ticket 

€ an orange ticket d a green, yellow or blue ticket 


The samplespaceis [GG GNYYLYE B BBB, 
which has 3 + 4 + 5 = 12 outcomes. 


a P(G) b P(aGoraY) c P(O) d P(G,YorB) 
Es ESA 0 — 34445 
Ee la o ERR 








In Example 4 notice that in c an orange result cannot occur. The calculated probability is 0, 
because the event has no chance of occurring. 


Also notice in d that a green, yellow or blue result is certain to occur. It is 100% likely so 
the theoretical probability is 1. 


The two events of no chance of occurring with probability O and 
certain to occur with probability 1 are two extremes. 


Consequently, for any event E, 0<P(E)<1. 


COMPLEMENTARY EVENTS 
Example 5 


An ordinary 6-sided die is rolled once. Determine the chance of: 


a gettinga 6 b not getting a 6 


c gettingalor2 d notgettingalor2 





The sample space of possible outcomes is (1, 2,3, 4,5, 6! 





a P(6) b  P(nota6) o LO) d P(notalor2) 
=: = P(1, 2, 3,4 or 5) =: = P(3, 4,5, or 6) 
= Ea 
6 6 
In Example 5 notice that P(6) + P(not getting a 6) = 1 and that 


P(1 or 2) + P(not gettinga 1 or 2) = 1. 


This is no surprise as getting a 6 and not getting a 6 are complementary events where one 
of them must occur. 


Two events are complementary if their probabilities add up to 1. 
If E is an event, then E” is the complementary event of E. 


PD +PE)=1 
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EXERCISE 18€.1 


1 A marble is randomly selected from a box containing 5 green, 3 red and 7 blue marbles. 
Determine the probability that the marble is: 


a 
d 


2 A carton of a dozen eggs contains eight brown eggs. 
The rest are white. 


a 
b 


red b green c blue 
not red e neither green nor blue f greenor red 


How many white eggs are there in the carton? 
What is the probability that an egg selected at 





random is: 1 brown di white? 


3 A dart board has 36 sectors labelled 1 to 36. 


Determine the probability that a dart thrown 
at the centre of the board hits: 


Tonga go 


a multiple of 4 

a number between 6 and 9 inclusive 
a number greater than 20 

9 e a multiple of 13 

an odd number that is a multiple of 3 





a multiple of 4 and 6 


— 16 
a multiple of 4 or 6. 19 18 17 


4 What is the probability that a randomly chosen person has his or her next birthday: 


on a Tuesday b onaweekend c inJuly d in January or February? 


5 List the six different orders in which Antti, Kai and Neda may sit in a row. If the three 
of them sit randomly in a row, determine the probability that: 


a 
Ç 


6 a 


Antti sits in the middle b Antti sits at the left end 
Antti sits at the right end d Kai and Neda are seated together 


List the 8 possible 3-child families according to the gender of the children. For 
example, GGB means “the first is a girl, the second is a girl, the third is a boy”. 
Assuming that each of these is equally likely to occur, determine the probability 
that a randomly selected 3-child family consists of: 


i allboys il all girls 
ill boy then girl then girl iv two girls and a boy 
v a girl for the eldest vi at least one boy. 


List, in systematic order, the 24 different orders in which four people A, B, C and 
D may sit in a row. 
Determine the probability that when the four people sit at random in a row: 
i A sits on one end 
ii B sits on one of the two middle seats 
iii A and B are seated together 
iv A, B and C are seated together, not necessarily in that order. 
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USING GRIDS TO FIND PROBABILITIES 


Two-dimensional grids can give us excellent visual displays of 


Ba sample spaces. We can use them to count favourable outcomes and 
T so calculate probabilities. 
This point represents “a tail from coin Aº and “a tail from coin Bº. 
This point represents “a tail from coin Aº and “a head from coin B”. 
HT coinÃ There are four members of the sample space. 
Example 6 


Use a two-dimensional grid to illustrate the sample space for tossing a coin and 
rolling a die simultaneously. From this grid determine the probability of: 


a tossing a head b getting a tail and a 5 c gettinga tail ora 5. 


There are 12 members in the sample space. 
a P(head)= 5 = 5 b Pítailanda 5) = 5 





c Pítailora*5')= 5 (the enclosed points) 











EXERCISE 18€.2 


1 Draw the grid of the sample space when a 5-cent and a 10-cent coin are tossed 
simultaneously. Hence determine the probability of getting: 
a two heads b two tails 
c exactly one head d at least one head 


2 A coin and a pentagonal spinner with sectors 1, 2, 3, 4 and 5 
are tossed and spun respectively. 


a Draw a grid to illustrate the sample space of possible outcomes. 


b How many outcomes are possible? 
ce Use your grid to determine the E: 


chance of getting: 





i atailanda3 ii a head and an even number 
iii an odd number iv aheadora 5 


3 A pair of dice is rolled. The 36 different possible results qe 2 
are illustrated in the 2-dimensional grid. 


Use the grid to determine the probability of getting: 





a two 3's b aSanda6 

c asora6 d at least one 6 

e exactly one 6 f no sixes 

g asumofY7 h a sum greater than 8 

i asumofT7orll j asum ofno more than 8. TZ 4 446º fel 
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DIST TITS)" 


Read and discuss: 

Three children have been experimenting with a coin, tossing it in the 
air and recording the outcomes. They have done this 10 times and have 
recorded 10 tails. Before the next toss they make the following statements: 





Jack: “It's got to be a head next time!” 


Sally: “No, it always has an equal chance of being a head or a tail. The coin cannot 
remember what the outcomes have been.” 


Amy:  “Actually, I think it will probably be a tail again, because I think the coin must 
be biased - it might be weighted somehow so that it is more likely to give a tail.” 





Consider the following problem: 


Box X contains 2 blue and 2 green balls. Box Y contains 3 
red and 1 white ball. A ball is randomly selected from each 
of the boxes. Determine the probability of getting “a blue ball 
from X and a red ball from Y”. 





By illustrating the sample space on the two-dimensional grid > 
shown, we can see that 6 of the 16 possibilities are blue from 5 W 
X and red from Y. Each of the outcomes is equally likely, so p 
P(blue from X and red from Y) = — R 
R 


The question arises, “Is there a quicker, easier way to find 


this probability?” 
B B G G bxxX 





INVESTIGATION 4 
“O The purpose of this investigation is to find a rule for calculating P(A and B) 


for two events 4 and B. 
Suppose a coin is tossed and a die is rolled at the same time. The result of 


the coin toss will be called outcome A, and the result of the die roll will be 
outcome B. 
What to do: 


1 Copy and complete, using a 2-dimensional grid if necessary: 


DD Pamapapo 





P(a head and a 4) 

P(a head and an odd number) 

P(a tail and a number larger than 1) 
P(a tail and a number less than 3) 


2 What is the connection between P(A and B), P(A), and P(B)? 
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INVESTIGATION 5 


“O We cannot find by theoretical argument the probability that a drawing 
pin will land on its back alE - We can only find this probability by 
So experimentation. 
So, when tossing two drawing pins can we use the rule for compound events: 


= 2 
What to do: P(back and back) = P(back) x P(back)? 


1 From Investigation 1 on page 528, what is your estimate of P(back and back)? 


2 a Count the number of drawing pins in a full packet. They must be identical to 
each other and the same ones that you used in Investigation 1. 


b Drop the whole packet onto a solid surface and count the number of hacks and 
sides. Repeat this several times. Pool results with others and finally estimate 
P(back). 


3 Find P(back) x P(back) using 2b. 
& Is P(back and back) = P(back) x P(back)? 


From Investigations 4 and 5, it seems that: 
If À and B are two events for which the occurrence of each one does not affect the occurrence 
of the other, then P(A and B) = P(A) x P(B). 


Before we can formalise this as a rule, however, we need to distinguish between independent 
and dependent events. 


INDEPENDENT EVENTS 


Events are independent 1f the occurrence of each of them does not affect the probability that 
the others occur. 


Consider again the example on the previous page. Suppose we happen to choose a blue ball 
from box X. This in no way affects the outcome when we choose a ball from box Y. So, the 
two events “a blue ball from X” and “a red ball from Y” are independent. 


If 4 and B are independent events then P(A and B) = P(A) x P(B). 


This rule can be extended for any number of independent events. 


For example: If 4, B and C are all independent events, then 
P(A and B and C) = P(A) x P(B) x P(C). 





Example 7 


A coin and a die are tossed simultaneously. Determine the probability of getting 
a head and a 3 without using a grid. 


P(a head and a 3) = P(H) x P(3) [events are clearly physically independent) 


RR am 
= 986 
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EXERCISE 18D.1 


1 


At a mountain village in Papua New Guinea it rains on average 6 days a week. Determine 
the probability that it rains on: 


a any one day b two successive days € three successive days. 


A coin is tossed 3 times. Determine the probability of getting the following sequences 
of results: a head then head then head b tail then head then tail. 


A school has two photocopiers. On any one day, machine A has an 8% chance of 
malfunctioning and machine B has a 12% chance of malfunctioning. Determine the 
probability that on any one day both machines will: 


a malfunction b work effectively. 


A couple decide that they want 4 children, none of whom will be adopted. They will be 
disappointed if the children are not born in the order boy, girl, boy, girl. Determine the 
probability that they will be: 


a happy with the order of arrival b unhappy with the order of arrival. 


Two marksmen fire at a target simultaneously. Jiri 
hits the target 70% of the time and Benita hits it 80% 
of the time. Determine the probability that: 

a they both hit the target 

b they both miss the target 

€ Jiri hits it but Benita misses 





d Benita hits it but Jiri misses. 


An archer always hits a circular target with each arrow 
shot, and hits the bullseye on average 2 out of every 5 
shots. If 3 arrows are shot at the target, determine the 
probability that the bullseye is hit: 

a every time 

b the first two times, but not on the third shot 

€ on no occasion. 





DEPENDENT EVENTS 


Suppose a hat contains 5 red and 3 blue tickets. One ticket is randomly chosen, its colour is 
noted, and it is then put aside. A second ticket is then randomly selected. What is the chance 
that it is red? 


If the first ticket was red,  P(second is red) = 


If the first ticket was blue, P(second is red) = 


4 —— 4 reds remaining 
T-—— T to choose from 


5 — 5 reds remaining 
1 T to choose from 


So, the probability of the second ticket being red depends on what colour the first ticket was. 
We therefore have dependent events. 


Two or more events are dependent if they are not independent. 


Dependent events are events for which the occurrence of one of the 
events does affect the occurrence of the other event. 
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For compound events which are dependent, a similar product rule applies as to that for 
independent events: 


If 4 and B are dependent events then 
P(A then B) = P(A) x P(B given that A has occurred). 


Example 8 


A box contains 4 red and 2 yellow tickets. Two tickets are randomly selected from 
the box one by one without replacement. Find the probability that: 
a both are red b the first is red and the second is yellow. 





a P(both red) 
= P(first selected is red and second is red) 
P(first selected is red) x P(second is red given that the first is red) 


= ã 5 5 — 3 reds remain out of a total of 5 after a red is drawn first 


E 4 reds out of a total of 6 tickets 


SUN 


b P(first is red and second is yellow) 
= P(first is red) x P(second is yellow given that the first is red) 


= ã x ê 2 yellows remain out of a total of 5 after a red is drawn first 











= — 4 reds out of a total of 6 tickets 
In each fraction the 
numerator is the 
Example 9 number of outcomes in 












the event. The 
denominator is the 

total number of 
possible outcomes. 





A hat contains tickets with numbers 1, 2, 3, ..., 
19, 20 printed on them. If 3 tickets are drawn 
from the hat, without replacement, determine the 
probability that all are prime numbers. 













(25 0 é IB 1 10) areprimes 
there are 20 numbers of which 8 are primes. 
P(3 primes) 

= P(Ist drawn is prime and 2nd is prime and 3rd is prime) 


SR a on 
7 “Tg É TE À 
8 primes out of 20 numbers 
7 primes out of 19 numbers after a successful first draw 
a 0.0491 6 primes out of 18 numbers after two successful draws 





EXERCISE 18D.2 


1 A bin contains 12 identically shaped 
chocolates of which 8 are strawberry creams. 
If 3 chocolates are selected simultaneously 
from the bin, determine the probability that: 
a they are all strawberry creams 
b none of them are strawberry creams. 





Drawing three 
chocolates 
simultaneously 
implies there is 
no replacement. 








Tree 
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A box contains 7 red and 3 green balls. Two balls are drawn one after another from the 
box. Determine the probability that: 
a both are red b the first is green and the second is red 
€ a green and a red are obtained. 


A lottery has 100 tickets which are placed in a barrel. Three tickets are drawn at random 
from the barrel to decide 3 prizes. If John has 3 tickets in the lottery, determine his 
probability of winning: 

a firstprize b firstand second prize c all3prizes d none of the prizes. 


A hat contains 7 names of players in a tennis squad including the captain and the vice 
captain. Ifa team of 3 is chosen at random by drawing the names from the hat, determine 
the probability that it does not: 


a contain the captain b contain the captain or the vice captain. 





diagrams can be used to illustrate sample spaces if the alternatives are not too 


numerous. Once the sample space is illustrated, the tree diagram can be used for determining 
probabilities. 


Consider two archers firing simultaneously at a target. 
Li has probability & of hitting a target 


outcome probability 
Yuka?s results 


and Yuka has probability à. a se E: H HandH  4x5=% 
The tree diagram for z IT M HandM xi=% 
this information is: a E a 
H=hit M= miss ã M<0 E ERA aa 

> M MandM xs=% 


Notice that: 


total 1 
The probabilities for hitting and missing are marked on the branches. 


There are four alternative branches, each showing a particular outcome. 

All outcomes are represented. 

The probability of each outcome is obtained by multiplying the probabilities along 
its branch. 


ELA 


Carl is not having much luck lately. His car will only start 80% of the time and 
his motorbike will only start 60% of the time. 


a Draw a tree diagram to illustrate this situation. 
b Use the tree diagram to determine the chance that: 





i both will start ii Carl has no choice but to use his car. 
a C=carstarts motorbike outcome probability 
M = motorbike starts car 0.6. M CandM  0.8x0.6-0.48 
aa É 04 M' CandM' 0.8x0.4=0.32 
03 0.6 M C'and M 0.2x0.6=0.12 


E aa mM C'andM' 0.2xX0.4=0.08 


total 1.00 
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P(both start) ii P(car starts but motorbike does not) 
= P(C and M) = P(C and M” 


= (0.8 x 0.6 = 0.8 x 0.4 
= (0.48 = (32 





If there is more than one outcome in an event then we need to add the probabilities of these 
outcomes. 


Example 11 


Bag A contains 3 red and 2 yellow tickets. Bag B contains 1 red and 4 yellow 
tickets. A bag is randomly selected by tossing a coin, and one ticket is removed 
from it. Determine the probability that it is yellow. 


ticket outcome 
R A and R 
Ná AandY 


R B and R 
nd BandY 


P(yellow) = P(A and Y) + P(B and Y) 
[branches marked with a v) 





EXERCISE 18E 


1 Suppose this spinner 
is spun twice. 


a Copy and complete the branches on 
the tree diagram shown. 


- e 
What is the probability that black appears on both spins? 
What is the probability that yellow appears on both spins? 


What is the probability that different colours appear on the two spins? 
e What is the probability that black appears on either spin? 





aa go 


2 The probability of rain tomorrow is estimated to be >. If it does rain, Mudlark will 
start favourite with probability 5 of winning. If it is fine he only has a 1 in 20 chance 
of winning. Display the sample space of possible results of the horse race on a tree 


diagram. Hence determine the probability that Mudlark will win tomorrow. 


3 Machine A makes 40% of the bottles produced at a factory. Machine B makes the rest. 
Machine A spoils 5% of its product, while Machine B spoils only 2%. Determine the 
probability that the next bottle inspected at this factory is spoiled. 


& Jar A contains 2 white and 3 red discs and Jar B contains 3 white and 1 red disc. A 
jar is chosen at random by the flip of a coin, and one disc is taken at random from it. 
Determine the probability that the disc is red. 
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5 Three bags contain different numbers of É 
blue and red marbles. A bag is selected 4 Red Red 2 Red 
using a die which has three A faces, two 2 Blue 1 Blue 3 Blue 

A B Cc 


B faces, and one C face. 
One marble is then selected randomly from the bag. Determine the probability that it is: 
a blue b red. 





ITH AND 


EMENT 


Suppose we have a large group of objects. If we select one of the objects at random 
and inspect it for particular features, then this process is known an sampling. 





If the object is put back in the group, we call it sampling with replacement. 
If the object is put to one side, we call it sampling without replacement. 


Sampling is commonly used in the quality control of industrial processes. 
Sometimes the inspection process makes it impossible to return the object to the large group. 
Such processes include: 

e Isa chocolate hard or soft-centred? Bite it or squeeze it to see. 

e Does an egg contain one or two yolks? Break it open and see. 

e Is the object correctly made? Pull it apart to see. 
Consider a box containing 3 red, 2 blue and 1 yellow marble. Suppose we wish to sample 
two marbles: e with replacement of the first before the second is drawn 

e without replacement of the first before the second is drawn. 


Examine how the tree diagrams differ: 





With replacement Without replacement 
2nd 2nd 
Ist 3 R Ist 2 R 
6 5 
R<Z B (9) R a B (6) 
5 yY 6) ê 5 Y 69) 
E R (9) 
- B < - B 1 B 
1 
 y (9 5 O) 
1 
á R (9) 6 2 : R (9) 
6 
Y é B (1) Y <s B (x) 
E “e can'thave 
E : 
E YY 





This branch represents a blue marble with the first draw and a red marble with the second 
draw. We write this as BR. 


Notice that: e with replacement e without replacement 


P(two reds) = ê x 5 = + P(two reds) = 5 x ê = E 
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For the example of the box containing 3 red, 2 blue and 1 yellow [ Notice that in b 
marble find the probability of getting two different colours: P(2 different colours) 
= 1 — P(2 the same) 
=1 — P(RR or BB) 










a ifreplacement occurs b if replacement does not occur. 





















a P(two different colours) 
= P(RBor RY or BRor BY or YRor YB) (ticked ones) 


e) 2 3 ii! 2 o 2 EI 1 E il 2 
Dic e oo cora GU no 


11 
18 


b P(two different colours) 
= P(RB or RY or BR or BY or YR or YB) fcrossed ones) 


Sa a O a Du a ae 
ca ER sv gas cp va E a 





Example 13 






A bag contains 5 red and 3 blue marbles. Two marbles are drawn simultaneously 
from the bag. Determine the probability that at least one is red. 







Drawing 
simultaneously is the 
same as sampling 
without replacement. 





draw 2 





P(at least one red) 
= P(RR or RB or BR) 





draw 1 






al 
7 





In 
ro) 







4 
a DO a NDA CSM More 
7 a qine ms 
3 Z-—R  — z0+5+15 
8 Ea 56 
DB E 
7 = 28 


Alternatively, P(at least one red) 
= 1 — P(no reds) (complementary events! 
= || — JW(B)o) cio 








EXERCISE 18F 


1 Two marbles are drawn in succession from a box containing 2 purple and 5 green marbles. 
Determine the probability that the two marbles are different colours 1f: 


a the first is replaced b the first is not replaced. 


2 5 tickets numbered 1, 2, 3, 4 and 5 are placed in a bag. Two are taken from the bag 
without replacement. Determine the probability that: 


a both are odd b both are even ce one is odd and the other even. 
3 Jar À contains 3 red and 2 green tickets. Jar B contains 3 red ge 


and Y green tickets. A die has 4 faces with A's and 2 faces with 
Bºs, and when rolled it is used to select either jar A or jar B. B- 
When a jar has been selected, two tickets are randomly selected 
without replacement from it. Determine the probability that: 
a bothare green b they are different in colour. A 
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4 Marie has a bag of sweets which are all identical in shape. The bag contains 6 orange 
drops and 4 lemon drops. She selects one sweet at random, eats it, and then takes another 
at random. Determine the probability that: 

a both sweets were orange drops 

b both sweets were lemon drops 

e the first was an orange drop and the second was a lemon drop 

d the first was a lemon drop and the second was an orange drop. 
Add your answers to a, b, c and d. Explain why the answer must be 1. 


5 A bag contains four red and two blue marbles. Three marbles are selected simultaneously. 
Determine the probablity that: 
a allare red b only two are red ce at least two are red. 


6 Bag A contains 3 red and 2 white marbles. Bag B contains 4 red and 3 white marbles. 
One marble is randomly selected from A and its colour noted. If it is red, 2 reds are 
added to B. If it is white, 2 whites are added to B. A marble is then selected from B. 
What are the chances that the marble selected from B is white? 


7 A man holds two tickets in a 100-ticket lottery in which there are two winning tickets. 
If no replacement occurs, determine the probability that he will win: 
a both prizes b neither prize c at least one prize. 


8 A container holds 3 red balls, 7 white balls, and 2 black balls. A ball is chosen at 
random from the container and is not replaced. A second ball is then chosen. Find the 
probability of choosing one white and one black ball in any order. 


9 A bag contains 7 yellow and n blue markers. 


The probability of choosing 2 yellow markers, without replacement after the first choice, 


3 How many blue markers are there in the bag? 


INVESTIGATION 6 


“8 When balls enter the “sorting” chamber 
shown they hit a metal rod and may go left 
Sa or right. This movement continues as the 
balls fall from one level of rods to the next. 


The balls finally come to rest in collection 
chambers at the bottom of the sorter. 


is 





This sorter looks very much like a tree diagram rotated 
through 90º. 


Click on the icon to open the simulation. Notice that the sliding bar will alter the 
probabilities of balls going to the left or right at each rod. 


What to do: é 
1 To simulate the results of tossing two coins, o o SIMULATION 
set the bar to 50% and the sorter to show a 


Run the simulation 200 times and repeat this four more times. 
Record each set of results. 
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2 A bag contains 7 blue and 3 red marbles. Two marbles are randomly selected from 
the bag, the first being replaced before the second is drawn. 


Since P(blue) = — = 70%, set the bar to 70%. : 
o e 
The sorter should show: 
Run the simulation a large number of times. Use the results to estimate the probability 
of getting: a two blues b one blue c« no blues. 
3 The tree diagram representation 2nd selection outcome probability 
of the marble selection in 2 is: Ist selection o B BB 2 
a The tree diagram gives ã B Ie 
us theoretical probabilities E a R BR (5) (3) 
for the different outcomes. E B RB (3) (5) | 
Do they agree with To R » 
the experimental results E RO ERA a ; 
obtained in 2? 10 19 


b Write down the algebraic expansion of (a +b)2. 
c Substitute a = 5 and b= & in the (a + b)? expansion. What do you notice? 
& From the bag of 7 blue and 3 red marbles, three marbles are randomly selected with 


replacement. Set the sorter to 3 levels and the bar to 70%. 
Run the simulation a large number of times to obtain experimental estimates of the 
probabilities of getting: 
a three blues b two blues ce one blue d no blues. 
5 a Usea tree diagram showing Ist selection, 2nd selection and 3rd selection to find 
theoretical probabilities of getting the results of 4. 
b Showthat (a+b)º = a? + 3a2b + 3ab? + bê and use this expansion with 
a= — and b= to also check the results of 4 and 5a. 


6 Consider the sampling simulator with the bar at 50% to explain why many distributions 
are symmetrical and bell-shaped. 


G BILITIES 


Consider a die which has 2 red faces and 4 black faces. We roll the die three times and record 
the results. 





If R represents “the result is red” and B represents “the BRR | RBB 
result is black”, the possible outcomes are as shown RBR | BRB 
alongside: RRR | RRB | BBR | BBB 


Notice that the ratio of possible outcomes is 1:3:3:1. 
One outcome is all red. Three outcomes are two red and one black. 
Three outcomes are one red and two black. One outcome is all black. 
Now for cach die, P(R)=5 and P(B)= 5. 


So, for rolling the die 3 times we have the following events and probabilities: 
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te [ua Fico | ca 
E 3 
pas 5 
dd E 
R 
Ro 7 
1 
3 
2 
3 





(5) 
(5) (5 
(5) 
(5) 
(5) 
(5) 
(5) 
(5) 


all black 





Notice that (a) +3 (3) (3) +3 (5) (ay + (5) is the binomial expansion for (5 + a. 


In general, If E is an event with probability p of occurring and its complement E” 
has probability q = 1 —p of occurring, then the probability generator 
for the various outcomes over n independent trials is (p + q)”. 


For example: 


Suppose E 1s the event of a randomly chosen light globe being faulty, with 
P(E) =p = 0.03 and P(E) =q=0.97. 


If four independent samples are taken, the probability generator is (0.03 + 0.97)* 
= (0.03)? + 4(0.03)3(0.97) + 6(0.03)2(0.97)2 + 4(0.03)(0.97)) + (0.97)* 
4 Es 3 Esand1 E 2 Es and 2 E's 1Eand3 E's 4 E's 


Notice that P(E occurs x times and E' occurs n—« times) = (1) pºqr*. 





An archer has a 90% chance of hitting the target with each arrow. If 5 arrows are 
fired, determine the probability generator and hence the chance of hitting the target: 
a twice only b at most 3 times. 





Let H be the event of “hitting the targe?”, so P(H) = 0.9 and P(H') = 01 
The probability generator is (0.9 + 0.1)º 
= (0.9)º + 5(0.9)4(0.1) + 10(0.9)3(0.1)2 + 10(0.9)2(0.1)3 + 5(0.9)(0.1)4 + (0.1) 
5 hits 4 hits and 3 hits and 2 hits and lhitand 5 misses 
1 miss 2 misses 3 misses 4 misses 
Let X be the number of arrows that hit the target. 
a P(hits twice only) b P(hits at most 3 times) 
=P(X=2) =P(X=0,1,20r3) 
= LO(O 9201)" = (0.1)5 + 5(0.9)(0.1)* + 10(0.9)2(0.1)3 + 10(0.9)3(0.1)2 
= 0.0081 x 0.0815 
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A graphics calculator can be used to find binomial probabilities. 
For example, to find the probabilities mn Example 14 use: 


a P(X=2) = binompdf(5, 0.9, 2) b P(X <3) = binomcdf(5, 0.9, 3) 


np ax E 


Use your calculator to check the answers given above. O B 


EXERCISE 18G 


a Expand (p+q). 
b Ifa coin is tossed four times, what is the probability of getting 3 heads? 





a Expand (p+q)º. 


o 


If five coins are tossed simultaneously, what is the probability of getting: 
i 4 heads and 1 tail in any order ii 2 heads and 3 tails 
il 4 heads and 1 tail in that order? 
a Expand (3 +35)! 
Four chocolates are randomly taken (with replacement) from a box which contains 
strawberry creams and almond centres in the ratio 2:1. 
What is the probability of getting: 
i all strawberry creams ii two of each type 
il at least 2 strawberry creams? 
a Expand (2 + 5)5. 
In New Zealand in 1946, coins of value two shillings were of two types: normal 
kiwis and “flat back” kiwis, in the ratio 3 : 1. From a batch of 1946 two shilling 
coins, five were selected at random with replacement. What is the probability that: 
i two were “flat backs” ii at least 3 were “flat backs” 
ill at most 3 were normal kiwis? 


When rifle shooter Huy fires a shot, he hits the target 80% of the time. If Huy fires 4 
shots at the target, determine the probability that he has: 


a 2 hits and 2 misses in any order b at least 2 hits. 


5% of electric light bulbs are defective at manufacture. If 6 bulbs are tested at random 
with each one being replaced before the next is chosen, determine the probability that: 
a two are defective b at least one is defective. 


In a multiple choice test there are 10 questions. Each question has 5 choices, one of 


which is correct. If 70% is the pass mark and Raj (who knows nothing) guesses at each 
answer, determine the probability that he will pass. 


Martina beats Jelena in 2 games out of 3 at tennis. What is the probability that Jelena 
wins a set of tennis 6 games to 47 


Hint: What is the score after 9 games? 


How many ordinary dice are needed for there to be a better than an even chance of at 
least one six when they are thrown together? 
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Venn diagrams are a useful way of representing the events in a sample space. These 
diagrams usually consist of a rectangle which represents the complete sample space or 
universal set, and circles within it which represent particular events. 


Venn diagrams can be used to solve certain types of probability questions and also to establish 
a number of probability laws. 


The Vem diagram alongside shows the sample space 
for rolling a die. 


We can write the universal set U = (1,2,3,4,5,6) 
since the sample space consists of the numbers from 
lto 6. 


The event A is “a number less than 3”. There are two outcomes which satisfy event 4, and 
we can write A = (1, 2). 


SET NOTATION 


o == EA The universal set or sample space U is represented by 











A" (shaded green) is the complement of A (shaded 
purple). 

It represents the non-occurrence of 4. 

Note: P(4) + P(A) =1. 





a rectangle. 
An event 4 is usually represented by a circle. 








E U=[1,2,3,4,5,6,7| and A=(2,4,6) then 4=(1,3,5, Th. 
e ze A reads “xisin 4” and means that x is an element of the set 4. 


e n(4) reads “the number of elements in set 4º. 


e AUB denotes the union of sets 4 and B. This set contains all elements 
belonging to 4 or B or both 4 and B. 


AU B is shaded in purple. 
4 B AUB=(z|zreA or ze B) 
U 


e AMB denotes the intersection of sets 4 and B. This is the set of all elements 
common to both sets. 


(4) ANB is shaded in purple. 
A B a is ue and 
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e Disjoint sets are sets which do not have elements in common. 


These two sets are disjoint. 
() (1) ANB=S where 2 represents an empty set. 
4 B A and B are said to be mutually exclusive. 


U 


Note: We cannot determine whether two or more sets are independent by just looking at a 
Venn diagram. 


Example 15 


If A is the set of all factors of 36 and B is the set of all factors of 54, find: 
a AUB b AnB 


As o gls and as cs 2h 
a AUB = the set of factors of 36 or 54 
SS Ao O is a A, 


b ANB = the set of factors of both 36 and 54 = (1, 2,3, 6,9, 18) 


Example 16 


On separate Venn diagrams 
containing two events A 
and B that intersect, shade 
the region representing: 

a in Abutnotin B 

b neither in À nor B. 


Example 17 


If the Venn diagram alongside illustrates 
the number of people in a sporting club 
who play tennis (7) and hockey (H), 
determine the number of people: 


in the club b who play hockey 
who play both sports d who play neither sport 
who play at least one sport. 


Number in the club b Number who play hockey 
Et ZA 2 OD aÃ SRD Ro 2 0 RO 


Number who play both sports = 27 d Number who play neither sport 


Number who play at least one sport E 


008 
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Example 18 


The Venn diagram alongside represents the set U of all 
children in a class. Each dot represents a student. The 
event E shows all those students with blue eyes. 
Determine the probability that a randomly selected child: 
a has blue eyes b does not have blue eyes. 


ni ENS 


e E 
a  P(blue eyes) = ma 


, 
b P(not blue eyes) = Ss : = de 


or P(not blue) = 1 — P(blue eyes) = 1 — = = = 





Example 19 


In a class of 30 students, 19 study Physics, 17 study Chemistry, and 15 study both 
of these subjects. Display this information on a Venn diagram and hence determine 
the probability that a randomly selected class member studies: 

both subjects b at least one of the subjects 

Physics but not Chemistry d exactly one of the subjects 


neither subject f Chemistry if it is known that the student 
studies Physics. 


Let P represent the event of “studying Physics” 
and C' represent the event of “studying Chemistry”. 
Now a+b=19 (as 19 study Physics) 
b+c=17 (as 17 study Chemistry) 
b=15 (as 15 study both) 
a+b+c+d=30 fas there are 30 in the class) 


DES PRO: 





P(studies at least one subject) 
— 4+15+2 — 7 
30 10 
P(studies exactly one) 


— AD = À 
RO 5 


P(studies neither) P(C given P) 
9 3 = 


= 30 = 10 = = dá 
Jo 7 15+4 7 19 
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EXERCISE 18H.1 


If A is the set of all factors of 6 and B is the set of all positive even integers < 11: 

a describe 4 and B using set notation 

b find: Pi n(A) ii AUB il ANB. 
On separate Venn diagrams containing two events 4 and B that intersect, shade the 
region representing: 

a inÁ b inB ec inboth 4 and B 

d into B e in B butnotin 4 f in exactly one of 4 or B. 


The Venn diagram alongside illustrates the number of 
students in a particular class who study Chemistry (C) 
and History (HM). Determine the number of students: 





a in the class b who study both subjects 
«e who study at least one of the subjects d who only study Chemistry. 


In a survey at an alpine resort, people were 
asked whether they liked skiing (9) or 
snowboarding (B). Use the Venn diagram 
to determine the number of people: 

in the survey 

who liked both activities 

who liked neither activity 





Za co 


who liked exactly one activity. U 


In a class of 40 students, 19 play tennis, 20 play netball, and 8 play neither of these 
sports. A student is randomly chosen from the class. Determine the probability that the 
student: 


a plays tennis b does not play netball 
c plays at least one of the sports | d plays one and only one of the sports 
e plays netball but not tennis f | plays tennis given he or she plays netball. 


50 married men were asked whether they gave their wife flowers or chocolates for their 
last birthday. The results were: 31 gave chocolates, 12 gave flowers, and 5 gave both 
chocolates and flowers. If one of the married men was chosen at random, determine the 
probability that he gave his wife: 

a chocolates or flowers b chocolates but not flowers 

ce neither chocolates nor flowers 

d flowers if it is known that he did not give her chocolates. 


The medical records for a class of 30 children showed that 24 had previously had measles, 
12 had previously had measles and mumps, and 26 had previously had at least one of 
measles or mumps. If one child from the class is selected at random, determine the 
probability that he or she has had: 

a | mumps b | mumps but not measles €c neither mumps nor measles 

d measles if it is known that the child has had mumps. 


If À4 and B are two non-disjoint sets, shade the region of a Vemnn diagram representing: 
a 4 b A4'nB c AUB' d A'nB' 
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9 The diagram alongside is the most general case for 
three events in the same sample space U. 
On separate Venn diagram sketches, shade: 
a Á b B' ce BnC 
d AUC e ANnBNC f (AUB)NC 


U (é 


USING VENN DIAGRAMS TO VERIFY SET IDENTITIES 
Example 20 


Verify that (AUB) = A'NB. 





this shaded region is (AU B) 
this shaded region is (AU B)' 


OSSOS 
E SAD 
SSSLILASÓSSSS 
é o 
Y 

— 


Ss 


Ko 
KSA 
eso: 


SA 
SS 
eso 
Se 


s 

o 
$ 

5% 


represents A 


sz 

Sos 
os 
e 
SS 


$9 
SS 
e 

se 
$ 

See 


YZ E 


$$ 
q 
PESOS OSS as 
DESTES ASSIS DOS OSS SOIS 


<a 
Ka 

SA 

SeS% 


TA Ko 
Ss 
Pd 


A 
SS: 


So 
too 
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Ss 


o, 


Se] 


“ 


represents B' 


1% 
Sos 
SS 
Rã 


Sã 
sie 

sã 

SR 


So 
od 
Sd 
teses 


ESA 
oeiso 
Ss 
So 


SS Sos 
“atadas 

SS 

SS 








SS 
SS 


Es represents AU der 


SDS 


Sa 
So 


Thus (AUB) and A'NB” are represented by the same regions, verifying 
that (AUS) = AMIB: 





EXERCISE 18H.2 


1 Verify that: 
a (ANB)/ =A'UB' 
b AU(BNC) =(AUB)N(AUC) 
c AN(BUC) =(ANB)U(ANC) 
2 Suppose S=(zx: x isa positive integer < 100). 
Let A= (multiplesof7inS) and B = (multiples of 5 in Sh. 


a How many elements are thereim: | Al Bill ANB iv AUB? 


b If n(E) represents the number of elements in set E, verify that 
n(AUB) =n(A) + n(B) — n(AN B). 


A B 
a+b 
F the Vem di , P(A)=>————. 
|) rom the Vemn diagram, P(A) E E 


d 


a Use the Vemn diagram to find: 
i P(B) ii P(AandB) ii P(4AorB) iv P(A) + P(B) — P(A and B) 
b What is the comection between P(A or B) and P(A) + P(B) — P(A and B)? 
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THE ADDITION LAW 


In the previous exercise we showed that 


ROBABILITY 





for two events A and B, P(AUB) = P(4) + P(B) — P(AN B). 
This is known as the addition law of probability, and can be written as 
P(either 4 or B) = P(A) + P(B) — P(both 4 and B). 


Example 21 


If P(A) =0.6, P(AUB)=0.7 and P(ANB)=0.3, find P(B). 


Eee co crian CO; 
0.7 = 0.6 + P(B) — 0.3 
P(B p= A 
Using a Venn diagram with the probabilities on it, 
o EO 06 and a+b+0.3 = 0.7 
à w=08 RR ADE ATA 
OS ab A 
PB) = 03:00=04 RAR OR ORI 








MUTUALLY EXCLUSIVE EVENTS (DISJOINT EVENTS) 


If A and B are mutually exclusive events then P(ANB)=0 
and so the addition law becomes P(AUB) = P(A) + P(B). 


Example 22 


A box of chocolates contains 6 with hard centres (H) and 12 with soft centres (9). 
Are the events H and S mutually exclusive? 
Find à P(H) ii P(S) ii P(HNS) iv P(HUS). 


Chocolates cannot have both a hard and a soft centre. 
H and S are mutually exclusive. 





CONDITIONAL PROBABILITY 


If we have two events 4 and B, then 


A|B is used to represent that *A occurs knowing that B has occurred”. 
A|B is often read as “A given Bº. 
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Example 23 


In a class of 25 students, 14 like pizza and 16 like iced coffee. One student likes 


neither and 6 students like both. One student is randomly selected from the class. 
What is the probability that the student: 


a likes pizza b likes pizza given that he or she likes iced coffee? 


The Venn diagram of the situation is shown. 
a P(pizza) = (of the 25 students, 14 like pizza) 
b P(pizza| iced coffee) = É 
fof the 16 who like iced coffee, 6 like pizza) 





If 4 and Bare events then | Proof: P(A | B) 


bo 

—b+c 
b(a+b+e-+ad) 

(b+c)(a+b+c+d) 

— P(ANB) 

— PB) 


P(ANB) 


e 


(Venn diagram) 





It follows that BAMBI =P(A| BJB(B) ot PAMB)= PEJAIDA) 
ELA! 


In a class of 40 students, 34 like bananas, 22 like pineapples, and 2 dislike both 
fruits. If a student is randomly selected, find the probability that the student: 

a likes both fruits b likes at least one fruit 

c likes bananas given that he or she likes pineapples 

d dislikes pincapples given that he or she likes bananas. 


B represents students who like bananas. 
P represents students who like pineapples. 
We are given that a+b=34 
b+c=22 
OO Ci 
c=38-34 andso b=18 
e! and a=16 


a  P(likesboth) b  P(likesatleastone) «e P(B|P) d P(P'|B) 


= 18 — 38 18 16 
40 = 40 22 34 
ao 2 
20 1 
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Example 25 


Bin A contains 3 red and 2 white tickets. Bin B contains 4 red and 1 white ticket. 
A die with 4 faces marked A and two faces marked B is rolled and used to select 
bin À or B. A ticket is then selected from this bin. Determine the probability that: 
a the ticket is red b the ticket was chosen from B given it is red. 


bin ticket 


- x - fpath(1) + path 


co ole 


FR) E 
a PBR) 


W Eee dog 
P(R) 
à -— path) 





EXERCISE 181 


1 In a group of 50 students, 40 study Mathematics, 32 study Physics, and each student 
studies at least one of these subjects. 
a Use a Vem diagram to find how many students study both subjects. 
b Ifa student from this group is randomly selected, find the probability that he or she: 
i studies Mathematics but not Physics 
il studies Physics given that he or she studies Mathematics. 


2 Ina group of 40 boys, 23 have dark hair, 18 have brown eyes, and 26 have dark hair, 
brown eyes or both. One of the boys is selected at random. Determine the probability 


that he has: 
a dark hair and brown eyes b neither dark hair nor brown eyes 
c dark hair but not brown eyes d brown eyes given that he has dark hair. 


3 50 students go bushwalking. 23 get sunburnt, 22 get 
bitten by ants, and 5 are both sunburnt and bitten 
by ants. Determine the probability that a randomly 
selected student: 

a escaped being bitten 
was either bitten or sunburnt 





b 
ce was neither bitten nor sunburmt 

d was bitten, given that he or she was sunburnt 
e was sunburnt, given that he or she was not bitten. 


& 400 families were surveyed. It was found that 90% had a TV set and 60% had a 
computer. Every family had at least one of these items. If one of these families is 
randomly selected, find the probability it has a TV set given that it has a computer. 


10 


11 


12 


13 
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In a certain town three newspapers are published. 20% of the population read 4, 16% 
read B, 14% read C, 8% read 4 and B, 5% read À and C, 4% read B and C, and 
2% read all 3 newspapers. A person is selected at random. Use a Venn diagram to help 
determine the probability that the person reads: 

a none of the papers b at least one of the papers c exactly one of the papers 

d either A or B e À, given that the person reads at least one paper 

f CC, given that the person reads either 4 or B or both. 


Um A contains 2 red and 3 blue marbles, and urn B contains 4 red and 1 blue marble. 
Peter selects an um by tossing a coin, and takes a marble from that urn. 

a Determine the probability that it is red. 

b Given that the marble is red, what is the probability that it came from B? 


The probability that Greta's mother takes her shopping is à. When Greta goes shopping 
with her mother she gets an icecream 70% of the time. When Greta does not go shopping 
with her mother she gets an icecream 30% of the time. 
Determine the probability that: 

a Greta's mother buys her an icecream when shopping. 

b Greta went shopping with her mother, given that her mother buys her an icecream. 


On a given day, photocopier A has a 10% chance of malfunctioning and machine B has 
a 7% chance of the same. Given that at least one of the machines malfunctioned today, 
what is the chance that machine B malfunctioned”? 


On any day, the probability that a boy eats his prepared lunch is 0.5. The probability 
that his sister cats her lunch is 0.6. The probability that the girl eats her lunch given that 
the boy eats his is 0.9. Determine the probability that: 

a both eat their lunch b the boy cats his lunch given that the girl cats hers 

c at least one of them eats lunch. 


The probability that a randomly selected person has cancer is 0.02. The probability that 

he or she reacts positively to a test which detects cancer is 0.95 if he or she has cancer, 

and 0.03 if he or she does not. Determine the probability that a randomly tested person: 
a reacts positively b has cancer given that he or she reacts positively. 


A double-headed, a double-tailed, and an ordinary coin are placed im a tin can. One of 
the coins is randomly chosen without identifying it. The coin is tossed and falls “heads”. 
Determine the probability that the com is the “double-header”. 


The English Premier League consists of 20 teams. Tottenham is currently in 8th place 
on the table. It has 20% chance of winning and 60% chance of losing against any team 
placed above it. If a team is placed below it, Tottenham has a 50% chance of winning 
and a 30% chance of losing. Find the probability that Tottenham will draw its next game. 


If events 4 and B are not mutually exclusive, P(AUB) = P(A) + P(B) — P(ANB). 


Use a Venn diagram to find a corresponding rule for P(AUBUC) where 4, B and 
C are not mutually exclusive. 
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NDENT EVENTS 


A and B are independent events if the occurrence of each one of them 
does not affect the probability that the other occurs, 


ie, P(A|B)=P(4) and P(B| 4) = P(B). 





So,as P(ANB)=P(A| B)P(B), 
A and B are independent events <& P(ANB) = P(A)P(B). 


Example 26 


When two coins are tossed, A is the event of getting 2 heads. When a die is rolled, 
B is the event of getting a 5 or 6. Show that 4 and B are independent events. 


and P(B) = 2. Therefore, P(4) P(B) 


6 
P(ANB) 
= P(2 heads and a 5 or a 6) 


BH BM GA TI Bion 


So, as P(ANB) = P(A) P(B), the events 4 and B are independent. 


Example 27 


P(A) = > RB 5 and P(AUB) =p. Find p if: 


a Aand B are mutually exclusive b Aand B are independent. 
a JfAand Bare mutually exclusive ANB=S andso P(ANB)=0 
But Pis POA Rs PA) 
Do O 
b If 4 and B are independent, P(ANB) = P(A)P(B) 
P(AUB)=5+5-—& andhence p= 


Example 28 


Given P(A)=$, P(B|A)=5 and P(B|A)=4 find: 
a P(B) b P(ANB) 





P(BN 4) 
P(A) 


Similariy, P(BMNA) = P(B | ADPA = + x ê E + 


P(B|4)= so PMBNA)=PMB|APMA=5x5=% 
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the Venn 
A 


diagram is: ú 





EXERCISE 18) 
1 If P(R)=0.4, P(S) = 0.5 and P(RUS) = 0.7, are R and S independent events? 


21º P(4)=ê P(B)=5 and P(AUB)=5, find: 
a P(ANB) b P(B]|4) c P(A|B) 
Are 4 and B independent events? 
3 If P(X) = 0.5, P(Y) = 0.7 and X and Y are independent events, determine the 
probability of the occurrence of: 


a both X andY b XorY ce neither X nor Y 
d X butnotY e X given that Y occurs. 
4 The probabilities that A, B and C can solve a particular problem are Ê, 5 and > 


respectively. If they all try, determine the probability that at least one of the group 
solves the problem. 


5 a Find the probability of getting at least one six when a die is rolled 3 times. 
b Ifa die is rolled n times, find the smallest n such that 
P(at least one 6 in n throws) > 99%. 


6 Aand B are independent events. Prove that 4' and B” are also independent events. 


7 “Two students, Karl and Hanna, play a game in which they take it in turns to select a 
card, with replacement, from a well-shuffled pack of 52 playing cards. The first person 
to select an ace wins the game. Karl has the first turn. 


a À Find the probability that Karl wins on his third turn. 
ii Show that the probability that Karl wins prior to his (n + 1)th tum is 
13 (1 — (12y2m) 
25 13 
iii Hence, find the probability that Karl wins the game. 


b Tf Karl and Hanna play this game seven times, find the probability that Karl will 
win more games than Hanna. 


8 Giventhat P(ANB)=0.1 and P(ANB) =0.4, find P(AUB”) ifAand B 
are independent. 


9 Given P(C)= 5%, P(C|D)=% and P(C|D)= E, 
a find à PD) à P(CUD). 


b Are C and D independent events? Give a reason for your answer. 
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10 A delirious man stands on the edge of a cliff and takes random steps either towards or 
away from the cliff's edge. 
The probability of him stepping away from the edge is Ê, and towards the edge is à. 


Find the probability he does not step over the cliff in his first four steps. 





Permutations and combinations can sometimes be used to find probabilities of various events. 
They are particularly useful 1f the sample size is large. It is useful to remember that: 


number of possibilities with the required properties of the event 


P(an event) = 
( ) total number of unrestricted possibilities 


For example: Suppose we select at random a team of 7 players from a squad of 8 boys 
and 7 girls. The total number of unrestricted possibilities is (1) since we 
are choosing Y of the 15 available players. 

The number of possibilities with the property of “4 boys and 3 girls” 


is (o) (4) since we want any 4 of the 8 boys and any 3 of the 7 girls. 


do = CG) 6) 
P(4 boys and 3 girls) = 550. 
(7) 
The biggest difficulty in probability problems involving permutations or combinations seems 
to be in sorting out which to use. 


Remember: e permutations involve the ordering of objects or things, whereas 
e combinations involve selections such as committees or teams. 


Example 29 







From a squad of 13 which includes 4 brothers, a team of 7 is randomly selected 
by drawing names from a hat. Determine the probability that the team contains: 
a all the brothers b at least 2 of the brothers. 





There are (1?) different teams of 7 that can be chosen from 13 people. 





a Of these teams, (4) (o) contain all 4 brothers and any 3 others. 
(9 (3 
(7) 
b P(at least 2 brothers) = P(2 brothers or 3 brothers or 4 brothers) 
Solta. (a) (5) 
13 13 
(7) (7) (5) 


= 0.783 


= 0.0490 





P(team contains all the brothers) = 
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Example 30 


5 letters U, S, T, I, N are placed at random in a row. 
What is the probability that the word UNITS is spelled out? 


There are 5! different permutations of the letters, one of which spells UNITS. 
P(UNITS is spelled) = 


Notice that counting permutations is not essential here. We could have used: 


P(UNITS) = ix ixixixi=5 





ais 120 
5 to choose from now 4 are left 


and we want only U and we want N 





EXERCISE 18K 


1 A committee of 4 is chosen from 11 people by random selection. What is the chance 
that sisters X and Y are on the committee? 


2 4 alphabet blocks D, 4, I and S are placed at random in a row. What is the likelihood 
that they spell out either AIDS or SAID? 


3 A team of” is randomly chosen from a squad of 12. Determine the probability that both 
the captain and vice-captain are chosen. 


4 Of the 22 people on board a plane, 3 are professional golfers. If the plane crashes and 
4 people are killed, determine the chance that all three golfers survive. 


5 5 boys sit at random on 5 seats in a row. Determine the probability that the two friends 
Keong and James sit: a at the ends of the row b together. 


6 A committee of 5 is randomly selected from 9 men and 7 women. Determine the 
likelihood that it consists of: 


a allmen b at least 3 men c at least one of each sex. 


7 6 people including friends A, B and C are randomly seated on a row of 6 chairs. 
Determine the likelihood that A, B and C are seated together. 


8 A school committee of 7 is to be chosen at random from 11 senior students and 3 junior 
students. Find the probability that: 
a only senior students are chosen 
b all three junior students are chosen. 
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E $' THEOREM 


Suppose a sample space U is partitioned into two mutually exclusive regions by an event À 
and its complement 4”. 





We can show this on a Vemn diagram as 


A! 
or A A! 
U U 


Now consider another event B in the sample space U. We can show this on a Venn diagram as 





É 
U U 
Bayes” theorem states that P(A Bj “a 


where P(B) = P(B| 4) P(A) + P(B | 4”) P(A). 


Proof: P(A|B)= o = DE 


where P(B)=P(BNA)+P(BNA) 
=P(B| 4) P(4) + P(B | 49 P(A? 






A can contains 4 blue and 2 green marbles. One marble is randomly drawn from the 
can without replacement and its colour is noted. A second marble is then drawn. 
What is the probability that: 


a the second marble is blue 






b the first was green given that the second is blue? 






Let 4 be the event that the 


first marble is green. 5 E 
Let B be the event that the E A 
second marble is blue. 6 a B' 
: 3 —s 
mb 
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a —P(second marble is blue) b P(first was green | second is blue) 
E CR 
SS B(s DA PÇA O POB RARA 
EA ) (A) ( ) : ) “PB 4) P(A) Res re 
= o Cp va es ER 
-4 a 





= [using a) 





EXERCISE 18L 


1 


Coffee making machines Alpha and Beta produce coffee in identically shaped plastic 
cups. Alpha produces 65% of the coffee sold each day, and Beta produces the remainder. 
Alpha underfills a cup 4% of the time while Beta underfills a cup 5% of the time. 


a Ifa cup of coffee is chosen at random, what is the probability it is underfilled? 


b A cup of coffee is randomly chosen and is found to be underfilled. What is the 
probability it came from Alpha? 


54% of the students at a university are females. 8% of the male students are colour-blind 
and 2% of the female students are colour-blind. If a randomly chosen student: 


a is colour-blind, find the probability that the student is male 
b is not colour-blind, find the probability that the student is female. 


A marble is randomly chosen from a can containing 3 red and 5 blue marbles. It is 
replaced by two marbles of the other colour. Another marble is then randomly chosen 
from the can. If the marbles chosen are the same colour, what is the probability that 
they are both blue? 


35% of the animals in a deer herd carry the TPC gene. 58% of these deer also carry the 
SD gene, while 23% of the deer without the TPC gene carry the SD gene. If a deer is 
randomly chosen and is found to carry the SD gene, what is the probability it does not 
carry the TPC gene? 


A new blood test has been shown to be effective in the early detection of a form of 
cancer. The probability that the test correctly identifies someone with the cancer is 0.97, 
and the probability that the test correctly identifies someone without the cancer is 0.93. 
Approximately 0.1% of the general population are known to contract this cancer. 


A patient had a blood test and the test results were positive for the cancer. Find the 
probability that the patient actually had the cancer. 


A man drives his car to work 80% of the time; otherwise he rides his bicycle. When he 
rides his bicycle to work he is late 25% of the time, whereas when he drives his car to 
work he is late 15% of the time. On a particular day, the man arrives on time. Find the 
probability that he rode his bicycle to work on that day. 


The probabilities that Hiran's mother and father will be alive in one year”s time are 0.99 
and 0.98 respectively. What is the probability that if only one of them is alive im 12 
months, it is his mother? 
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8 A manufacturer produces drink bottles. He uses 2 machines which produce 60% and 
40% of the bottles respectively. 3% of the bottles made by the first machine are defective 
and 5% of the bottles made by the second machine are defective. What is the probability 
that a defective bottle came from: 

a the first machine b the second machine? 


9 E Suppose a sample space U is partitioned into three by the 


mutually exclusive events 4,, A, and As as shown in the 
Venn diagram. 


y The sample space also contains another event B. 


a Show that P(B) = P(B| A;) P(A;) + P(B| 45) P(A5) + P(B | 43) P(A3). 
b Hence show that Bayes” theorem for the case of three partitions is 


P(A; | B) = aa ie (1,23) where P(B) =LP(B LA) P(A). 


10 A printer has three presses A, B and C which print 30%, 40% and 30% of daily production 
respectively. Due to the age of the machines and other problems, the presses cannot be 
used 3%, 5% and 7% of the day, respectively. 

a What is the probability that a randomly 
chosen press is in use? 

b Ifa randomly chosen machine is in use, what 
is the probability it is press A? 





ce Ifa randomly chosen machine is not in use, 
what is the probability it is either A or C? 


11 12% of the over-60 population of Agento have lung cancer. Of those with lung cancer, 
50% were heavy smokers, 40% were moderate smokers, and 10% were non-smokers. Of 
those without lung cancer, 5% were heavy smokers, 15% were moderate smokers, and 
80% were non-smokers. If a member of the over-60 population of Agento is chosen at 
random, what is the probability that: 


a the person was a heavy smoker 
b the person has lung cancer given the person was a moderate smoker 
€ the person has lung cancer given the person was a non-smoker? 


NAMIBIA 


1 List the different orders in which 4 people A, B, C and D could line up. If they line 
up at random, determine the probability that: 


a AisnexttoC b there is exactly one person between A and C. 
2 A coin is tossed and a square spinner labelled A, B, C, D, is twirled. Determine the 
probability of obtaining: 
a a head and consonant b atailandC c atailora vowel. 
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A class contains 25 students. 13 play tennis, 14 play volleyball, and 1 plays neither of 
these sports. If a student is randomly selected from the class, determine the probability 
that the student: 

a plays both tennis and volleyball b plays at least one of these sports 

c plays volleyball given that he or she does not play tennis. 


Niklas and Rolf play tennis with the winner being the first to win two sets. Niklas has 
a 40% chance of beating Rolf in any set. Draw a tree diagram showing the possible 
outcomes and hence determine the probability that Niklas will win the match. 


The probability that a man will be alive in 25 years is Ê, and the probability that his 
wife will be alive is õ. Determine the probability that in 25 years: 


a bothwillbealive b atleastone willbe alive e only the wife will be alive. 


Each time Mae and Ravi play chess, Mae has probability - of winning. If they play 
5 games, determine the probability that: 
a Mae wins 3 of the games b Mae wins either 4 or 5 of the games. 


If I buy 4 tickets in a 500 ticket lottery, determine the probability that I win: 
a the first 3 prizes b at least one of the first 3 prizes. 


A school photocopier has a 95% chance of working on any particular day. Find the 
probability that it will be working on at least one of the next two days. 


A team of five is randomly chosen from six doctors and four dentists. Determine the 
likelihood that it consists of: a alldoctors lb at least two doctors. 


3 girls and 3 boys sit at random on 6 seats in a row. Determine the probability that: 
a they alternate with girls sitting between boys b the girls are seated together. 


The students in a school are all vaccinated 
against measles. 48% of the students are 
males, of whom 16% have an allergic reaction 
to the vaccine. 35% of the girls also have 
an allergic reaction. If a student is randomly 
chosen from the school, what is the probability 
that the student: 


a has an allergic reaction 





b is female given that a reaction occurs? 








Systematically list the possible sexes of a 4-child family. Hence determine the prob- 
ability that a randomly selected 4-child family consists of two children of each sex. 


In a group of 40 students, 22 study Economics, 25 study Law, and 3 study neither of 
these subjects. Determine the probability that a randomly chosen student studies: 


a both Economics and Law b at least one of these subjects 
«e Economics given that he or she studies Law. 
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A bag contains 3 red, 4 yellow and 5 blue marbles. Two marbles are randomly selected 
from the bag without replacement. What is the probability that: 


a both are blue b both are the same colour 
€ at least one is red d exactly one is yellow? 
What is meant by: a independent events b disjoint events? 


On any one day it could rain with 25% chance and be windy with 36% chance. Draw 
a tree diagram showing the possibilities with regard to wind and rain on a particular 
day. Hence determine the probability that on a particular day there will be: 

a rain and wind b rain or wind. 


A, Band C have 10%, 20% and 30% chance of independently solving a certain maths 
problem. If they all try independently of one another, what is the probability that this 
group will solve the problem? 


Jon goes cycling on three random mornings of each week. When he goes cycling he 
has eggs for breakfast 70% of the time. When he does not go cycling he has eggs for 
breakfast 25% of the time. Determine the probability that he: 


a has eggs for breakfast lb goes cycling given that he has eggs for breakfast. 
a Expand (É Ea 2 
b A tin contains 20 pens of which 12 have blue ink. Four pens are randomly 
selected (with replacement) from the tin. What is the probability that: 
i two of them have blue ink il at most two have blue ink? 


X plays Y at table tennis and from past experience wins 3 sets in every 5 played. 
If they play 6 sets, write down the probability generator and hence determine the 
probability that a Ywins3ofthem b Y wins at least 5 of them. 


With every attempt, Jack has an 80% chance 
of kicking a goal. In one quarter of a match 
he has 5 kicks for goal. 
Determine the probability that he scores: 

a 3 goals then misses twice 

b 3 goals and misses twice. 








In a certain class, 91% of the students passed Mathematics and 88% of the students 
passed Chemistry. 85% of students passed both Mathematics and Chemistry. 
a Show that the events of passing Mathematics and passing Chemistry are not 
independent. 
b A randomly selected student passed Chemistry. Find the probability that this 
student did not pass Mathematics. 
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A group of ten students included three from year 12 and four from year 11. The 
principal called a meeting with five of the group, and randomly selected students to 
attend. Calculate the probability that exactly two year 12 and two year 11 students 
were called to the meeting. 


Given P(Y) = 0.35 and P(XUY) = 0.8, and that X and Y are independent 
events, find: 


a P(X) 
b the probability that X occurs or Y occurs, but not both X and Y. 


A person with a university degree has a 0.33 chance of getting an executive position. 
A person without a university degree has a 0.17 chance of the same. If 78% of all 
applicants for an executive position have a university degree, find the probability that 
the successful applicant does not have one. 

Given POC [MS eOM)=S and KX Quis 2) find BOM: 

All of the 28 boys in an Australian school class play either Australian Rules football 
or soccer. 13 of the boys are migrants and 9 of these 13 play soccer. Of the remaining 
15 boys, 4 play soccer. A boy is selected at random and plays Australian rules. Find 
the probability that he is a migrant. 


The probability that a particular salesman will leave his sunglasses behind in any store 


-. Suppose the salesman visits two stores in succession and leaves his sunglasses 


behind in one of them. What is the probability that the salesman left his sunglasses 
in the first store? 


is 


How many tosses of a fair coin are necessary to have a better than even chance of 
getting at least four heads? 


An ur contains three red balls and six blue balls. 


a A ballis drawn at random and found to be blue. What is the probability that a 
second draw with no replacement will also produce a blue ball? 


b Two balls are drawn without replacement and the second is found to be red. 
What is the probability that the first ball was also red? 


c Based on the toss of a coin, either a red ball or a blue ball is added to the urn. 
Given that a random draw now produces a blue ball, what is the probability the 
added ball was i red ii blue? 


Using a 52 card pack, a “perfect” poker hand contains 10, J, Q, K, A of one suit. 
What is the probability of dealing: 


a a “perfect” poker hand in any order 
b a “perfect” poker hand in the order 10, J, Q, K, A? 


With each pregnancy a particular woman will give birth to either a single baby or 
twins. There is a 15% chance of having twins during each pregnancy. If after 2 
pregnancies she has given birth to 3 children, what is the probability she had twins 
first? 
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REVIEW SET 18D 


10 


a What is meant by saying that two events are independent? 
b If 4 and B are independent events, prove that 4 and B” are also independent. 
Two coins A and B are tossed and the probability of a “match” (either two heads or 


two tails) is >. Prove that at least one of the coins is unbiased. 


a If Fa pri Vere DO EI al ORI RS 


prove that a + 1) = (=) (2) Ro) where P(0) Do 


Dt m=5 and p=. use alo ind P(O PD, BO Pis). 





A and B are independent events where P(A) =0.8 and P(B) = 0.65. 
Determine: a P(AUB) b P(4|B) c P(4'| B') d P(B|4). 


An unbiased coin is tossed n times. Find the smallest value of mn for which the 
probability of getting at least two heads is greater than 99%. 


The independent probabilities that 3 components of a TV set will need replacing within 


one year are 5» = and 5 respectively. Calculate the probability that there will need 


to be a replacement of: 
a at least one component within a year b exactly one component within a year. 


When Peter plays John at tennis, the probability that Peter wins his service game is p 
and the probability that John wins his service game is q where p>q, p+q>1. 
Which is more likely: 

A Peter will win at least two consecutive games out of 3 when he serves first 

B Peter will win at least two consecutive games out of 3 when John serves first? 


Four different numbers are randomly chosen ffom S=(1,2,3,4,5,.... 10). 
X is the second largest of the numbers selected. 
Determine the probability that X is: a 2 b 7 c 9. 


Two different numbers were chosen at random from the digits 1 to 9 inclusive and it 
was observed that their sum was even. Determine the probability that both numbers 
were odd. 


A dart thrower has a one in three chance of hitting the correct number with any 
throw. He throws 5 darts at the board and X is the number of successful hits. Find 
the probability generator for X, and hence calculate the probability of him scoring 
an odd number of successful hits given that he has at least two successful hits. 


The diagram alongside shows an electrical a 
circuit with switches. The probability that any A B 
switch is open is 5. Determine the probability o 
that the current flows from A to B. 
One letter is randomly selected from each of the names JONES, PETERS and 
EVANS. 

a Determine the probability that the three letters are the same. 


b What is the likelihood that only two of the letters are the same? 





Introduction to 
calculus 


e Contents: A Limits 
: B Finding asymptotes using 
limits 
€ Trigonometric limits 
D Calculation of areas under 


curves 
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Calculus is a major branch of mathematics which builds on algebra, trigonometry, and analytic 
geometry. It has widespread applications in science, engineering, and financial mathematics. 


The study of calculus is divided into two fields, differential calculus and integral calculus, 
both of which we will study in this course. These fields are linked by the Fundamental 
theorem of calculus which we will study in Chapter 24. 


HISTORICAL NOTE 


Calculus is a Latin word 





| meaning “pebble”. Ancient dd Bica j RES O Má ser Er 
Romans used stones for 1$Em a era o pes 

: - hos [Mc DR | Ea | 
counting. quo, à às do A DA QUI ta 
. : À ves a ma + = Bs Gamma! 
The history of calculus begins with the vn 3 ru tips 2.5 
Egyptian Moscow papyrus from about tz fa a DE=j==n 
1850 BC. Its study continued in Egypt usada s; = ada 

m 


before being taken up by the Greek iiváo 


F. 
sã e is Jade ge 
mathematician Archimedes of Syracuse. canas juri 


[EJA io 
a a Sec 


ao Flies? 


ara. —  Mdazio 
ei aa é Yi ditha 










It was further developed through the 
centuries by mathematicians of many 
nations. 





Two of the most important contributors 
were Gottfried Wilhelm Leibniz and 
Sir Isaac Newton who independently 
developed the fundamental theorem of 
calculus. 





The idea of a limit is essential to differential calculus. We will see that it is necessary for 
finding the slope of a tangent to a curve at any point on the curve. 


Consider the following table of values for f(x)=x? in the vicinity of x = 2. 





ESB RIO 19997 199990 2700017 | 27001 ZON ai 


Te [56755601 [ 500500 [56060 [1500 [ato odor [ar 5 





Notice that as « approaches 2 from the left, then f(x) approaches 4 from below. 


Likewise, as x approaches 2 from the right, then f(x) approaches 4 from above. 


We say that as x approaches 2 from either direction, f(x) approaches a limit of 4, and write 


lim 72 =4. 


ap 
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INFORMAL DEFINITION OF A LIMIT 


The following definition of a limit is informal but adequate for the purposes of this course: 
If f(x) can be made as close as we like to some real number 4 by making x sufficiently 
close to a, we say that f(x) approaches a limit of A as x approaches a, and we write 


lim BE 


We also say that as x approaches a, f(x) converges to 4. 


Notice that we have not used the value of f(x) when x =a, ie., f(a). This is very 
important to the concept of limits. 


5 E : o Ea À 
For example, if f(x) = iai and we wish to find the limit as x — 0, it is tempting 
g 


for us to simply substitute «x = O into f(a). 
Not only do we get the meaningless value of o but also we destroy the basic limit method. 


=b+2 if 20 
is undefined if x = 0. 


5x + q? 





Observe that if f(x) = then f(x) 


f(x) has the graph shown. 

It is the straight line y = x+5 with the point (0, 5) 
missing, called a point of discontinuity of the function. 
However, even though this point is missing, the limit 


of f(x) as « approaches 0 does exist. In particular, 
as « — 0 from either direction, f(x) > 5. 








Example 1 


Evaluate: 





a «2 can be made as close as we like to 4 by making x sufficiently 








close to 2. 
lim 72 =4 
22 
5a + a? RO CLARO O Berg? 
b ; á Ea lim 
E; is undefined if x = 0. E) ED 
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RULES FOR LIMITS 


If f(x) and g(x) are functions and c is a constant: 


e lime e 


== GU 


e lmcf(o)=e Jim (a) 








o lim ie) ota = hm fim lim o(r) 


e lim [f(e)g(a)] = lim f(2) x lim g(a) 


e lim dao lim f(x) + lim g(x) provided lim g(x) £0 


z>a g(x) T>a 


Use these rules to evaluate: 





a lim (x +2)(2 — 1) b lim 


a Asrw53, 14255 and v-152 
lim (v+2)(x —1)=5x2=10 
So, as 2>3, (x+2)(x— 1) converges to 10. 


BRA Sd E 





ERRO 
ie 
>] — 2 =| 
ne 
So, as v>1, converges to —3. 











LIMITS AT INFINITY 


We can use the idea of limits to discuss the behaviour of functions for extreme values of x. 


We write z> 00 to mean when x gets as large as we like and positive, 


and x -—s-—o tomean when x gets as large as we like and negative. 


22 


We read x — co as “x tends to plus infinity” and «x — —oo as “x tends to minus infinity”. 


Notice thatas z>00, I<r<rxê<gr)<.... 


É 1 j x 
lim —=0, lim — =0, and so on. 
t>oo TI t>o00 
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Evaluate the following limits: 





573 












































2 nm 
a lim in b lim EE Omi O 
DOOR Z— 00 ll E x2 
. 2x +83 E 2x + 3 
a hi or lim 
T—00 =— E OCR = 
2++ — fdividing each term = tm (o D+8+3 
= lim —— in both numerator and Z—00 v—4 
A je denominator by x) oi 
E = lim [Di 
2) Z>00 EA; 
RT fas 2z>00, — 50 
z . ; 
4 =2 (since lim “5 =0) 
Do and RR Ok arAo 
b E)» x — 3x +2 
dim, 1-—- 2x2 SE Fe 1- 2x2 
2 2 ; pad DD 
l-—+ 5 (dividing each = dim. e 
SR pag 
gps o —22-D+30-3 
q2 ir ; 
=. fas 2z>00, — 50, 
—1 L = 1 pH) 
2 E as RE x2-—1 
= —1 = = (0), and oi = 0) 
z z 
=—1 (since lim &=2 =0) 
EXERCISE 19A 
1 Evaluate the limits: 
a lim (a + 4) b lim | (5 — 2x) c lim (3x — 1) 
d lim52-32+2 e lim h(1-h) E gn 
252 h=>0 2>—1 x2 +1 
4 E =i8 
gs lim(12+5) h lim — Po lim À E 
z>0 5-2 1 20 x 
2h2 + 6h o hê-8h o q-sz 
I h>0 h ' na h asi x2-—1 
mo É x2 — 9x ci q —x—6 o Li 2x2 — 50 
23 124 253 72-52 +46 25 372 + 132 — 10 
| q — 1 E Zº — 8 ; 372 +57 —-2 
im im im —————— 
P z>1 x2 e, q 22 2x — 4 2>—2 x2 — 2x — 8 
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1 
2 Examine lim -. 
t>00 T 
3 Evaluate: 
— 2 1-2 
a lim E b lim ç c lim = 
2 2 3 
R Tv +83 . x — dx +4 ; x — 8 
d ui xv2-1 é aa qr +7-1 f dim 3x) +72 —-82x—4 





LIMITS 


Rational functions are functions of the form — where f(x), g(x) are polynomials. 
gta 

Rational functions are characterised by the existence of asymptotes which may be vertical, 

horizontal, or oblique. 


An oblique asymptote is neither horizontal nor vertical. 
We can investigate the asymptotes of a function by using limits. 


2x +83 
v—4 





Consider the function fix 


Clearly the domain of fis: (zxeR, zZ4) or zxE|-00,4[U |4,00]. 
1 There is a vertical asymptote (VA) at x =4. 


To discuss the behaviour near the VA, we find what happens to f(x) as vu > 4 
from the left and right. 
a 
r 


e Henceas v>4 (left), f(x) >-—oo 4 
q > 4 (right), f(x) > +oo. 


e First we draw a sign diagram of f(a). 





tolo -— 
ay 


This describes the behaviour of the graph of f(x) nearthe VA x =4. 


2 Is there another type of asymptote? 











27+3 Mr-4)+11 11 

N = = =2 : 
mr dO) t—4 q —4 ed 
1 

e As zx>+o, f(x) —2 (above) (as E O from above) 
11 

e As v>o00, f(x) — 2 (below) (as Ee O from below) 
= 


Hence, there is a horizontal asymptote (HA) at y = 2. 


This horizontal asymptote corresponds to the answer in Example 3 part a. 
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Example 4 


: 2-3 2 : 
Find any asymptotes of the function f: x E and discuss the 
— 
behaviour of f(x) near these asymptotes. 


E 
We notice that f(x) = a ma eb provided x1. 


So, there is a point discontinuity at x =1. 
Also, when x =—1, f(x) is undefined. (dividing by zeroh 
This indicates that x = —1 is a vertical asymptote. 


The sign diagram for f(x) is: 


As v> —1 (left), f(x) > —oo. 
As vx> —1 (right), f(x) —> +oo. E 
g=-—1 1savVA. 


For mA fla)j- 








(a 2) EoR2 (ea 


l+Í v+1 v+1 


3 
f(x) > —1 (above) as ER O andis >0. 
e 





3 : 
g>-—oo, f(x) > —l (below) as E O andis <0. 
Ra 


HA is y=—1 (see Example 3 part b) 





Example 5 
nn EP Ud 


Determine all asymptotes and discuss the behaviour of f(x) = EEE 
2 + 


near its asymptotes. 


First consider the quadratic denominator. Its discriminant is negative so it is 
positive for all x. .. no VAs exist. 
For other asymptotes we need to carry out the division. 
E 
q +2+2 | 12 +22 +4 


4-2 
2? + q? + 2x Hence, o) =7-+ pa 
ESA a ecl a 





4— 2x 
+27 +2 

4— 2x 
gv +27 +2 


>0 andis<0, so f(x) > x from below. 





>0 andis>0, so f(x) > x from above. 


So, we have the oblique asymptote (OA) y=a. 
Check this result by sketching the function on your GDC. 
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Example 6 















For each of the following, determine all asymptotes and discuss the behaviour of the 
graph near these asymptotes: 


ad de b y=In(xê—- 9x) 


a The domainis |-0c0,00] orR, and so no VA exists. 
As 1>00, y> 3 (below). fas —4"? <0 and dim Aee =D] 
Às £>-00, y-— —oo. 
So, we havea HA of y=3. 


b To find the domain we notice that In(xê — 9x) is defined only when 


q —9r > 0 
v(x2 —-9) > 0 
a(x+3)(x—3)>0 
Now a(z+3)(a —3) has sign diagram: a 
the domain is: ]-3,0[U]3,00[ 


NS gi 3 (od, == 





As 2x>0 (left) y—>-—oco. 







Check the asymptotes 


A 3 (right —00. 
E en by sketching the graph. 





ASTOR) ROO 





EXERCISE 19B 


1 For each of the following, determine all asymptotes and discuss the behaviour of the 
graph near its asymptotes: 











ros Ras 

c W=5000- O, >0 d = 

é fjaçãs is 
suo h fa)=em 

Do y=e+-lng i fHa)=er-Te +12 
à ess 1000 


1 1+2e- 01% 
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INVESTIGATION 1 





“O sin 0 
2 This investigation examines 0 when Q is close to O and O is in radians. 





We consider this ratio graphically, numerically, and geometrically. 


What to do: 
sin 6 


1 Show that f(0) = DE is an even function. What does this mean graphically? 


À snô . -  sinô E 
2 Sines = is even we need only examine Rg for positive 0. 
: sin 0 
a What is the value of 2 when 68 = 0? 
sin O É ESOGE pi hi GRAPHING 
or —S <0< 5 using a graphics 


0 2 PACKAGE 
calculator or graphing package. 


b Graph y= 





in O 
snô 





c Explain why the graph indicates that lim 


3 Copy and complete the given table, using your calculator: 


Extend your table to include negative 
values of O which approach 0. 


& Explain why the area of the 
shaded segmentis A = 5r2(0 — sin 0). 





Indicate how to use the given figure and the shaded 
area to show that, if O is im radians and 60 > 0, then 
E sind 
Ca 








dl 





; as sin : 
5 Repeat the above investigation to find dim Ea ne degrees rather than radians. 


converges to 1. 


Theorem: If0isinradians, then lim Sae = 1, ie, as 06>0, ae 


IH P(cos0,sind) | Suppose P(cos 6, sin 0) lies on the unit circle in the 


CO first quadrant. 


PQ is drawn perpendicular to the x-axis, and are QR 
x with centre O is drawn. Now, 


area of sector OQR < area AOQP 
5(00)? x 0 < 5(OQ)UPQ) 





area sector OTP 
>(0T? x 0 


INN 
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59 cos2 6 < 5 cosBsind < 56 
sin 6 1 
0 * cos0 








cos0 < (dividing throughout by 59 cos 0, which > 0) 


q 
Nowas 6>0, both cos6>1 and —— 51 
cos 6 





in 0 
as 0 O (right), a 
sind. . sin 0 
But “A is an even function, so as O — O (left), E 1 also. 
in 0 
Thus lim >> =. 
650 


0 
Note: We have established the behaviour of — 





as 0 — O from both the right and 


sin 6 





the left before concluding the value of dim This is very important when we 


—=>0 


deduce limits. 


Example 7 


fas 9>0, 30 > 0 also) 





EXERCISE 19€ 








7 Find: 
sin 20 tan 
lh b lim — li 
E 250 0 850 sin O E 650 0 
in 0 sin 40 sin (2) cosh 
d lim a e lim ada f lim nsin (27) 
[a 0) 02 h=>0 h n—00 lj 


2 A circle contains n congruent isosceles triangles, all with 
apex O and with base vertices on the circle as shown. 
a Explain why the sum of the areas of the triangles 
is Sn = nr2sin (2). 
b Find lim S, i geometrically 
n—=00 
il algebraically. 
ce What can be deduced from b? 
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3 a Showthat cos(A+ B) — cos(A— B) = —2sin AsinB. 
b IF44+B=Sand A-B = D, showthat cosS-—cos D = —2sin (2) sin (SB). 


hn) — 
e Hence find lim contrai) co 


Consider the function f(x) = 12 +1. 


h>0 h 


We wish to estimate the area 4 enclosed by 
y= f(x), the x-axis, and the vertical lines 
g=1l and v=4. 


Suppose we divide the x-interval into three strips 
of width 1 unit as shown. 


The diagram alongside shows upper rectangles, 
which are rectangles with top edges at the 
maximum value of the curve on that interval. 


The area of the upper rectangles, 
Av=1Ixf(2) + 1x f(3) + 1x f(4) 
=5+10+17 
= 32 units? 


The next diagram shows lower rectangles, which 
are rectangles with top edges at the minimum 
value of the curve on that interval. 


The area of the lower rectangles, 
Ar=Ixf(1) + 1x f(2) + 1x f(3) 
=2+5+10 
= 17 units? 

















Now clearly 4, < A< Ay, sotherequired area lies between 17 units? and 32 units2. 


1 


Ifthe interval 1< x <4 was divided into 6 equal intervals, each of length 5, then 


Au =51(15) + 5/(2) + 5/25) + 5108) + 


=(2+5+2+10+ 8417) 
= 07875 units” 


and Ar = 5f(1) + 5$(15) + 5f(2) + 5f(25) + 


= (2 +1245+2 +10+ 28) 
= 20.975 units 


31(35) + 5F(4) 


31(3) + 5$(35) 
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From this refinement we conclude that the required area lies between 20.375 and 27.875 
units”. 
As we create more subdivisions, the estimates 4, and Ay will become more and more 


accurate. In fact, as the subdivision width is reduced further and further, both A, and Ay 
will converge to 4. 


Example 8 


A car travels at the speed of v(t) = 100 — —— kmh”! away from a city. 


The time t is the number of hours after the car leaves the city. 
Sketch a graph of the speed against time. 
Estimate the distance the car has travelled after 4 hours. 
Explain how you could obtain a better estimate for the distance in b. 





The graph shows that the function 


50 
v(t) = 100 — SEIT is increasing. 
50 
As t —— 
SER sa 





a HA is v = 100. 


b Since distance travelled = speed x time, the distance travelled is the area 
enclosed by v(t), the t-axis, and the vertical lines t=0 and t=4. 
We estimate the distance travelled by dividing the interval into four subdivisions 
and then using upper and lower rectangles. 





Av=IxuD)+Ixu)+HIxu(3)+I1x v(4) 


Ra ld OA SHOUT <976 2 1 X98 9 Fx 994 
























ES SEO 
y 1 2 3 4 
Av 
100 cscisd 
97.6 | 98.9] 99.4 Ar=Ixuw0)+Iixul)+Ixvu(2)+1xv(3) 
o =1x504+1x917+1x97.6+1x 98.9 
t = 338.2 
4 > 


Now Ay < distance travelled < Ay, so the distance travelled is between 
338.2 km and 387.6 km. 


A good estimate might be the average of the distances, 


2 
A ELSE O, 263 km 
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We could obtain a better estimate by using more subdivisions. 


For example, for the case of 8 subdivisions we have: 

















4. : 
a better estimate would be A= SARA de ES O aim 





EXERCISE 19D.1 


1 Attime t=0 hours a car starts from Port Wakefield, a distance of 95 km from Adelaide, 
and travels with speed given by  v(t) = 50 + 50e7* kmh”! towards Adelaide. 

a Sketch a graph of the speed of the car for O<t<1. 

b What are the maximum and minimum speeds of the car for O<t< 12 

ce Show that the distance d of the car from Adelaide after one hour is less than 27 km. 

d By dividing the time of travel into 2 half hour intervals, estimate the distance of the 
car from Adelaide after 1 hour of travel. 

e Improve the estimate you made in d by considering 4 time intervals of a quarter of 
an hour each. 


2 When items are sold, we say the marginal profit is the profit on the sale of each item. 
The marginal profit usually increases as the number of articles sold increases. 
Suppose that the marginal profit of selling the nth house is p(n) = 200n — n? dollars. 
a Sketch a graph of the marginal profit for O <n < 100. 
b Show that the total profit for selling 100 houses is less than $1 000 000. 
ce By considering the maximum and minimum marginal profit of the first 50 and the 
second 50 houses sold, estimate the profit made for selling 100 houses. 
d Improve the estimate you have made in c by considering four equal intervals. 
e Suggest a way of finding the exact profit made by selling 100 houses. 


USING TECHNOLOGY 


By subdividing the horizontal axis into small enough intervals, we can in theory find estimates 
for the area under a curve which are as close as we like to the actual value. 


We illustrate this process by estimating the area 4 between the graph of y = x? and the 
x-axis for |O<x<1. 


This example is of historical interest. Archimedes (287 - 212 BC) found the exact area. In an 
article that contains 24 propositions he developed the essential theory of what is now known 
as integral calculus. 
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Consider f(x) =x? and divide the interval 0 <a <1 into 4 equal subdivisions. 





Ar =20/+ 16) +206/ +) and Ag = 500" + ato) O ala 
x 0.219 = 0.469 


o : 1 

Now suppose there are n subdivisions, each of width —. AREA 
n 

FINDER 


We can use technology to help calculate Ar and Ay for 
large values of n. 


software or instructions for the procedure on a graphics 
calculator. 


Click on the appropriate icon to access our area finder O õ 


























The following table summarises the results you 


should obtain for n = 4, 10, 25 and 50. | Average 
0.343 75 
0.28500 | 0.38500 | 0.33500 


0.31360 | 0.35360 | 0.333 60 
0.32340 | 0.34340 | 0.33340 





The exact value of A is in fact 5. Notice how both Ar and Ar are converging to this value 
as n increases. 


EXERCISE 19D.2 


1 Use rectangles to find lower and upper sums for the area between the graph of y= 
and the x-axis for 1I< v<2. Use n = 10, 25, 50, 100 and 500. 
Give your answers to 4 decimal places. 


2 


As n gets larger, both Ar and Ay converge to the same number which is a simple 
fraction. What is it? 


2 Use rectangles to find lower and upper sums for the areas between the graphs of each 
of the following functions and the x-axis for O<x<1. 
Use values of mn = 5, 10, 50, 100, 500, 1000 and 10000. 
Give your answer to 5 decimal places in each case. 
1h 1 
a igy=-x ii = ii y=z” iv y=2 
b For each case in a, Ar and Ay converge to the same number which is a simple 
fraction. What fractions are they? 
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ce On the basis of your answer to b, conjecture what the area between the graph of 
y=a” and the x-axis for )O< x < 1 might be for any number a > 0. 


3 Consider the quarter circle of centre (0, 0) 
and radius 2 units illustrated. 


Its area is (full circle of radius 2) 


jm BI 


x 7x2? 





= TN 


a By calculating the areas of lower and upper rectangles for mn = 10, 50, 100, 200, 
1000, 10000, find rational bounds for 7. 


b Archimedes found the famous approximation 30 <T< 35. 


For what value of n is your estimate for 7 better than that of Archimedes? 


THE DEFINITE INTEGRAL 


Consider the lower and upper rectangle sums for a function which is positive and increasing 
on the interval [a, b]. 









































dê : od É b— a 
We divide [a, b] into n subdivisions of width dx = 
x v=f0) E v=f0) 
«+ >= -< > 
q XXX Xy-2 | Ê * a XX Xs Xa-2 À : x 
Xo Xa-1 Xy Xo Xa-1 Xy 


Since the function is increasing, 


Ar =óxf(xo)+ 6x f(x1) + 6x f(xo) +... + 6x f(xn-2) + 62x f(xn-) 


and Ay =óxf(x,)+óa f(xo) + da f(xs) +... + 62 f(xn-1) + dx f(xn) 
=D feio 


1=1 


Notice that Av — Ar = 6x (f(xn) — f(x0)) 


E “(o — a) (1(b) — f(a)) 
lim (Ay — AL) =0 


lim Ar = lim Ay 


n—00 n—00 


since Ar < A< Ay, lim 4,=A=lm Ay 


n—00 n—00 
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This fact is true for all positive continuous functions on the interval [a, b]. 


The value 4 is known as the “definite integral of f(x) from a to b”, written 
b 
A -[ f(x) dz. y v=f(9) 


If f(x)>0 foralxe[a,b], then 





b 
/ f(x) da is the shaded area. 


HISTORICAL NOTE 


The word integration means “to put together into a whole”. An integral is 
3) the “whole” produced from integration, since the areas f(x;) x óx of the 
thin rectangular strips are put together into one whole area. 


The symbol nú is called an integral sign. In the time of Newton and Leibniz it was the 


stretched out letter s, but it is no longer part of the alphabet. 


Example 9 


il 


Sketch the graph of y = «x! for 0 < x < 1. Shade the area described by / gº dz. 
0 


Use technology to calculate the lower and upper rectangle sums for n equal 
subdivisions where n = 5, 10, 50, 100 and 500. 


1 
Use the information in b to find / x“ de to 2 significant figures. 
0 





ce Whenn = 500, Ar= Ay = 0.20, to 2 significant figures. 


1 1 
since Ar < |! x de < Ay, 1! 2! dr = 0.20 (258f) 
0 o 
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2 1 
Use graphical evidence and j 
a 2 19d b TE 
known area facts to find: 5 (Qu + 1) dz v1-z2dz 


he em folia 


= shaded area 
= (288) x2 


6 


b W y=v1-x? then y)=1-xº andso xº+y!=1 which is the 
equation of the unit circle. y=v1—- «2 is the upper half. 


lo vV1- w2dz 
= shaded area 


(ur) nste = 1 


EXERCISE 19D.3 
1 a Sketchthegraphof y=vz for O<r<1. 


1 
Shade the area described by E vz dz. 
0 
b Find the lower and upper rectangle sums for n = 5, 10, 50, 100 and 500. 


1 
ce Use the information in b to find , vz dz to 2 significant figures. 
0 


2 a Sketchthegraphof y=vl+ax? andthe x-axisfor O<r< 2. 
Find the lower and upper rectangle sums for n = 50, 100, 500. 


2 
ce What is your best estimate for / vV1 + da? 
0 


3 Use graphical evidence and known area facts to find: 


a [ara b f.e-eas c fi vicaas 
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INVESTIGATION 2 


«A 


É The integral K 
ao X 


31 ue 
e *? dx is of considerable interest to statisticians. 


2a In this investigation we shall estimate the value of this integral using upper 


and lower rectangular sums for mn = 4500. 


This value of n is too large for most calculators to handle in a single list, so we will 
perform it in sections. 


What to do: pri 
E g 


2 
Sketchthe graphof y=e * for -3<1<3. 


Calculate the upper and lower rectangular sums for the three intervals 0<x<l, 
ISS? cul PSD usa = 50 fo cada, 


Combine the upper rectangular sums and the lower rectangular sums you found in 2 
to obtain an upper and lower rectangular sum for )< rx <3 for n= 2250. 
2 
de 
Use the fact that the function y = e ” is symmetric to find upper and lower 
rectangular sums for —-3<x<0 for n= 2250. 


3 2 
: a are 
Use your results of 3 and 4 to find an estimate for e da. FINDER 


How accurate is your estimate? E “” 


Compare your estimate in 5 with v27. 


Naa 


3 


Evaluate the limits: 











BRR | 3x2 — 12 — 2 
a lim E b im e c lim E 
eo; 2>-2 5x2 + 10x z—>4 v—4 
RR no» Ri 
el po a — dl e Eee g2—1 ' Ao 272 —4 


Find any asymptotes of the following functions and discuss the behaviour of the graph 
near them: 


2 
— 2 
a pa a BR c y=In(x2+3) 
Rasa 

ct ES e y=z+HIn(2x-—3) f zolIn(-2)+2 

Find: 
- sin40 A 20 
a lim 





im —— c lim nsin(£ 
0=0 0 650 sin 30 n>00 E 
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h a Sketch the region between the curve y = and the x-axis for O< x <1. 


4 
1+422 
Divide the interval into 5 equal parts and display the 5 upper and lower rectangles. 


b Find the lower and upper rectangle sums for mn = 5, 50, 100 and 500. 
1 





€ Give your best estimate for j dx and compare this answer with 7. 


0 q? 

5 The rate at which drugs are eliminated from the 
body is called the clearance rate. The clearance 
rate depends on the individual person as well as 
the amount of drugs present. 
Suppose that in a healthy adult the clearance 
rate r(t) of 110 mg of caffeine (about one cup 
of coffee) is given by r(t) = 25e*-2% mgh”!, 
where t is the number of hours after which the 
caffeine is taken. 


a Sketch the graph of r(t) for O<t<4. 


b Show that 4 hours after the intake of 110 mg of caffeine, the amount of caffeine 
left in the body is between 10 and 70 mg. 





« By considering the maximum and minimum clearance for each hour, estimate the 
amount of caffeine left in the body 4 hours after an intake of 110 mg. 


d Suggest a way of improving the accuracy of your estimate in €. 


kY sin (b 
Recon ni 
h=>0 h 


State any assumptions made in finding your answer. 
7 a Showthat sin(A+B) —sin(A-— B) = 2cos Asin B. 
b If A+B=S and A-B=D, show that 


sn S — sin D = 2 cos (52) sin (SP). 





sin(a + h) — sina 


c Hence, find lim 
h>50 h 


il 
8 a Sketchthe graph of the function f(x)=-— for 2<r<6. 
aj 


b Find the maximum and minimum value of f(x)=— for 2<r<o6. 
z 


Use these values to show that the area between the graph of f(x) and the x-axis 
for 2<x<6 lies between 5 and 2. 
c Divide the interval 2 < x < 6 into4 smaller intervals of equal length. By 


considering the smallest and the largest values of f on each of these subdivisions, 
find an estimate for the area between the graph of f and the x-axis for 2< x < 6. 


d Suggest a way of improving the accuracy of your estimate in €. 
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9 Consider the graph of f(x) = e”. 


a Sketch the graphof y= f(x) for O<r<2. 
2 


b Find upper and lower bounds for / e” dx using upper and lower rectangles 
with 8 subdivisions. a 


« Use technology to find, correct to 4 significant figures, upper and lower bounds 


2 
for / e” de when n= 100. 
0 


























10 The graphof y = f(x) is illustrated: 17] | Aselmidircle 
Evaluate the following using area interpretation: 2 / 
4 6 ; 
a 1! flo) da b / Pl) da [a 4 Tg a 
0 4 
y 






































11 Prove that for O in radians: 








in 6 
a one lim 
80 0 
- sinô 
b 0<0 => lim =1 also. 
90 0 
€ the area of the shaded segment is given by 


s:; ar2(0 — sin 6). 


d Use c to give geometric evidence that a is true. 


a Use four upper and lower rectangles to 
find rationals 4 and B such that: 


2 
A<[ (4- 2x2) da < B. 
0 


b Hence, find a good estimate of 


/ (eo de 


13 a Sketchthegraphof rrsin2z for zelo, 7). 





x 
b Hence, show that sin?r = 3 by considering triangle and trapezium 


approximations. 





Differential calculus 


Contents: 





Qonmo awps 


The derivative function 
Derivatives at a given x-value 
Simple rules of differentiation 
The chain rule 

Product and quotient rules 
Tangents and normals 
Higher derivatives 


Review set 20A 
Review set 20B 
Review set 20C 
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In the previous chapter we discussed how the topic of calculus is divided into two fields: 
differential calculus and integral calculus. In this chapter we begin to examine differential 
calculus and how it relates to rate problems and the slope of curves. 


HISTORICAL NOTE É 


The topic of differential calculus originated in the 17th century with the 

É) work of Sir Isaac Newton and Gottfried Wilhelm Leibniz. These 

mathematicians developed the necessary theory while attempting to find 

algebraic methods for solving 
problems dealing with: 


e the slopes of tangents to 
curves at any point on the 
curve, and 


e finding the rate of change 
in one variable with respect 
to another. 





E REZA 
Isaac Newton 1642 — 1727 Gottfried Leibniz 1646 — 1716 


RATES OF CHANGE 


A rate is a comparison between two quantities with different units. 


We often judge performances by using rates. For example: 
e Sir Donald Bradman's batting rate at Test cricket level was 99.94 runs per innings. 
e Michael Jordan's basketball scoring rate was 20.0 points per game. 
e  Rangi's typing speed is 63 words per minute with an error rate of 2.3 errors per page. 


Speed is a commonly used rate. It is the rate of change in distance per unit of time. We are 
familiar with the formula 


distance travelled 


average speed — 
EEE time taken 


However, if a car has an average speed of 60 kmh”! for a journey, it does not mean that the 
car travels at exactly 60 kmh”1 the whole time. 


distance travelled 


In fact, the speed will probably vary continuously 
throughout the journey. So, how can we calculate 
the car”s speed at any particular time? 


Suppose we are given a graph of the car's 
distance travelled against time taken. If this graph 
is a straight line then we know the speed is 
constant and is given by the slope of the line. time 
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If the graph is a curve, then the car's instantaneous 
speed is given by the slope of the tangent to the curve 
at that time. 


distance travelled 









: distance 


time 
THE TANGENT TO A CURVE 
A chord or secant of a curve is a straight line segment which Ss E 
joins any two points on the curve. 
The slope of the chord [AB] measures the average rate of change chord 
of the function for the given change in x-values. (secant) R 
A tangent is a straight line which touches a curve at a point. É 


The slope of the tangent at point A measures the instantaneous 
rate of change of the function at point A. 


In the limit as B approaches A, the slope of the chord [AB] 
will be the slope of the tangent at A. 


AE UA 
ir 
Ba Given a curve f(a:), how can we find the 


ON 


tangent 


slope of the tangent at the point (a, f(a))? 


For example, the point A(1, 1) lies on the 
curve f(x) = «2. What is the slope of 
the tangent at A? DEMO 





What to do: 
1 Suppose Blieson f(x) =x? andB 
has coordinates (x, x?). 
a Show that the chord [AB] has slope 
— fa 2-1 
OO a 


E | Ee 


b Copy and complete: 





2 Comment on the slope of [AB] as x gets 
closer to 1. 

3 Repeat the process as x gets closer to 1, but 
from the left of A. 

& Click on the icon to view a demonstration 
of the process. 





5 What do you suspect is the slope of the 
tangent at A? 
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Fortunately we do not have to use a graph and table of values each time we wish to find the 
slope of a tangent. Instead we can use an algebraic and geometric approach which involves 
limits. 





LIMIT ARGUMENT 
2 
From the investigation, the slope of [AB] = E - 
= 
I)(zx —1 
slope of [AB] = (tur ot) =w+1 provided that «1 
e 







In the limit as B approaches A, x — 1 and 
the slope of [AB] — the slope of the tangent at A. 
So, the slope of the tangent at the point A is 


p= 
= lim As B approaches A, 
251 7-1 the slope of [AB] 
approaches or 
converges to 2. 


m 





Em 


For a non-linear function with equation y = f(x), 
slopes of tangents at various points continually change. 


Our task is to determine a slope function so that when 
we replace x by some value a then we will be able to 
find the slope of the tangent at x = a. 


























Lhj— 
The chord [AB] has slope = Re) 
cth—s 
— Heth) = Hx) 
à . 
If we now let B approach A, then the slope of 
iefp [AB] approaches the slope of the tangent at A. 
E Fá x x+h x 


So, the slope of the tangent at the variable point (x, f(a:)) is the limiting value of 


de Es Ao as h approaches 0, or lim des iio) 
h h=>0 h 
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This formula gives the slope for any value of the variable x. Since there is only one value 
of the slope for each value of x, the formula is actually a function. 


The slope function, also known as the derived function or derivative function or 
simply the derivative is defined as fz + h) — f(x) 
de lim e ER 


We read the derivative function as “eff dashed x”. 


This investigation can be done by graphics calculator or by clicking on the 
icon to open the demonstration. The idea is to find the slopes at various points 
on a simple curve and use these to predict the slope function for the curve. 


What to do: 
1 Use a graphical argument to explain why: 
a if f(x)=c wherecisa constant, then f(x) =0 





b if f(x)=maz+c where m and c are constants, then f(x) =m. 


2 Consider f(x)=x2. Find f(x) for x =1,2,3,4,5, 6 using technology. 


Predict f(x) from your results. 
CALCULUS 


3 Use technology and modelling techniques to find f(x) for: DEMO 


) 
a fr) Bm € foi 
d fu) e fo)=a f im=vi=a 


4 Use the results of 3 to complete the following: 
Ri e pen 


x 


= 
À 


For more complicated functions the method presented in the investigation cannot be used to 
find the slope function. 


To find the slope function f(x) for a general function f(x), we need to evaluate the limit 


Ha +h)— Ha) 
; 


lim 


ia We call this the method of first principles. 









F'(x) = im Ha A h) E f(x) 
Use the definition of f'(x) to find h=>0 h 


the slope function of f(x) = x2. 















2042 
E (zx+h)— 

h>0 h 

E Ono ha 
Dr a 

h>0 h 


DO MA) 
= qu A 


jas AO) 


2, 
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3.6) [A 


Find, from first principles, f(x) if f(x) = — 


If fa) = 


fash>0, v+h>a) 


Find, from first principles, the slope function of f(x) = vz. 


E flo) =vE, 10) = lim Let ÃO 


Ei das vVEth-vz 


h>0 





= lim 
h>0 


(es Ro 











a ir 
h=>0 h(vVz+h+vT) 
h>50 Mv'x +h 
1 


 VErvE 

















EXERCISE 20A 
1 Find, from first principles, the slope function of f(x) where f(x) is: 
a z b 5 c x d q! 
Reminder: (a+b) = a? + 3a2b + 3ab? + bê 
(a + b)! = a! + 40º%b + 6a2b? + 4ab? + b! 
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2 Find, from first principles, f(x) given that f(x) is: 
a 21+5 b q2-3% ce xº)-27243 


3 Find, from first principles, the derivative of f(x) where f(x) is: 


1 1 é 1 1 
Z+2 2x —1 q? x 








4 Find, from first principles, the derivative of f(x) equal to: 
1 


a vx+2 b — c v2x41 
e 


5 Using the results from the questions above, copy and complete: 





| Function | Derivative (in form ka”) 





3 
ay 
ne Use your table to predict a formula 
e for f(x) where f(x) =x” and 
o n is rational. 
x? 
zo 
5 il -5 
E a 
Ra 





6 Using first principles, prove that: “if f(r)=a” then f(x)=na””! forneZt”. 


Suppose we are given a function f(x) and asked to 
find its derivative at the point where x = a. This 
is actually the slope of the tangent to the curve at 
z=a, which we write as f'(a). 





p=f() 






“== tangent at a 
There are two methods for finding f'(a) using first 


principles: > point of contact 


The first method is to start with the definition of the 
slope function. 





-«t | a e 
2. eba) 
, es: 
Since f(x) =lim E 
ne 
we can simply substitute x =a to give f'(a) =lim dons to E 
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The second method is to consider two points on the graph of y = f(x), a fixed point 

A(a, f(a)) and a variable point B(x, f(x). 

The slope of chord [AB] = ESA 
x—a 

In the limit as B approaches A, zx>a 

and the slope of chord [AB| — slope of 

the tangent at A. 


Fa) = tim LO-IO, 


t>a z-—a 








tangent at A with slope f'(a) 


f(x) — (a) 


Thus f'(a) = lim 
e>a > a 


is an alternative definition for the slope of the 
tangentat x =—a. 


Note: The slope of the tangent at x = a is defined as the slope of the curve at the 
point where x = a, and is the instantaneous rate of change in y with respect 
to x at that point. 


Find, from first principles, the slope of the tangent to: 
a Dc Sa p=) by=-3-z-r at x=-1 


a (2) = lim = here q DOR 


Da | 
oh E 
f(2) = lim o 





[e 
te 








DIFFERENTIAL CALCULUS (Chapter 20) 597 


Example 5 


Find, from first principles, the derivative of: 


a => avr Db 9-2 


E 








2-2 
= ir (2 à) 5 (2x is the LCD of 2 and 5) 
x 


T=>2 RR) 2 
| NS ROD lol Ns ; . 
ED é ? 
253 Dale — 2) (Do not “multiply out” the denominator since we 


need to find and cancel the common factor.) 


E 2x(2—2), fas E sê 2 


where f(—1) = ala = = 


b Jf(-1) = lim 1) 53 


221 , 3 
lim | 
£2>—1 x + il 


De ho) 
= lm [ED Í)x>D— 
2-1 g+1 2(x +3) 


2(22—1)+3(2+3) 


tOjto 

















O GE GE) 
E oO Ra 
E o GESGES) 
E fo A 
2>—1 2(2 + D(x+3) 
e en 
5-1 2(24+T(a + 3) 
eta 
2(2) 


EIN 
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Example 6 


Find, using first principles, the instantaneous rate of change in y= vz at 2=9. 





fla)=vz and f9)=v9=3 


O) 
N (9) = lim —>————— 
ow f(9)=lim 
NG 
, fi 
o LO=Im 
dd RR [treating « — 9 as the difference 
SÉ Reo (Vz+3)(y/z-=3)1  oftwo squares, x 7 9) 
1 


543 
il 


6 


the instantaneous rate of change in y=vz at x=9 is 


Example 7 
“tim fit) = fo) 


Use the first principles formula f'(a) lim h 


to find: 
a theslopeofthe tangentto f(x)=arl+2r at x=5 


4 
b the instantaneous rate of change of f(x)=-— at x=-3 
ie 





5S+h)-— f(5 
a fo=lm Aa LER (5 Ros os 
(64h +26+h)=35 
— lim > ÊÇET eee 
h>0 h 
E mr 
= lim 
h>0 h 
Da CA 
nr h 
“Hh+12) 
— lim 7 
h>0 H, 
ID? 








fas h0) 


the slope of the tangentat rx =5 is 12. 


DR 
RO 


4 4 

—— + 

E ESEsTAnS 
jo ( h 


where f(-3)= £ = -—$ 
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Rede n E 
a (= 3) 


h>0 h 3(h — 3) 
oc 
a DE) 


4h 
h50 3h — 3) pass 


the instantaneous rate of change in f(x) at «= 3 is —à. 





EXERCISE 20B 


Questions 1, 2 and 3 may be done using either of the two methods given. 


1 Find, from first principles, the slope of the tangent to: 











a fig)=l-g a 4=2 b f(r)=272 +57 at v=-1 
é tim)=b-mº q 2=3 d Ff(x)=32+5 at v=-—2 
2 Find, from first principles, the derivative of: 
4 
a f(lxr)=— at v=2 b it = à b==2 
x x 
1 4x 
c Hy)= = at q=4 d -— at E=2 
42 +1 3x 
e == at 2=5 f fe) = 241 at v=-—4 


3 Find, from first principles, the instantaneous rate of change in: 


2 
a vzatr=4 b yrzata=4 € o Es d vz-6atxr=10 
x 


h) = 
4 Use the first principles formula f'(a) = lim EAR 


to find: 
a theslope ofthe tangentto f(r)=72+31-4 at x=3 
b the slope of the tangentto f(xr)=5-2x-372 at v=-2 

1 


c the instantaneous rate of change in f(x) = ES 
e 


at v= —2 


1 
d theslopeofthetangentto f(r)=— at 7x=3 
z 


e the instantaneous rate of change in f(x)= vz at v=4 


; É 1 
f the instantaneous rate of change in f(r)=-= at v=1 


ao 


5 Using fa) = Jim (et t) = Ja) find: à f(2D) for flo)=r 
= b f(3) for Ha)=a! 
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Differentiation is the process of finding a derivative or slope function. 
From questions 5 and 6 in Exercise 20A you should have discovered that if f(x) = «” 
then fm)=na”!, 


There are other rules which can be used to differentiate more complicated functions without 
having to resort to the tedious method of first principles. We will discover some of these 
rules in the following investigation. 


INVESTIGATION 3 


S 
In this investigation we attempt to differentiate functions of the form cx” 








where c is a constant, and functions which are a sum (or difference) of terms 
of the form cx”. 


What to do: 
1 Find, from first principles, the derivatives of: 
a 49º b 2x2 c 5yz 
2 Compare your results with the derivatives of x2, x? and ,/x obtained earlier. 
Copy and complete: Es tea Athena dj 


3 Use first principles to find f'(x) for: 
a fr)=-e Ho bo fgj=2" 2x 


hi) Use Ito copy and complete; “CH fiz) u(o) Pol) then fi 


You should have discovered the following rules for differentiating functions: 


c (a constant) 0 differentiating a constant 


ge mat differentiating x” 


cu(x) cum) constant times a function 


u(x) +u(x) | u(x)+v'(x) addition rule 





Each of these rules can be proved using the first limit definition of f(x). For example: 


e If f(x) =cu(x) wherecisa constantthen f(x) = cu'(x). 


Proof: F'(e) = lim a 
-“t cu(x + h) — cu(x) 
RO io co oo 
E u(x + h) — u(x) 
o na e | h | 
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co u(x+Hh) —u(zx) 
=clm >> 
h=>0 h 


= cu'(s) 


e If flx)=u(z)+v(x) then f(x)=u(zx)+v'(x) 











Proof: Fis) = lim Math) da) “) — Ha) 
o (uz+Hh)+ov(z+h)— u(x) + v(x)] 
E (nato taot o tdo toted) 
o (uz+Hh)— u(a) +u(a +h) — u(x) 
o ( h ) 
= Tm u(x + h) — u(x) ud v(a + h) — v(x) 
h=0 h h=0 h 
=u(x)+vov'(x) 


Using the rules we have now developed we can differentiate sums of powers of x. 
For example, if f(x)=3r!+2xº - 57247746 then 


fa) = 388 + 280 SBB +70 = 12 +62 -107+7 


Example 8 


4 É) 
Find f(x) for f(x) equal to: as o oba E = E 


no DS )=10-+5 
+ f(x) = 5(322) + 6(2x) — 3(1) 


ER RR 
=15724+12x-3 


o q) A Cia 
RA 9x” * 
os 


x2 gs 





= T+ 


Example 9 


4 
Find the slope function of f(x) =x? — — and hence find the slope of the 
E 


tangent to the function at the point where x = 2. 





4 
f(x) = 2º — — o f(x)=22x-4(-1772) Now f(2)=44+1=5, 
E 
e =9x +44”? So, the tangent has slope 
a of 5. 
=21+ > 





x2 
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Example 10 
2 4 
Find the slope function of f(x) where f(x) is: a 3/x+- b 2x2- E 
z 
2 1 1 
a flx)=3/1+-—-=32772 42071 f(x) =3(Gu 2) + 2(—107?) 
= Sp-ã — 277? 
no 
"2a 2? 
4 1 
b da fila) = 2x — 4(-1w-2) 
=92+27 
2 
E 
Mo 








ALTERNATIVE NOTATION 
If we are given a function f(x) then f'(x) represents the derivative function. 


j . d 
If we are given y in terms of x then y' or are commonly used to represent the 
z 





derivative. 
dy e 22 cc a . a 2 
Note: o a reads “dee y by dee x” or “the derivative of y with respect to x”. 
z 
dy . à 
E is not a fraction. 
da 
d(..... nt : 
o ( 1 ) reads “the derivative of (....) with respect to x”. 
x 


A d Ee du 
The notation td stems from the fact that the slope function is found by considering 


ó : . 
dim, = where óy and óx are small changes in y and x respectively. 
T— x 


Example 11 


E y=327º 4x, find E and interpret its meaning. 
e Tp g 


d 
u= Se da, 6-4. 
“o 


is: e the slope function or derivative of y = 372 — 4x from which the 
slope at any point can be found 


e the instantaneous rate of change in y as x changes. 
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EXERCISE 20€ 
1 Find f(x) given that f(x) is: 
a x b 2x ce Ta? 
d v4z e 4-27º? f v2+32-5 
3x — 6 
g vw4+374+4r-1 h 5x! — 6x? i E 
x 
22-33 o os 
i 5 k | ———— 
a x x 
1 
m VE n (2x = 1º o (x + 2 
d 
2 Find 2 for: 
dz 
1 
a y=210)-T772-1 b y=77? Cc y=>5 
5x? 
d y=100x e y=10(x+1) f y=4772 
3 Differentiate with respect to x: 
a 6r+2 b xyz c (5-2) 
6x? — 9x? 1 
& Find the slope of the tangent to: 
8 
= 2 = — E 
a y=xº atr=2 b == atr =9 
ã 27º — 5 
c y=2r*-324+7T atra=—1 d y= atr =2 
x 
x 3-47-8 
e y=Ê E atr=4 f y=""5— atr=—1 
a 
5 Find the slope function of f(x) where f(x) is: 
2 
4 5 3 
e ——5 f 3x2 — ——— h 2x-— 
VT ae 4 E Ê TT 


6 a If y=47- . find u and interpret its meaning. 
b The position of a car moving along a straight road is given by S = 2t2+4t metres 
where t is the time in seconds. Find a and interpret its meaning. 
e The cost of producing x toasters each week is given by 


C = 1785 + 3x + 0.002x2 dollars. Find - and interpret its meaning. 
x 
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In Chapter 1 we defined the composite of two functions f and gas f(g(x)). 





We can often write complicated functions as the composite of two or more simpler functions. 


For example, consider y = (72 + 3x)*. 


This could be rewrittenas y=u! where u=a2+3r, oras y=f(g(x)) where 


fle)=zº and g(x)=22+3m. 





Example 12 
Emo: a Mola mw flr)=vE and q(m)=- 2" 3% 
b f(x) and g(x) such that f(g(x)) 


g— gx? 





EXERCISE 20D.1 


1 Find f(g(x)) if: 
a f(xr)=22 and g(x)=21x+7 bb f(r)=2x+7 and g(x)=2? 
c flx)=vz and g(x)=3-41 d f(xv)=3-47 and g(x)= vz 
2 


e fe É and g(x)=2r2+3 ff flr)=22+3 and g(x)= 


x 





2 Find f(x) and g(x) such that f(g(x)) is: 


1 10 
c 2-3 d ->——s 
21 + 4 E É (3x — m2)8 





a (32+10) b 


DERIVATIVES OF COMPOSITE FUNCTIONS 


The reason we are interested in writing complicated functions as composite functions is to 
make finding derivatives easier. In the following investigation we look for a rule that will 
help us to differentiate composite functions. 


INVESTIGATION 4 


“O The purpose of this investigation is to gain insight into how we can 
differentiate composite functions. 


So : d ; 
Based on our previous rule “if y = ax” then a = me we might 
E 


: d 
suspect that if y = (2x+1) then — = 2007 41) = 20741). 
E 
But is this so? 
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What to do: 


1 Consider y = (2x+1)2. Expand the brackets and then find a. Is E = 2(22-+1)? 
o ni 
E 2 dy dy i 
2 Consider y = (32 +1)*. Expand the brackets and then find E Is a 2(32+1)!92 
ho sr 
a 2 dy dy Ã 
3 Consider y = (ax + 1)2. Expand the brackets and find E Is Si 2(aax + 1)!2 
5 


d : 
& If y=u? where u is a function of x, what do you suspect a will be equal to? 
Ho 


5 Consider y=(12+4+3x). Expand it and find E 
E 


Does your answer agree with the rule you suggested in 4? 


In the previous investigation you probably found that if y = u? then 


dy y du dy du 
de “Oda” dude 


3 


Now consider y=(2x+1) whichhasthe form y=u? where u=27+1. 


Expanding we have y=(22x+1) 
= (27) + 3(2x7)21 + 3(2x)12 + 1º (binomial expansion) 
= 82º + 127º +62 +1 





dy 


Er 47º + 247 +46 


(472 + 41 +1) 
(2x + 1)2 
( 


2x +1)2x2 





2 
6 
= 6 
3 
3 


d o . d 
= 3u? x = which is again Te 


From the investigation and from the above example we formulate the chain rule: 


d dy d 
E uy= j(u) where u=u(r) ihen Sosa 
de duda 


This rule is extremely important and enables us to differentiate complicated functions much 
faster. 


For example, we can readily see that for any function f(x): 


E vp ten Enio r() 


A non-examinable proof of this rule is included for completeness. 
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Proof: Consider y=f(u) where 


For a small change of óx 
in x, there is a small change 
of ulx+Hóx)—-u(x) = óu 
in u and a small change of 
óy in y. 
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w=ulr). 


u=u(x) 





óy  óy du 
N — T— —— — 
Ee óv óu 6x 
As 62>0, óu> O also. dim 
 Pudh) = 
5 tg) = DO TEN 
Note: Ifin f(x) = lim h 
by óy, we have f(x) = dy 
; da 


Example 13 


y = (a? — 20) 
y=u” 
dy dy du 
de du dz 
= 4uê(2x — 2) 


= 4(x2 — 21)5(2x — 2) 


4 
ED 


where 


dy 
de 





(chain rule 





(fraction multiplication) 


SM gu o 

q dim, Fa * dim, Es (limit rules 

dy dy du 

dz du dz 

Ha), we replace h by óx and f(x +h)-— f(x) 
E óy 

Ee 


where u=272-2x 


Notice that the 
brackets 
around 2x — 2 
are essential. 


nd 


u=1]-2x 
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EXERCISE 20D.2 
1 Write in the form au”, clearly stating what u is: 
1 2 
>——s b vx2—-3 € > 
(2x — 12 ad VEZ 
4 10 
d 73 — q2 e —m—m—m— f 
Fe (3— 2)3 Z2 —3 
, É dy 
2 Find the slope function EE for: 
x 
1 
a y= (4-5) b O aa Ç y=v3r-— a? 
— 2x 
d y=(1-37)! e y=6(5-a) f y=V213º- q? 
6 4 a 
o (5a — 4)2 “37-22 / (a >) 
3 Find the slope of the tangent to: 
a y=vl-7 at v=5 b y=(32r+2)2 at v=-—1 
1 
Cc y->——— a 2=1 d y=6xvl-2x at 2x=0 
(2a — 1)! 
4 A 
e y E NE: at x y (a = -) at x 
4 If y=7) then v=yº. 
d d 
a Find dy and E and hence show that e Gá =1. 
da dy de dy 
: dy da aa : 
b Explain why a x ra 1 whenever these derivatives exist for any general 
L y 


function y= f(x). 





E flx)=u(e)+v(x) then f(x)=u'(x) + v'(a). 


So, the derivative of a sum of two functions is the sum of the derivatives. 
But, whatif f(x)=u(a)u(x)? Is f(x)=u(a)v'(x)? 


In other words, is the derivative of a product of two functions equal to the product of the 
derivatives of the two functions? 


The following example shows that this cannot be true: 
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If f(x)=xyz wecouldsay f(x) =u(x)v(x) where u(x)=x and v(x) = vz. 


Now f(x)=z? so f(a)=2x3. But u(z)'(x)=1x ir ?= Ir? Ff(a). 


THE PRODUCT RULE 


If u(x) and v(x) are two functions of x and y=uv then 
dy Eua dv 


E lot or y=u(a)v(x) + u(x)v' (x). 


Consider again the example f(x) = xyz. 
This is a product u(x)v(z) where u(z)=z and ux)=23 
u(a)=1 and (x) = dart. 


According to the product rule f(a)=uvtu! =Ixaz+rx dr? 


1 . a 
= &a? which is correct 


Find E if a y=vz22+r1)) Db y=2"(x”-27) 


a y=vx(22+1) istheproductof u=z? and v=(22+41) 





u = ly? and v=3(27+1)x2 
= 6(2x 4 1)? 
dy 
Now a (product rule) 
= lr *(22 +41) 42? x6(27+1)2 





= Ly 3(20 +1)? 4+627(20 41) 


2 


b y=z(x? 27)! istheproductof u=z” and v=(x?-2r)! 


u =2z and v=4(x2 -27)5(2x — 2) 


Now += =uv+u! (product rule) 
= 2u(12 —- 20)! + 12 x 4(xº — 20)3(2x — 2) 
= 2x(x2 — 21)! + 47º(xº — 21)3(27 — 2) 








For completeness we now prove the product rule. 
Proof: Let y= u(x)v(x). Suppose there is a small change of óx in ax which 
causes corresponding changes of óu in u, óvin v, and óy in y. 
As y=uv, ytóy=(u+óu)(v+óv) 
v+ óy = uv+ (óu)v +u(6v) + duóv 
óy = (óu)v + u(óv) + dudu 
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óy óu óu óu do 
a (=) v+u (=) + (=) óv (dividing each term by óx) 


o Óy o óu óu 
dim E (dim, 52) vu im, e) +0 fasóz>0, 6v > 0 also) 


dy du nani dv 
de dz” dx 


EXERCISE 20E.1 


d 
1 Find = using the product rule: 
JX 


a y=22(2x-1) b y=4r(22+1) c y=22/3-1 

d y=va(x-—3) e y=5r(3xº — 1)? f y=Vz(x- 2?) 
2 Find the slope of the tangent to: 

a y=z(1-27) at v=-1 b y=vz(r-z+1) at v=4 


c y=avl-?x at v=—4 d y=xºv/5-272 at z=1 


dy (3— x)(3 — 5a) 
br 2/€ É 


Find the x-coordinates of all points on y = /z(3 — x)? where the tangent is horizontal. 


3 If y=v2z(3-«)2 show that 


THE QUOTIENT RULE 
q +1 vz x 
2 


G="" [= 55 and = are called quotients. 





Expressions like 


Quotient functions have the form Q(x) = 





Notice that u(x) = Q(x) v(x) 
and by the product rule u(x) = Q'(x) v(x) + Q(x) v'(x) 
u(x) — Q(x) v'(x) = Q(x) o(a) 
me — u(a) 


Pa) (a 
(2) (a) cinto 


u(x) v(x) — u(x)v'(x) and this formula is 


Q(a) = 


[v(x)]2 called the quotient rule. 
So, if Q(z) = E then Q'(z)= nc TO 


, u , dy uv— uv 
orif y= — whereu andv are functionsofx then — = >————. 
v dx UA 
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Example 15 


d 
Use the quotient rule to find E if: 
e 


IRS 


EE 


isa quotient with u=1+3z and v=2241 
ua ando qu! = 25: 
dy 


Now IR (quotient rule) 


Bco 
o (22 +1)2 

= 312 +3 — 2x — 6x? 

E (22 + 1)? 

— 3-20-3r? 

o (22 + 1)2 


= ED is a quotient where u=z3 and v=(1-22) 
= Dj 


u = ER and uv — Zi — 2) x (—2) 


= —4(1-2 
dy uv — uv E 


EE Tê (quotient rule) 


ms cv (Ad | 
(1 — 2x) 
ly i(1 Do Apa Do) 
a 
e 2VT 
— q o (DE 2/5 -)| [look for common 
(1 — 2x)43 factors) 
ED O 
2VZ(1— 22) 
Gil 
2/z(1 — 2x)3 





d 
Note: Simplification of Em as in the above example is often unnecessary, especially 1f you 
É 


want to find the slope of a tangent at a given point. In such cases you can substitute 
a value for x without simplifying. 
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EXERCISE 20E.2 
1 Use the quotient rule to find u if: 
ê 
+ b o q? a 2. E 
“904 “2741 1 203 
2 
—3 
1-2x 3x — q? v1— 3x 
2 Find the slope of the tangent to: 
3 
x 
a y= trx=1 b y-=-5— atr=— 
qem O "pa ** 
vz q? 
c — tr=4 d => atr=-2 
y ge at x y É 
2% dy sl 
3 a If y=-——, showthat —=--D——. 
do e CC ma Vx(l — x)? 
b For what values of x is s i zero ii undefined? 
a 
Zv —-3x+1 dy x2+4x—-Y7 
4 a lf y=>-—————, showthat —=>D——. 
a +20 + MW q (a + 2)2 
d 
b For what values of x is i zero ii undefined? 
a 


c What is the graphical significance of your answers in b? 





v=f() Consider a curve y= f(a). 


If A is the point with x-coordinate a, then the 
slope of the tangent at this point is f(a) =m 






7 






4 — tangent 
The equation of the tangent is 


gado) = f'(a) fequating slopes! 


normal T— a 


or y— f(a) = f(a)(e — a) 


point of 
contact 


AA (a, Ha)) 


Alternatively, if the point A is at (a, b), then the equation of the tangent is 





dE 


X— a 


A normal to a curve is a line which is perpendicular to the tangent at the point of contact. 
The slopes of perpendicular lines are negative reciprocals of each other. 
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Il 
Th the slope of la oi Ee 
us, e slope ofanormalat z=a is m, Fa) 
For example, if f(x)=x? then f(x)=22. 
1 1 
At x= 2, F(2) =4 and “FO ge 
So, at az =2 the tangent has slope 4 and the normal has slope —+ 
Since f(2) =4, the tangent has equation y-4=4(x—-2) or y=4x-—4 and the 


normal has equation y-4=-I(x—-2) or y=-Ja+s. 


Note: fa line has slope a say, and passes through (2, —3) say, another quick way to write 
down its equationis 4x —5y=4(2)-5(-3), ie, 4x —5y= 23. 

we would have: 

42 +5y=4(2)+5(-3), Le, 4r+5y=-—T. 


If the slope was —ê, 


Example 16 


Find the equation of the tangentto f(x)=x2+1 at the point where x =1. 


Since G(lj- CI 2 hepomtof 
contact is (1, 2). 


Now Mim=29 o Pq? 
: UR? 
the tangent has equation Ed 7 
Jp = 
whichis y-2=27x-2 or y=2z 





E : 8 : 
Find the equation of the normal to y= —= at the point where x =4. 


2 


Wien = Zi -— - = dl so the point of contact is (4, 4). 
E 1 dy 


Nowas y=87 7, ==-4g"? 
da 

dy E Hi 

and when z=4, —=-4x42=-5 
da 


the normal at (4, 4) has slope 2. 


the equation of the normal is 
2x — ly=2(4)-1(4) or 2x-y=4 








DIFFERENTIAL CALCULUS (Chapter 20) 613 


Example 18 


Find the equations of any horizontal tangentsto y=a2-—-12x+2. 


d 
Since y=7"- 12742, ao = 34? — 12 
x 


Horizontal tangents have gradient O, so 372 -12=0 
3(x22 —- 4) =0 
3(x+2)(x — 2) =0 
= > q & 
Wins UR A a e “ 
yin end) E O ain UR REZA RES 
the points of contact are 
(2, —14) and (—2, 18) 
the tangentsare y=-—14 and y=18. 


Example 19 
Find the equation of the tangentto y=v10-3x at the point where x = 3. 


Let f(x) = (10 — 37)? When z=3, y=V10-9=1 
ic . the point of contact is (3, 1). 


ee 


Le, 2y—-2=-32+9 
or 3x +2y=11 


Example 20 


Find the coordinates of the point(s) where the tangentto y=x)+x+2 at(1,4) 
meets the curve again. 





Let flg)=2"4242/ f(o)=-30" 1 
E A 


the tangent at (1, 4) has slope 4 
and its equationis 4x-y=4(1)-4 or y=4% 
Now y=4r meets y=zxº+zr+2 where xº+r4+2=4x 
1º —-32+2=0 
This cubic must have a repeated zero of x =1 because of 
the tangent which touches the curve at x =1 
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(r— 12x +2)=0 


AO! 
When zx=-2, y=(-2:+(-D)+2=-8 
the tangent meets the curve again at (—2, —8). 


Example 21 


2 


Find the equations of the tangents to y = x” from the external point (2, 3). 





Let (a, a2) lie on f(x) = xº. 
Nom (x) = 2%, sol fa) = Da 
at (a, a2) the slope of the tangent is E 


its equation is 2ax — y = 2a(a) — (a?) 


Le, 2ax—-y= a. 





But this tangent passes through (2, 3). 


2a(2) -3 = q? 

a2-44+3=0 

(a- D(a—-3) =0 
ERROS 


If a=1, the tangent has equation 2x —y=1 with point of contact (1, 1). 
If a=3, the tangent has equation 6x —y=9 with point of contact (3, 9). 





EXERCISE 20F 


1 Find the equation of the tangent to: 


a y=7x-27243 atr=2 b y=vz+1 atrx=4 
4 
c y=x)-5r atx=1 d y==> at(1,4) 
me 
2 Find the equation of the normal to: 
a y=zº atthe point (3,9) b y=7)-51+2 atr=-2 
5 1 
c d= mn VE at the point (1, 4) d y=8/2— atr=1 


3 a Find the equations of the horizontal tangentsto y=21º +31? —- 12x +41. 


1 
b Find all points of contact of horizontal tangents to the curve y=2/7+—. 
x 


ve 


c Find k if the tangentto y = 21º + kar? — 3 at the point where x = 2 has slope 4. 


d Find the equation of the tangentto y=1-—-3x+ 1272 — 81º | which is parallel 
to the tangent at (1, 2). 
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& a The tangent to the curve y = 1x2 +ax +b where a and b are constants, is 
2x +y=6 atthe point where x = 1. Find the values of a and b. 


b 
b The normalto the curve y=av'z+ E where a and b are constants, has 
z 
equation 4x +y=22 atthe point where x =4. Find the values of a and b. 


5 Find the equation of the tangent to: 











1 
a y=v2z+1l at v=4 b is at v=—1 
— 
2 
x í x 
c Mo) = at (—1, —5) d Pe at (2, —4) 
6 Find the equation of the normal to: 
1 1 
a — (1,4 b =" at v=-3 
Va * Da Sa 
e Ho=val-e? tos ad f)-ES q s= 
a)=v2(l—s q = £) = p=], 
21 +83 
7 y=avl-—bar where a and b are constants, has a tangent with equation 3rx+Hy=5 
at the point where «x = —1. Find a and b. 


3 


8 a Find where the tangent to the curve y= ax” at the point where x = 2, meets 


the curve again. 
b Find where the tangent to the curve y = —x2)+2x72 +41 at the point where 
a = —l, meets the curve again. 


E 4 : 
c Find where the tangent to the curve y = x) + — atthe point where x = 1, 
É z 
meets the curve again. 


9 a Find the equation of the tangentto y=-12-x+9 atthe point where x = a. 


Hence, find the equations of the two tangents from (0, 0) to the curve. State the 
coordinates of the points of contact. 


3 


b Find the equations of the tangents to y=a” from the external point (—2, 0). 


c Find the equation(s) of the normal(s) to y=+/x from the external point (4, 0). 


8 


10 Consider f(x) = 2º 


a Sketch the graph of the function. 


b Find the equation of the tangent at the point where ax = a. 


ce Ifthe tangent in b cuts the x-axis at A and the y-axis at B, find the coordinates of 
A and B. 


d Find the area of triangle OAB and discuss the area of the triangle as a — oo. 





z 
11 Consid : a 
onsider f: x E , 
a State the domain of f. b Showthat f(x) = E. 
2(2 — x)? 


c Find the equation of the normal to f at the point where f(x) = —1. 
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12 The graphs of y=vz+ta and y=v2x-—-x2 have the same gradient at their 
point of intersection. 
Find a and the point of intersection. 
b 


13 IfPisat(—2, 3) and Q is at (6, —3), the line segment [PQ] is a tangentto y= ErIz 
Er 


Find b. 





THE SECOND DERIVATIVE 


Given a function f(x), the derivative f(x) is known as the first derivative. 
The second derivative of f(x) is the derivative of f(x), 


i.e., the derivative of the first derivative. 
nm A d2y o y 
Weuse f(x) or y” or —S to represent the second derivative. 


da? 
Note that: º dy adro 
, dx? dade 
d2y 
º Pro) reads “dee two y by dee x squared”. 
LT 


THE SECOND DERIVATIVE IN CONTEXT 


Michael rides up a hill and down the other side to his friend's house. The dots on the graph 
show Michael's position at various times t. 


t=0 t=5 t=15 t=17 t=19 
o o— o o o o 


t=10 





Michaels place friends house 


The distance Michael has travelled at various times is given in the following table: 














Time (t min). 2.5 meo QU 2 | is ar 


arco re 5 az | os [ooo 50 [2500 





The cubic model s= 1.18t? — 30.47t2 + 284.52t — 16.08 metres fits this data well. 


However, notice that the model gives s(0) = —16.08 m whereas the actual data gives 
s(0) = 0. This sort of problem often occurs when modelling from data. 


A graph of the data points and the cubic curve follows: 
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d 
Now z = 3.544 — 60.94t + 284.52 metres per minute is the instantaneous rate of change 


in displacement per unit of time, or instantaneous velocity. 


The instantaneous rate of change in velocity at any point in time is Michaels acceleration, 


d (ds ds . ; : 
= ——> is the instantancous acceleration, 


dt dt) dt? 

: d2s : ; 

L.e., JE — 7.08t — 60.94 metres per minute per minute. 
Notice that when t= 12, s= 1050m 
ds d2s 
Em = 63 metres per minute and 12 = 24 metres per minute per minute. 


We will examine displacement, velocity and acceleration in greater detail in the next chapter. 


Example 22 


Find f(x) given that 
3 


fla) = aê — —. 


x 





HIGHER DERIVATIVES 


É d? É É ; di to ANO 
Given f(x) = CY is obtained by differentiating y= f(x) twice, it is clear that we 


da? 
can continue to differentiate to obtain the 3rd, 4th, 5th derivatives, and so on. 
dê d4 dº 
We call these: f(x) = a fO(x) = oi» fia) = E respectively. 


In general: 
the nth derivative of y with respect to x is obtained by differentiating y = f(x) n times. 


à a Anna 
We use the notation f(M)(x) or — for the nth derivative. 
E 
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Example 23 


Find f(x) given 


, 
fm=a erra. 

















EXERCISE 20G 
1 Find f(x) given that: 
a f(r)=372 -6x+2 b fa)=21º-372-1+5 
2 2— 3% 
c He o d Ho)=— 
+2 
e se=(1-20) H(0)= EA 
2 dê 
2 Find EE and Ts given that: 
Õ 3 
o, >= p2—— == 
a y=1—-T b y=r 3 Cc y o 
dy= e y=(22-30) foy=" 24 
z = 


3 Findr when f(x) =0 for: 


bh 


a f(r)=27º -6x2+52+41 b fo)=>—— 


1 dy 
f y=>—— fi —. 
E E e E da 


1 
b Use the principle of mathematical induction to prove that if y = Ee then 


d”qy n! + 
do” I-arH foral ne Z”. 


NAM A 


2 


Find the equation of the tangentto y=—2x” atthe point where a =-—1. 


no 
2 





Find dy for a = 3» o. O m= 
da Et 


Find, from first principles, the derivative of f(x) = «x? +27. 





Find the equation of the normal to y= at the point where x =1. 


q 
Find where the tangentto y= 27º +4x— 1 at (1, 5) cuts the curve again. 


ax + b 
lr 


The tangentto y= 





at vx=1 is 2x-y=1. Finda and. 
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7 Find a given that the tangentto y = at «= 0 passes through (1, 0). 


(ax + 1)2 
1 
8 Find the equation of the normal to y= EE at the point where x =4. 
Eh 
9 Determine the derivative with respect to t of: 
vt+5 
a M=(E+3 bb = 
10 Use the rules of differentiation to find s for: 
a 
a E 3 b ( E Je c q2 — 3x 
22 — — os ES = — 
y VE y E y 
2 dê 
aee Ed ndo a Re Ce 
dx cia da? 


REVIEW SET 20B 


1 Differentiate with respect to x: 
a 57-30! b (372 +20)! ce (2 +D)(1-2?) 


2 Determine the equation of any horizontal tangents to the curve with equation 
= no nO O 


1 
3 Find the equation of the normalto y= a 


5 at the point where x =1. 
m 


3 
h& Differentiate withrespectto x: a f(x)= io b f(x)=2'V72+3 
sd a - Di 


6 Thetangentto y=12/1-x at zx=-3 cuts the axes at A and B. 
Determine the area of triangle OAB. 


7 y-2x isatangenttothecuve y=-z)+azx+b at zx=1. Find a and 5. 


8 Thetangentto y=-xº)+ax? -4x+3 at zx=1 isparalllto the line y = 37. 
Find the value of a and the equation of the tangent at x = 1. Where does the tangent 
cut the curve again? 


9 The curve f(x) = 27º + Ax +B has a tangent with slope 10 at the point (—2, 33). 
Find the values of 4 and B. 


10 Use the product rule for differentiation to prove that: 


a if y=uv where u and v are functions of x, then 


dr? dz dx dx dy? 
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b if y=uvw where u, v and w are functions of x, then 
dy du dv dw 
=-vU+-u—w+ uv —— 


de dr dx de 


Prove using the principle of mathematical induction that if y =x”, ne Z*, then 
dy 
de 


ar You may assume the product rule of differentiation. 
y p 


REVIEW SET 20C 


10 





Differentiate with respectto x: a y=-xºvl-a? BEN 


v+1 


Find the equation of the normal to y = — 
o 





at the point where x =1. 
Find zif f(x)=0 and f(x)=27!- 47º - 972 44047. 


If the normal to f(x) = Rua at (2, 2) cuts the axes at B and C, determine the 
IE a 
length of [BC]. 
2 9 1 
pa a y=37!-— b y=7)-1+— 


da? a vz 





E 
— has a tangent with equation 5x+4-by = a at the point where x = -—3. 
y Es g q y p 


Find the values of a and b. 


The curve f(x) = 37º + 4x2 + B has tangent with slope O at the point (—2, 14). 
Find 4 and B and hence f(—2). 


The line joining A(2, 4) to B(0, 8) is a tangentto y= E Find a. 
Show that the curves whose equations are y = v32x+1 and y = v5r—a? 


have the same slope at their point of intersection. Find the equation of the common 
tangent at this point. 


4 
a Sketchthe graphof «ms — forxz>o. 
x 


b Find the equation of the tangent to the function at the point where x =k, k > 0. 

c Ifthe tangent in b cuts the x-axis at A and the y-axis at B, find the coordinates 
of À and B. 

d What can be deduced about the area of triangle OAB? 

e Find k if the normal to the curve at x = k passes through the point (1, 1). 


d”"y (—2)"n! 


dar * Qu + Ip for all RENAN 


For y prove that 


ond: 





Applications of 
differential calculus 


Time rate of change 
General rates of change 
Motion in a straight line 
Some curve properties 
Rational functions 
Inflections and shape 
Optimisation 

Implicit differentiation 


am ES. Contents: 


ronmonwp» 


Review set 21A 
Review set 21B 
Review set 21C 
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We saw in the previous chapter that one application of differential calculus is in finding the 
equations of tangents and normals to curves. There are many other uses, however, including 
the following which we will consider in this chapter: 


e functions of time e rates of change e motion in a straight line 
e curve properties e optimisation e applications in economics 


There are countless quantities in the real world that vary with time. 





For example: e temperature varies continuously 
e the height of a tree varies as it grows 
e the prices of stocks and shares vary with each day's trading 


Varying quantities can be modelled using functions of time. 
For example, we could use: 
e s(t) to model the distance travelled by a runner 
e H(t) to model the height of a person riding in a Ferris wheel 


e C(t) to model the capacity of a person's lungs, which changes when the person 
breathes. 


We saw in the previous chapter that if y= f(x) then 
d 
f(x) or a is the slope of the tangent at any value of 
x 
x, and also the rate of change in y with respect to x. 


We can likewise find the derivative of a function of time 
to tell us the rate at which something is happening. 





For the examples above: 


ds : ê . : 
“a s'(t) is the instantaneous speed of the runner. It might have units metres per 
second or ms” 1. 


dH 
é OE H'(t) is the instantaneous rate of ascent of the person in the Ferris wheel. 
It might also have units metres per second or ms” 1. 


dO . : : ; : 
º* E or C“(t) is the person's instantaneous rate of change in lung capacity. It might 


have units litres per second or Ls. 


EXERCISE 21A 


1 The estimated future profits of a small business are given by P(t) = 2t2 — 12t + 118 
thousand dollars, where t is the time in years from now. 


. ; dP É . 
a What is the current annual profit? b Find dE and state its units. 
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P 
e What is the significance of a? 


When will the profit i decrease ii increase? 


e What is the minimum profit and when does it occur? 


dP 
Find E at t=4, 10 and 25. What do these figures represent? 


2 Water is draining from a swimming pool such that the remaining volume of water after 
t minutesis V = 200(50 — t)2 mê. Find: 
a the average rate at which the water leaves the pool in the first 5 minutes 
b the instantancous rate at which the water is leaving at t = 5 minutes. 


3 A ballis thrown vertically and its height above the ground is given by 
s(t) = 1.2 + 28.1t — 4.9t2 metres where t is the time in seconds. 
From what distance above the ground was the ball released? 
Find s'(t) and state what it represents. 
Find t when s'(t) = 0. What is the significance of this result? 
What is the maximum height reached by the ball? 
Find the balls speed: i whenreleased di att=2s lil att=5s 
State the significance of the sign of the derivative. 


f How long will it take for the ball to hit the ground? 
2 


d 
g What is the significance of E? 


e 2a cu 


4 A shell is accidentally fired vertically from a mortar at ground level and reaches the 
ground again after 14.2 seconds. 


a Given that its height above the ground at any time t seconds is given by 
s(t) = bt — 4.9t2 metres, show that the initial velocity of the shellis b ms” 1. 


b Find the initial velocity of the shell. 


: ae a 
Earlier we discovered that: if s(t) is a distance function then s'(t) or z is the 





instantaneous rate of change in distance with respect to time, which is speed. 


d 
In general, a gives the rate of change in y with respect to x. 
Er 


Note: Ify increases as x increases, then will be positive. 


“uy 
dx 


; d É ; 
If y decreases as x increases, then will be negative. 
dl 
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Example 1 


According to a psychologist, the ability of a person to understand spatial concepts 

is given by A = vt where t is the age in years, t E [5, 18]. 

a Find the rate of improvement in ability to understand spatial concepts when a 
person is: i 9 years old il 16 years old. 


A des. Ê 
Explain wh a >0, te |5, 18). Comment on the significance of this result. 
p sy dE g 


2A 
Explain why o <0, te[|5, 18). Comment on the significance of this result. 


the rate of improvement is — 


units per year for a 9 year old. 


ii When t= 16, = . the rate of improvement is — 
units per year for a 16 year old. 


ç : 1 ; : 
As vt is never negative, ENE is never negative 


dA 
> forall te [5, 18] 


This means that the ability to understand spatial concepts increases with age. 


dA E d2A 1 = 1 
= vo2 so O O — 
dt dt? 12tt 
d2 A 
o O forall te [5,18]. 
This means that while the ability to understand spatial concepts increases with 
time, the rate of increase slows down with age. 


Example 2 


The cost of producing x items in a factory each day is given by 
C(x) = 0.000 1322 + 0.002x2 + 5x + 2200 
ARNS ends ne ie 
E 


cost of raw material fixed or overhead costs such as 
labour costs heating, cooling, maintenance, rent 


a Find C'(x), which is called the marginal cost function. 
b Find the marginal cost when 150 items are produced. Interpret this result. 
c Find C(151) — C(150). Compare this with the answer in b. 








APPLICATIONS OF DIFFERENTIAL CALCULUS (Chapter21) 625 


The marginal cost function is 
[Ea » 
C"(x) = 0.000 39x? + 0.004x + 5 EEE |... cas) 


C'(150) = $14.38 (c answer) 
This is the rate at which the costs are 
increasing with respect to the production tangent 

level x when 150 items are made per day. b ariswer) 
It gives an estimate of the cost for making 





the 151st item. Ss po (150) 
=. 


Et 
c Club) (150) & $S44Biio- s845875 150 151 
a $14.44 


This is the actual cost of making the 151st item each week, so the answer in b 
gives a good estimate. 


EXERCISE 21B 


You are encouraged to use technology to graph the function for each question. This is often 
useful in interpreting results. 


1 


The quantity of a chemical in human skin which is responsible for its “elasticity” is given 
by Q=100-10,t where t is the age of a person in years. 


a FindQat: à t=0 ii t=25 iii t= 100. 
b At what rate is the quantity of the chemical changing at the ages of: 
i 25 years ii 50 years? 


ce Show that the rate at which the skin loses the chemical is decreasing for all t > 0. 


ne aê jo 97.5 
The height of pinus radiata, grown in ideal conditions, is given by H = 20 — 7r5 
metres, where t is the number of years after the tree was planted from an established 


seedling. 
a How high is the tree at planting? 
b Find the heightofthetreeat t=4, t=8 and t=12 years. 
ce Find the rate at which the tree is growing at t = 0, 5 and 10 years. 


H 
d Show that E >0 forall t>0. What is the significance of this result? 


The total cost of running a train from Paris to Marseille is given by 


200 000 ari 
C(v) = cu? + ———— euros where v is the average speed of the train in kmh” 1. 
u 


a Find the total cost of the journey if the average speed is: 
i 50 kmh-! ii 100 kmhbr!. 

b Find the rate of change in the cost of running the train at speeds of: 
i 30 kmh”! ii 90 kmh-. 


ce At what speed will the cost be a minimum? 
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4 Alongside is a land and sea profile where 


the x-axis is sea level. The function 
y = ulz—2)(x—3) km gives the 
height of the land or sea bed relative to 
sea level. 





a Find where the lake is located relative to the shore line of the sea. 


d 
b Find “2 and interpret its value when x = 5 and when x =15km. 


dz 
ce Find the deepest point of the lake and the depth at this point. 


5 A tank contains 50000 litres of water. The tap is left fully on and all the water drains 
from the tank in 80 minutes. The volume of water remaining in the tank after t minutes 


2 
t 
is given by V = 50000 (1 = 5) where )<t< 80. 


dV 
a Find a and draw the graph of E against t. 


b At what time was the outflow fastest? 
2 


EV. o A 
c Show that qa “ always constant and positive. Interpret this result. 


6 A fish farm grows and harvests barramundi in a large 
dam. The population of fish after t years is given by 
the function P(t). The rate of change in the population 
Ea is modelled by Ea =aP (1 — 5) — (50) P 

where a, b and c are known constants. a is the birth rate 

of the barramundi, b is the maximum carrying capacity 
of the dam and c is the percentage that is harvested each 
year. 





dP 
a Explain why the fish population is stable when E 0. 


b Ifthe birth rate is 6%, the maximum carrying capacity is 24 000, and 5% is harvested 
each year, find the stable population. 


c Ifthe harvest rate changes to 4%, what will the stable population increase to? 


7 Seablue make denim jeans. The cost model for making x pairs per day is 
C(x) = 0.0003x3 + 0.02x2 + 4x + 2250 dollars. 

Find the marginal cost function C'(x). 

Find C“(220). What does it estimate? 

Find €C(221) — €(220). What does this represent? 


Find C”(x) and the value of ax when C”(x) = 0. What is the significance of 
this point? 


Za co 
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DISPLACEMENT 


Suppose an object P moves along a straight line so that its s(1) 
position s from an origin O is given as some function of time t, O P 


ie, s=s(t) where t>0. origin 
s(t) is a displacement function and for any value of t it gives the displacement from O. 
s(t) is a vector quantity. Its magnitude is the distance from O, and its sign indicates the 
direction from O. 
It is clear that if s(t)>0, Pis located to the right of O 

if s(t)=0, Pis located at O 

if s(t)<0, Pis located to the left of O. 


MOTION GRAPHS 


Consider s(t)=t+2t-3 cm. 
s(0)=-3cem, s(1)=0cm, s(2)=5cm, s(3)=12cm, s(4)=21 cm. 


To appreciate the motion of P we draw a motion graph. 





| DEMO 
0 5 10 15 20 25 
=2 t=3 t=4 


Click on the demo icon to get a better idea of the motion. 


Fully animated, we not only get a good idea of the position of P, but also of what is happening 
to its velocity and acceleration. 


VELOCITY AND ACCELERATION 
AVERAGE VELOCITY 


The average velocity of an object moving in a straight line in the time interval from 
t=ti to t=t> is the ratio of the change in displacement to the time taken. 


s(to) — s(ta) 
average velocity — —————, where s(t) is the displacement function. 
ta — ti É 


On a graph of s(t), the average velocity is the slope of a chord. 


INSTANTANEOUS VELOCITY 


s(1L+h)-—s(1) 
h 
approached O and this value must be the instantaneous velocity at t = 1. 


In Chapter 19 we established that approached a fixed value as h 
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If s(t) is a displacement function of an object moving in a straight line, then 
o S(t+Hh)— st) 
im —>———————— 
>0 h 
velocity function of the object at time t. 


vt st 1 is the instantaneous velocity or 


On a graph of s(t), the instantaneous velocity is the slope of a tangent. 


AVERAGE ACCELERATION 


If an object moves in a straight line with velocity function v(t) then its 
average acceleration on the time interval from t=ty to t=to is the 
ratio of the change in velocity to the time taken. 


vulto) — v(t 
average acceleration — plêa) tda, 
to —t 


INSTANTANEOUS ACCELERATION 


If a particle moves in a straight line with velocity function v(t), then the 
v(t+h) — v(t) 


instantaneous acceleration at time tis a(t)=v'(t) = lim A 








A particle moves in a straight line with displacement from O given by 

s(t) = 3t — t? metres at time t seconds. Find: 

a the average velocity in the time interval from t=2 to t=5 seconds 

b the average velocity in the time interval from t=2 to t=2+h seconds 


im 2h) = 502) 








e M and comment on its significance. 
h>0 h 
a average velocity b average velocity 
s(5) — s(2) s(2+h) = s(2) 
EE EE OR 
Is 69 s2+h)-(2+h)2 —2 
E DERA Aa Rá dRss sais E caça ses 
— T10-2 2 6+3h-4-4h-h2-2 
3 h 
=-4ms'! pe 
a 


=-1-hms! provided h£O0 
= s(2+h) — s(2) 


== mino 


This is the instantaneous velocity of the particle at time t = 2 seconds. 
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EXERCISE 21€.1 


1 A particle P moves in a straight line with a displacement function of 
s(t)=t2+3t — 2 metres, where t > 0, t in seconds. 
a Find the average velocity from t=1 to t=3 seconds. 
b Find the average velocity from t=1 to t=1+h seconds. 
1+h)-s(1 
ce Find the value of lim Bit) a) 
h>0 h 
d Find the average velocity from time t to time t + h seconds and interpret 
t == 
lim s(t+h) — s(t) 
h>0 h 


and comment on its significance. 


2 A particle P moves in a straight line with a displacement function of 
s(t)=5-—2t2 cm, where t>0, tin seconds. 
a Find the average velocity from t=2 to t=5 seconds. 
b Find the average velocity from t=2 to t=2+h seconds. 


s(2+h) — s(2) 
h 


ce Find the value of lim and state the meaning of this value. 
—>0 


s(t+h) — s(t) 


d Int t di 
nterpre ts K 


3 A particle moves in a straight line with velocity function v(t) = 2/t+3 cms, 
t>0. 


2 
a Find the average acceleration from t=1 to t=4 seconds. 
b Find the average acceleration from t=1 to t=1+h seconds. 


v(L+h) — v(1) 


ce Find the value of tim n Interpret this value. 
co v(t+h)-— v(t) 
d Int t] ————————— 
nterpret lim n 


4 An object moves in a straight line with displacement function s(t) and velocity 
function v(t), t > 0. State the meaning of: 


s(4+h) — s(4) b lim v(4 + h) — v(4) 
h 


h>0 h 


a lim 
h=>0 


VELOCITY AND ACCELERATION FUNCTIONS 


If a particle P moves in a straight line and its position is given by the displacement 
function s(t), t>0, then: 
e the velocity of P at time t is given by 
vlt) = st) (the derivative of the displacement function) 
e the acceleration of P at time t is given by 
att vt Ss) (the derivative of the velocity function! 
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e s(0), v(0) and a(0) give us the position, velocity and acceleration of 
the particle at time t = O, and these are called the initial conditions. 


SIGN INTERPRETATION 


Suppose a particle P moves in a straight line with displacement function s(t) relative to an 
origin O. Its velocity function is v(t) and its acceleration function is a(t). 
We can use sign diagrams to interpret: 

e where the particle is located relative to O 

e the direction of motion and where a change of direction occurs 

e when the particle's velocity is increasing or decreasing. 


SIGNS OF s(t): 


OB BRST O vo) = lim St) to) 

>0 | Pis located to the right of O RE h 

<0 | Pis located to the left of O If v(t)>0 then s(t+h)-—s(t)>0 
s(t+h) > s(t) 

For h>0 the particle is moving from s(t) 

to s(t +). 









SIGNS OF v(t): 





” (8) s(t+h) E 


P is moving to the right. 





velocity is increasing 
velocity is decreasing 
velocity may be a maximum or minimum 


A useful table: 


EE 
ienes [0 | [ [O 
RE ERES 
E o RR When a particle reverses 


reverses 0 + direction, its velocity must 
[cons veleciy [| [| [5 
[max ormm velo | [| [o] 


We need a sign diagram of a to determine 
if the point is a maximum or minimum. 
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SPEED 


As we have seen, velocities have size (magnitude) and sign (direction). The speed of an 
object is a measure of how fast it is travelling regardless of the direction of travel. 


Thus the speed at any instant is the modulus of the object's velocity, 


ie., if S(t) represents speed then S = lv]. 


To determine when the speed of an object is increasing or decreasing, we need to employ a 
sign test. This is: 


e Ifthesignsof v(t) and a(t) are the same (both positive or both negative), 
then the speed of P is increasing. 


e Ifthesignsof v(t) and a(t) are opposite, then the speed of P is decreasing. 


We prove the first of these as follows: 


E > 
Proof: Let S=[|v| bethespeedofPatany instant . S= 2 E e 
—v if v<0 
dS dv 
Case 1: If 0, S= d — =— =att 
ase v>oO, vu = E a(t) 
If a(t) > 0 then E O which implies that S' is increasing. 
ds dv 
2: =— Esp ES Es 
Case u<õ 5 v and Er A a(t) 


If a(t) <0 then e > 0 which also implies that S is increasing. 


Thus if v(t) and a(t) have the same sign then the speed of P is increasing. 


INVESTIGATION 


e ZA In this investigation we examine the motion of a projectile MOTION 
which is fired in a vertical direction. The projectile is BENa 
Sm affected by gravity, which is responsible for the projectile”s 
constant acceleration. 


We then extend the investigation to consider other cases of motion in a straight line. 
What to do: 


1 Click on the icon to examine vertical projectile motion in a straight line. Observe 
first the displacement along the line, then look at the velocity or rate of change in 
displacement. 

2 Examine the three graphs e displacementv time | eo velocity v time 

e acceleration v time 
Comment on the shape of these graphs. 

3 Pick from the menu or construct functions of your own choosing to investigate the 

relationship between displacement, velocity and acceleration. 


You are encouraged to use the motion demo above to answer questions in the following 
exercise. 
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A particle moves in a straight line with position relative to some origin O given by 
s(t)=tê — 3t + 1 cm, where t is the time in seconds (t > 0). 
Find expressions for the particle's velocity and acceleration, and draw sign 
diagrams for each of them. 


Find the initial conditions and hence describe the motion at this instant. 
Describe the motion of the particle at t = 2 seconds. 
Find the position of the particle when changes in direction occur. 
Draw a motion diagram for the particle. 
For what time interval(s) is the particle's speed increasing? 

j ú Note: t2>0 
What is the total distance travelled for t e [0, 2]? 





- critical value 





RISO 
a s(t)=t? -3t+1 em required. 
EAR No a fas ue q] 
E ne 
EE en -,+ 49 
=3(t+1)(t—1) cms”! which has sign diagram E 
and a(t) = 6t cms? fas a(t) = v'(b) E 
which has sign diagram ao 
t 
b When é =0, s(0)= 1 cm 0 
oO) = Scemiso 
a(0) = O cms”? 
the particle is 1 cm to the right of O, moving to the left at a speed of 


3 ems7!. 


c When t=2, <s(2)=8-6+1=3cm 
v(2)=12-3=9cms”! 
G(2)— 12icimso? 
the particle is 3 cm to the right of O, moving to the right at a speed of 
9 cms” !. Since a and v have the same sign, the speed is increasing. 
d Since v(t) changes sign when t = 1, a change of direction occurs at this instant. 
s(1)=1-34+1=-—1, so the particle changes direction when it is 1 cm left 
of O. 


e —— — Note: The motion is 


= 0 i actually on the line, 
not above it as shown. 
as t>oo, s(t)>oo and vt) > 00 


f Speed is increasing when v(t) and a(t) have the same sign, ie. t>1. 


g Total distance travelled = 2+4= 6 cm. 





Note: In later chapters on integral calculus another technique for finding the distances 
travelled and displacement over time will be explored. 


APPLICATIONS OF DIFFERENTIAL CALCULUS (Chapter21) 633 


EXERCISE 21€.2 (Use a graphics calculator to check sign diagrams.) 


1 An object moves in a straight line with position given by s(t)=t—-4t+3 cm from 
an origin O, where t is in seconds, t > 0. 


Find expressions for the object's velocity and acceleration at any instant and draw 
sign diagrams for each function. 


Find the initial conditions and explain what is happening to the object at that instant. 
Describe the motion of the object at time t = 2 seconds. 


At what time(s) does the object reverse direction? Find the position of the object 
at these instants. 


Draw a motion diagram for the object. 
For what time intervals is the speed of the object decreasing? 


2 A stone is projected vertically so that its position above ground level 
after t seconds is given by s(t) = 98t — 4.9t2 metres, t > 0. 


e Da gq 


Find the velocity and acceleration functions for the stone and draw 
sign diagrams for each function. 

Find the initial position and velocity of the stone. 

Describe the stone's motion at times t=5 and t = 12 seconds. 
Find the maximum height reached by the stone. 

Find the time taken for the stone to hit the ground. 


3 A particle moves in a straight line with displacement function 


a cg o 


d 


s(t) = 12t— 2tê — 1 centimetres where t is in seconds, t > 0. 
Find velocity and acceleration functions for the particle's motion. 
Find the initial conditions and interpret their meaning. 
Find the times and positions when the particle reverses direction. 
At what times is the particle's: i speed increasing ii velocity increasing? 


4 The position of a particle moving along the x-axis is given by a(t)=tê —- 9 + 24t 
metres where t is in seconds, t > 0. 


a 
b 


c 
d 


5 An experiment to determine the position of an s(2) 


Draw sign diagrams for the particle's velocity and acceleration functions. 

Find the position of the particle at the times when it reverses direction, and hence 
draw a motion diagram for the particle. 

At what times is the particle's: i speed decreasing ii velocity decreasing? 
Find the total distance travelled by the particle in the first 5 seconds of motion. 


object fired vertically from the carth's surface was 

performed. From the results, a two dimensional 

graph of the position above the earth's surface 

s(t) metres was plotted, where t was the time in f CR 
seconds. 


K was noted that the graph was parabolic. 
Assuming a constant gravitational acceleration g, 
show that if the initial velocity is v(0) then: 


When finding the total distance 
travelled, always look for 
v(t) = v(0) + gt b s(t)=v(0) xt+ 292. direction reversals first. 
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In this section we consider some properties of curves which can be established using 
derivatives. These include intervals in which curves are increasing and decreasing, and the 
stationary points of functions. 





INCREASING AND DECREASING INTERVALS 


The concepts of increasing and decreasing are closely linked to intervals of a function's 
domain. 


Some examples of intervals and 


Algebraic | Alternative 
their graphical representations are: o 


form | | notation 








Suppose 5 is an interval in the domain of f(x), so f(x) is defined for all x in S. 
e f(x) isincreasingon S «o f(a)<f(b) foral a be S suchthat a<b. 
e f(x) isdecreasingon S «o f(a)>f(b) foral a, be S suchthat a<õb5. 


Reminder: <> is read “if and only if”. 


For example: y y = q? is decreasing for x < O and 


increasing for x > 0. 





Note: People often get confused about the point x = 0. They wonder how the curve can 
be both increasing and decreasing at the same point when it is clear that the tangent is 
horizontal. The answer is that increasing and decreasing are associated with intervals, 
not particular values for x. We must clearly state that y = x? is decreasing on the 
interval x < 0 and increasing on the interval x > 0. 


APPLICATIONS OF DIFFERENTIAL CALCULUS (Chapter21) 635 


We can deduce when a curve is increasing or decreasing by considering f(x) on the interval 
in question. For most functions that we deal with in this course: 


e f(x) isincreasingonS «so f(x)>0 foralxinsS 
e f(x) isdecreasingonS «o f(x)<0 foralxins. 


MONOTONICITY 


Many functions are either increasing or decreasing for all « € R. We say these functions are 
monotone increasing or monotone decreasing. 


For example: 








y = 2” is increasing for all x. y=3"* is decreasing for all x. 


Notice that: 
e foran increasing function, an increase in x produces an increase in y 


e fora decreasing function, an increase in x produces a decrease in y. 










; . decrease in y 
increase in 


increase in x increase in x 


Example 5 


Find intervals where f(a) is: 
a increasing 
b decreasing. 


a f(x) is increasing for «< —1 andfor x >2 
since all tangents have slopes > 0 on these intervals. 


b f(x) is decreasing for —-I<r<2. 
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Sign diagrams for the derivative are extremely useful for determining intervals where a 
function is increasing or decreasing. Consider the following examples: 


o far)=2 Pini which has sign diagram 


e ss 
decreasing O, increasing 
So f(x)=ax? is decreasing for z <0 


and increasing for x > 0. 


f(x) = —2x which has sign diagram 


E & E 
«+ l > 
increasing ; decreasing 


o fHa)=2º f(x) = 3x2. which has sign diagram 
y DEMO a to os 
0 


increasing for all x 
x (never negative) 





f(x) =322—3 
=83(x2 —1) 
=3(x+1)(x—1) 
which has sign diagram 


DEMO 





increasing | | decreasing | | increasing 
e 





Example 6 


Find the intervals where the following functions are increasing or decreasing: 
a fln)=-13+372+5 b f(x)=32º - 87º 42 





a fla) = 2º +372 +45 
f(x) = -372 + 6x 
f(x) = —3u(x — 2) 


which has sign diagram 


Wi=-KºZH3AI+O 


— + — 
0 2 





So, f(x) is decreasing for 
ad andi ori and! 
is increasing for O < x < 2. 
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f(x) = 37! — 80º +.2 
To) Drº 24? 
= 1222(x — 2) 

which has sign diagram 


Wi=5acd-EnóI+a 


- - + 
0 2 


So, f(x) is decreasing for «x <2 and is increasing for x > 2. 





Remember that f(x) must be defined for all x on an interval before we can classify the 
interval as increasing or decreasing. We must exclude points where a function is undefined, 
and need to take care with vertical asymptotes. 


Example 7 


Consider f(x) = 3 
—3(x — 5)(x — 1) 
(= Hz FTP 


b Hence, find intervals where y= f(x) is increasing or decreasing. 


a Showthat f(x)= and draw its sign diagram. 





a f)=5 
3(x2 —- x —2)-— (3x — 9)(2x — 1) 
(x — 2)2(x + 1)? 
3x2 — 3x — 6 — [6x2 — 21749] 
(x — 2)2(x + 1)? 
—3x2 + 18x — 15 
(x — 2)2(x + 1)? 
—3(x2 — 67 +5) 
(x — 2)2(x + 1)? 
= —3(x — 5)(x — 1) 
(x — 2)2(x + 1)? 


(quotient rule) 


which has sign diagram 


b f(x) is increasing for 1I<x<2 MISCSA-DISCME-H—) 
andifor E ria 


f(x) is decreasing for « < —1 and 
fo dd andor N 
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EXERCISE 21D.1 
1 Find intervals where f(x) is i increasing | il decreasing: 
24 CL 3 
3 x 
x 
d y 





2 Find intervals where f(x) is increasing or decreasing: 


a Ha)=2? b f(x) = —aº 
ce Ffax)=272+37-4 d fle)=ys 
2 
e lo ft Ha)=zº-— 6x? 
gs Ha)=-2xó+4r h f(x)=-420 + 1572418743 
Po f(x)=37!-— 167º + 2472 — 2 i fx)=20º4+972+67—7 
k fa)=2º-672+37-1 | o fHax)=2—-2/% 
m fx)=37!-87º-6724+241 +11 n fHx)=7!-42084+272 44241 
; 4x 
3 a Consider f(x) = To 
—4 ID(zx—1 
i Show that f(x) = a and draw its sign diagram. 
il Hence, find intervals where y= f(x) is increasing or decreasing. 
j 4x 

b Consider Pati. = (212 

i Show that f(x) = E and draw its sign diagram. 

p= 
il Hence, find intervals where y= f(x) is increasing or decreasing. 
2 
= Ag = 
c Consider f(x) = O 
p=. 
i Show that f(x) = — A and draw its sign diagram. 
p= 


il Hence, find intervals where y= f(x) is increasing or decreasing. 
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& Find intervals where f(x) is increasing or decreasing if: 
3 


a td) db foy=24 A 
STATIONARY POINTS 


A stationary point of a function is a point such that f(x) =0. 


MAXIMA AND MINIMA 





Consider the following graph which D(6,18) 


has a restricted domain of 
—<r<6. 





sy 


A is a global minimum as it is the minimum value of y on the entire domain. 


B is a local maximum as it is a turning point where the curve has shape (N and f(x) =0 
at that point. 


C is a local minimum as it is a turning point where the curve has shape EA and f(g)=0 
at that point. 


D is a global maximum as it is the maximum value of y on the entire domain. 


Note: e Local maxima and minima are stationary points where f(x) = 0. The tangents 
at these points are horizontal. 


e JTtis possible for a local maximum or minimum to also be the global maximum 
or minimum of a function. 


For example, for y = x? the point (0, 0) is a local minimum and is also the 
global minimum. 


HORIZONTAL INFLECTIONS OR STATIONARY POINTS OF INFLECTION (SPI) 


It is not always true that whenever we find a value of « where f'(x) = O we have a local 
maximum or minimum. 
For example, f(x)=xº has f(x) = 3x? 
and f(x)=0 when v=0. 
Notice that the x-axis is a tangent to the curve which actually 


crosses over the curve at O(0, 0). This tangent is horizontal 
but O(0, 0) is neither a local maximum nor a local minimum. 


It is called a horizontal inflection (or inflexion) as the curve 
changes its curvature or shape. 
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SUMMARY 





A stationary point is a point 
where f(x) = 0. It could be a geada 
local maximum, local minimum, or x 
a horizontal inflection (SPI). 





horizontal 
inflection 





Consider the following graph: 


The sign diagram of E | = | + | dj 





its slope function is: —2 1 a 
local local horizontal 
maximum minimum inflection 


ps 





. 


horizontal inflection 


us onpEa E or Fes E Or 


stationary inflection X=a x=a 





Example 8 


fla) =x) -372 —- 9x +45 
f(x) =322 —- 6x —9 
=3(2º -27-3) 
= 3(x — 3)(x + 1) which has sign diagram: 


So, we have a local maximum at x = —1 and a local minimum at x = 3. 





TED CD SC) 9CA> f(3)=3º-3x32-9x345 
= 10 =—92 


VI=HS=FRE-0H+E W1=HZ=2H2-DH+E 
n 


local maximum at (—1, 10) “. local minimum at (3, —22) 
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If we are asked to find the greatest or least value on an interval, then we should always check 
the endpoints. We seek the global maximum or minimum on the given domain. 


Example 9 
Find the greatest and least value of xº —- 6x2 +5 ontheinterval -2<x<5. 


First we graph =7º- 61245 on |[-2,5. 
RR 25 ERrEaRaIS 


In this case the greatest value is clearly at the 


local maximum when dy E=A()! 
da 


d 
E =322- 12x 


= 3e(x — 4) 
O en O Ro 


Now 


So, the greatest value is f(0)=5 when x=0. 
The least value is either f(—2) or f(4), whichever is smaller. 
Now f(-2)=-27 and Jf(4)=-27 

least value is —27 when vx=-—2 and vx=—4. 





EXERCISE 21D.2 


1 The tangents at points A, B and C are horizontal. 
a Classify points A, Band C. 


b Draw a sign diagram for the slope 
function f(x) for all x. 





c State intervals where y= f(x) is: 

i increasing ii decreasing. 
d Draw a sign diagram for f(x) for all x. 
e Comment on the differences between the sign diagrams found above. 


2 For each of the following functions, find and classify the stationary points, and hence 
sketch the function showing all important features. 


a f(x)=22—-2 b fr)=z)41 

c fHax)=1)-37+2 d f(x)=zº — 29º 

e flx)=xê- 612412741 f Fflx)=v2+2 

gs fla)=u— vz h fHa)=1!-6r2+87—3 
| fa)=1-2yz | flx)=2!-272—8 


3 At what value of x does the quadratic function f(x) =ax? +br+c, a £0, have 
a stationary point? Under what conditions is the stationary point a local maximum or a 
local minimum? 


4 f(x)=2xº+ax? —- 24x 41 hasa local maximumat x =-—4. Finda. 


5 f(x)=xº+ax+b has a stationary point at (—2, 3). 
a Find the values of a and b. 
b Find the position and nature of all stationary points. 
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6 A cubic polynomial P(x) touches the line with equation y=9x+2 at the point 
(0, 2), and has a stationary point at (—1, —7). Find P(a). 


7 Find the greatest and least value of: 
a v-12x-2 for -3<xr<5 b 4-3224+27º for -2<X7<3 


8 A manufacturing company makes door hinges. The cost function for making x hinges per 
houris C(x) = 0.0007xº — 0.1796x2 +14.663x +160 dollars where 50 <a < 150. 
The condition 50 < x < 150 applies as the company has a standing order filled by 
producing 50 each hour, but knows that production of more than 150 per hour is useless 
as they will not sell. Find the minimum and maximum hourly costs and the production 
levels when each occurs. 





Rational functions have the form f(x) = a where g(x) and h(x) are polynomials. 
x 
2x — 1 2-4 
For example, f(x) = 213 and fim)= =—3513 are rational functions. 


We have seen that one feature of a rational function is the presence of asymptotes. 


These are lines (or curves) that the graph of the function approaches when x or y takes large 
values. 


Vertical asymptotes can be found by solving h(x) = 0. 
Horizontal asymptotes can be found by finding what value f(x) approaches as 
|| > oo. 


Oblique asymptotes are neither horizontal nor vertical. They can be found using 
the division process and then finding what function f(x) approaches as |x| > oo. 


When finding the position and nature of stationary points for rational functions, we usually 
begin by using the quotient rule to find the derivative. 


linear 


Rational functions of the form y= were covered earlier in this text. 





linear 


i 
FUNCTIONS OF THE FORM y=-— E 
quadratic 


For these functions the order of the polynomial in the denominator is higher than that in the 
numerator. 


As |x|—> 00, f(x) —> 0, and so they all have the horizontal asymptote y = 0. 
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Example 10 


Ro 

Consid =D———. 

onsider f(a) EE 
Determine the equations of any asymptotes. 

Find f'(x) and determine the position and nature of any stationary points. 


Find the axes intercepts. dd Sketch the graph of the function. 





Buda ELO) 
q -g—-2? (x-2Dx+1) 





Fm) = 


Vertical asymptotes are x =2 and x =—1 (when the denominator is 0! 


Horizontal asymptote is y = O fas |x|— c0, f(x) > 0) 


Ecs CC) 
E (a — 2)2(x + 1)? 
Roc ob 
o (a — 2)2(x + 1)? 

= —3xº + 18x — 15 
Ee 

= —3(x2 — 67 +5) 
“(x-D(x+1)? 


—3(x — 5)(x — 1) 
= (e-Da+1? The local min. is (1, 3). 


f(x) 


(Quotient ruleh 


So, f'(x) has sign diagram: 


a local maximum when x =5 
and a local minimum when x=1 


The local max. is (5, 3). 


Cuts the x-axis when y = 0 
==) dr m=b 


So, the x-intercept is 3. 


Cuts the y-intercept when x = O 
= 7 


. . 1 
So, the y-intercept is 45. 







Sign diagrams 
must show 


drati vertical 
quadratic asymptotes. 
FUNCTIONS OF THE FORM y-———————— 
quadratic 
27º — 3 
Functions such as y= da have a horizontal asymptote 
a +r—? 
which can be found by dividing every term by x?. 
1 3 
Re a 2 
Notice that pH soas |x|-- 00, v>7=2 A, 
== a) 


J x 
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Alternatively, by the division process 


7—3 
y=2+55053 0? as |x|> 0 2 
Dre 2 +2x-2|27—- 2+83 
2x2 +Ix—4 
—31 +7 


Example 11 


z2 — Je +2 
Ha) = q2 + 3x +42 
Determine the equations of its asymptotes. 
Find f'(x) and determine the position and nature of any turning points. 
Find the axes intercepts. 
Sketch the graph of the function. 





2-3 +2 Tê soas |r|>00, y>1 


2 ED e aa 
Flo e Ra ese a “+ HAis y=1 
x 


eai 








a RD 


O EG 


vertical asymptotesare v=-1 and x=-2 
— (2x-3(x2 +30+2)— (22 — 30 + 2)(22 +3) 
(a + 1)2(x + 2)2 
6x? — 12 
(x + 1)2(x + 2)? 
6(x + 2x — 2) and has 
(x +1)2(ax +2)2 | sign diagram 











fon simplifying) 


So, we have a local maximum at « = —/2 and a local minimum at x = 2. 
The local max. is (— 2, —33.971). The local min. is (2, —0.029). 


Cuts the x-axis when y=0 d 
o pede D=0 
(x— 1D)(x—2)=0 
p= lo 
So, the x-intercepts are 1 and 2. 


Cuts the y-axis when x = 0 local max 
(—/2, -33971) A 


local min 


y=2=1 (V2, —0.029) 


So, the y-intercept is 1. 
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quadratic 


FUNCTIONS OF THE FORM y= - 
linear 


For these functions the order of the polynomial in the numerator is higher than that im the 
denominator. This results in an oblique asymptote which is found by the division process. 


E à 22 +22 —1 a 2 da 
r exam =D — =1- —— on division. 
RR MENA z+3 E z—+3 
2 ; ; 
As |x|> o, E O andso y>ax-1l. Thus y=z-—1 isan oblique asymptote. 
x 


Example 12 


2 
E gd A ae 
E = O 
Determine the equation of its asymptotes. 
Find f'(x) and determine the position and nature of any turning points. 


Find the axes intercepts. d Sketch the graph of the function. 


a A 4 
ER oc, Ea est 
Fx) E T+ 


a vertical asymptoteis x=1 fas 2x>1, | f(x) | > 00) 
and an oblique asymptoteis y=-x+3 (as |r|>00, y> —-2x+3) 


; ecoa G E osno 
f(x) = (a — 1)2 








222 +62-442º -42+7 
rE which has sign diagram: 
—g? + 2x + 5) = E EE 
(ax — 1)2 É 3 
—(22 —- 2x —3) . a local maximum at (3, —2) 
frE and a local minimum at (—1, 6) 

(x + Dx —3) 

(a — 1)2 


Cuts the x-axis when y = 0, 
SA nO 

12-47 +7=0 w 

A So Aim NH 


local 
so there are no real roots iit=açd) E. . 


does not cut the x-axis — da 

local 
max (3,—2) — 
y-intercept is 7. ' 


Cuts the y-axis when x = 0. 
A 
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EXERCISE 21E 
1 Determine the equations of the asymptotes of: 
aj o 2% b A E JL +2 
“4 1º (r+2) 1 +41 
d E e e pd E yo dn+? 
VS gq “Ce +a+1 E (x + 2)? 
37 +22 —1 27º —- br —1 : 322 + x 
T—2 t+] 22x — 1 


2 For each of the following functions: 
i determine the equation(s) of the asymptotes 
il find f(x) and hence determine the position and nature of any stationary points 


ii find the axes intercepts 
v sketch the function, showing all information obtained in 1, ii and iii. 





iz = g2— b Rs 
12-26 dO op 

z uv -br+4 d 2 -62+5 
“E +5r+4 Pe (a + 1)2 





3 For each of the following functions: 
i determine the equation(s) of the asymptotes 
il find f(x) and hence determine the position and nature of any stationary points 
ill find the axes intercepts 
iv sketch the graph of the function, showing all information in i, ii, and Hi. 


JO das 
IO d H)= ay 


& For each of the following functions: 
i determine the equations of the asymptotes 
il find f(x) and hence determine the position and nature of any stationary points 
ill find the axes intercepts 
iv sketch the graph of the function 





2 +47 +5 Z +3x 2 
4 Z+2 1 g+1 PEC 
x? x 
d Hm)=5— e fa)= 50 


q2 — 1 
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When a curve, or part of a curve, has shape: 





we say that the shape is concave upwards. 


VN we say that the shape is concave downwards 


TEST FOR SHAPE 


Consider the concave downwards curve: 

Wherever we are on the curve, as 1 
is increased, the slope of the tangent 
decreases. 


m=0 


f'(x) is decreasing, 
its derivative is negative, 
so m)< 0. 


Wherever we are on the curve, as 1 
is increased, the slope of the tangent 
increases. 

f'(x) is increasing, 

its derivative is positive, 

so 1a) > 0. 





m=0 


POINTS OF INFLECTION (INFLEXION) 


A point of inflection is a point on a curve at which a change of curvature (shape) occurs, 


1.e., 
DEMO 
ae or Pa “ 
point of point of 


inflection inflection 


Notes: e If the tangent at a point of inflection 


é : S na stationary inflection 
is horizontal then this point is also a E 


stationary point. We say that we have tangent slope = 0 
a horizontal or stationary inflection E 
(SPI). p=) 


For example, ; x = 
É SD f (x) «— SD f(x) «tl, x 
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e If the tangent at a point of inflection non-stationary inflection 
is not horizontal we say that we have tangent 
a non-horizontal or non-stationary Sp, 7 v=f(%) 
inflection (NSPJ). 





For example, 


x=b x=à x=6 


SD f(x) «*L[=1Lt,s SD f(x) «Lt, s 


b 


e The tangent at the point of inflection, also called the inflecting tangent, crosses 
the curve at that point. 


There is a point of inflection at x =a if f(a) = 0 and the sign of f(x) 
changes on either side of x = a. 


The point of inflection corresponds to a change in curvature. 


In the vicinity of a, f(x) has sign diagram either pis or mi 


Observe thatif f(x)=a! then 


f(x) =4xº and f(x) = 1272 and f(x) has sign diagram a o, 


Although f(0) = 0 we do not have a point of inflection 
at (0, 0) because the sign of f(x) does not change on 
either side of x =0. In fact the graph of f(x) = a? is: 





local minimum (0, 0) 


SUMMARY 
For a curve (or part curve) which is concave downwards on 
VAR aninterval S, f'(x)<0 foralrins. 
A For a curve (or part curve) which is concave upwards on an 
interval S, f(x)>0 foralzxins. 


If f(x) changessignat v=a, and f”(a) = 0, then we have a 
e horizontal inflection if f(a) = 0 
e non-horizontal inflection if f'(a) Z0. 








Click on the demo icon to examine some standard functions for turning DEMO 
points, points of inflection, and intervals where the function is increasing, 
decreasing, and concave up or down. 
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ELA 





Find and classify all points of inflection of f(x) = 1º — 4x3 +5. 














fa) = 2º — 42º +5 - - + 1) 
(o) do” Dm? 0 3 ças 
f(x) = 127º — 247 E = + f() 

= 12x(x — 2) 


o 
concave (O concave 2 concave 
up down up 


(a) = 00 went = Mor? 


Since the signs of f(x) change about x =0 and x =2, these two points are 
points of inflection. 
Also f(0)=0, f(2)=32-4840 
and f(0)=5, f(2)=16-324+5=-11 


Thus (0, 5) is a horizontal inflection, and (2, —11) is a non-horizontal inflection. 





Example 14 


For f(x) = 3x7! — 1673 + 249º — 9: 
find and classify all points where f(x) = 0 
find and classify all points of inflection 
find intervals where the function is increasing or decreasing 
find intervals where the function is concave up or down. 
Hence, sketch the graph showing all important features. 





a f(x) = 37º — 167º + 247º —9 ESEC LGRoS+E4NTE-O 
f(x) = 1273 — 4812 + 48x 
= 12x(x2 — 41 +4) =| + |+ 
e on(a = 2)? 0 


Now f(0)=-9 and f(2)=7 
(0, —9) is a local minimum and 
(2, 7) is a horizontal inflection. 


W=35H"2-D6H-+4E 
b f(x) = 367º — 96x + 48 


=12(372 — 81 +4) E 
=12(2-2)(3x—2) += 1+, 





2 2, 
3 
(2, 7) is a horizontal inflection 
2 2 2 : 
and (3, 1(3)) or (5, 2:48) is a 
non-horizontal inflection. e y ERR 







c f(x) is decreasing for « <0 (2, or 


Go 


(x) is increasing for x > 0. 
d f(x) isconcaveupfor «<5 and v>2 
(x) 








g 
-— (5,—2.48) 
non-stationary 
inflection 


(0-9) 


: 2 
f(x) is concave down for qe 02 en 
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f(x) = O corresponds to the stationary points of y = f(x), so f(x) will change sign 
at a local maximum or minimum of y = f'(x). Such points correspond to the points of 
inflection of y = f(a). 

If a local maximum or minimum of y = f'(x) touches the x-axis, then it corresponds to 
a stationary point of inflection of y = f(x). Otherwise it corresponds to a non-stationary 
point of inflection. 


Example 15 


The graph below shows a slope Sign diagram of f'(x) is: 

function y = f(x). Sketch a 

graph which could be y = f(x), 

showing clearly the a-values 

corresponding to all stationary f(x) isa maximum when x =-4 and 

points and points of inflection. a minimum when x = E 
At these points f(x) =0 but f(x) £0, 
so they correspond to non-stationary points 
of inflection. 


local 





min NSPI 


Example 16 


Using the graph of y = f(x) below, The local minimum corresponds to 
sketch the graphs of y= f(x) and f'(x)=0 and fº(x) £0. 

y= fa). The NSPI corresponds to f(x) 0 
ape O 

The SPI corresponds to f'(x) = 0 
ana Ro 0] 
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EXERCISE 21F 
1 Find and classify all points of inflection of: 
a fx)=212+3 b f(x)=2-q 
c flxn)=rê-6124+92+1 d fa)=7)4+62+121+5 
1 
e f(x)=-3x7! - 87º 42 f e 


2 For each of the following functions: 
i find and classify all points where f(x) = O 
il find and classify all points of inflection 
iii find intervals where the function is increasing or decreasing 
iv find intervals where the function is concave up or down. 
w Sketch the graph showing all important features. 


a Ha)=a b fm)=aº ce HMr)=vz 
d f(lxr)=2º)-37-2M24+1 e fHx)=30+40-2 ft flo)=(x—1)! 
gs fa)=m! -4272 +43 h Ho)=3- Se 


3 For the graphs of y = f(x) below, sketch a graph which could be y = f(x). Show 
clearly the location of any stationary points and points of inflection. 





4 Using the graphs of y = f(x) below, sketch the graphs of y = f'(x) and y= f(x). 
Show clearly any axes intercepts and turning points. 


a 
vo y=f0) 
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There are many problems for which we need to find the maximum or minimum value of a 
function. We can solve such problems using differential calculus techniques. The solution is 
often referred to as the optimum solution and the process is called optimisation. 





Consider the following problem: 


An industrial shed is to have a total floor space of 600 m2 and is to be divided into 3 
rectangular rooms of equal size. The walls, internal and external, will cost $60 per metre to 
build. What dimensions should the shed have to minimise the cost of the walls? 


We let cach room be x m by y m as shown. 
Clearly zx>0 and y>0. 
The total length of wall materialis L=6x+4ym. ym 


We know that the total area is 600 m?, 


200 
so 3x xy= 600 andhence y=—, 
x 


Knowing this relationship enables us to write L in terms of one variable, in this case x. 


L= 00 +4(22) - (60 +55) m 
L L 


à 800 
The cost is $60 per metre, so the total costis C(x) = 60 (6: + o) dollars. 
j 





Now C(x) = 3607 + 480007" ; 
m 
C'(x) = 360 — 48000772 
(a) “48000 
C'(x)=0 when 360= — 
É 
4 
ie, 2 = E. 133.333 andso xx 11.547 x 
360 
200 
Now when v=x11.547, ym TL547 = 17.321 and C(11.547) = 8313.84 dollars. 


So, the minimum cost is about $8310 when the shed is 34.6 m by 17.3 m. 


WARNING 


The maximum or minimum value does not always occur when the first derivative is 
zero. It is essential to also examine the values of the function at the endpoint(s) of the 
domain for global maxima and minima. 


For example: dy 
dx 


=0 + =f(x) 


The maximum value of y occurs at 
the endpoint x = b. The minimum 
value of y occurs at the local minimum 


T= p. 
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TESTING OPTIMAL SOLUTIONS 


If one is trying to optimise a function f(x) and we find values of x such that f(x) = 0, 
how do we know whether we have a maximum or a minimum solution? The following are 
acceptable tests: 


SIGN DIAGRAM TEST 
Ifnearto «=a where f'(a) = 0 the sign diagram is: 


e +[»— we have a local maximum e *-|+? we have a local minimum. 
a + a: 


. 


F 4 RÃ 
SECOND DERIVATIVE TEST 


Ifnear «=a where f'(a) =0 and: 
dy dy 
Er) <0 we have Fê shape, “ >0 we have a shape, 


which is a local maximum which is a local minimum. 


GRAPHICAL TEST 
If the graph of y = f(x) shows: 


o TN we have a local maximum o NA we have a local minimum. 


OPTIMISATION PROBLEM SOLVING METHOD 
The following steps should be followed: 


Step 1: Draw a large, clear diagram(s) of the situation. 

Step 2: Construct a formula with the variable to be optimised (maximised or minimised) 
as the subject. It should be written in terms of one convenient variable, x say. 
You should write down what restrictions there are on x. 

Step 3: Find the first derivative and find the value(s) of x when it is zero. 

Step 4: Ifthere is a restricted domain suchas a<x<b, the maximum or minimum 
may occur either when the derivative is zero or else at an endpoint. 


Show by the sign diagram test, the second derivative test or the graphical 
test, that you have a maximum or a minimum situation. 


ELA) 


A rectangular cake dish is made by cutting 
out squares from the comers of a 25 cm 


by 40 cm rectangle of tin-plate, and then 
folding the metal to form the container. 


What size squares must be cut out to produce the cake dish of 
maximum volume? 
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Step 1: Let a cm be the side lengths Step 2: 


of the squares that are cut out. Volume = length x width x depth 


= (40 — 2x)(25 — 2x)x cm 


E V = (40 — 27)(25x — 272) cm 
(05 2x)lem 








Notice that x >0 and 25-27x>0 
Re RR E Rs 
(40— 2x) em 


Step 3: Now — =-—2(25x — 272) + (40 — 227)(25 — 4x) (product rule) 
= —50x + 4x? + 1000 — 50x — 160x + 8x? 
= 127º 260» 1000 
= 4(322 — 65x + 250) 


= 4(3x — 50)(x — 5) which is 0 when q = & = 


Sign diagram test 


a has sign diagram: 
da 


or Second derivative test ú 


2 2 
ao =D Ay 260] andiat =, as = —140 whichis<0 
di? da? 
the shape is e and we have a local maximum. 
So, the maximum volume is obtained when x =5, 


ie. when 5 cm squares are cut from the corners. 





Example 18 


Find the most economical shape (minimum 
surface area) for a box with a square base, 
vertical sides and an open top, given that it 
must contain 4 litres. 


Let the base lengths be x cm and the depth 
a A y em be y cm. The volume 
V = length x width x depth 
V = 22y 
4000 = x2y .... (1) fas 1 litre = 1000 cm?) 


x cm 
The total surface area 


A = area of base + 4 (area of one side) 


=qº +4xy 


4000 E 
=q2+41 ( E ) fusing (1) 


A(x) = 72 + 1600077! where x >0 
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Step 3: A'(x) = 2x — 16000772 
16000 
A'(x)=0 when 27 = 
E 
27º = 16000 
x = 8000 = 20 
Step 4: Sign diagram test or Second derivative test 
A"(x) =2+ 3200077 
= É = o, 32000 
0 N20/ e as 
which is always positive 
3 
O E O Es 2 50 foralla =0, 
A'(10) = 20 — ASS A'(30) = 60 — oe 
= 20 — 160 a 60 — 17.8 
= —140 SRA DI) 
Both tests establish that the minimum MM A Oem 
material is used to make the container 
4000 
when 2 = 20 and = So 10. So, Porem 
20 cm 


is the most economical shape. 





Sometimes the variable to be optimised is in the form of a single square root function. In 
these situations it is convenient to square the function and use the fact that if A > O, the 
optimum value of A(x) occurs at the same value of x as the optimum value of [A(x)]2. 


Example 19 


An animal enclosure is a right angled triangle with one 
leg being a drain. The farmer has 300 m of fencing 


A drain (E 
available for the other two sides, AB and BC. LO 
a Showthat AC = 90000 - 6007 ifAB=zm. 

b Find the maximum area of the triangular enclosure. E 


Hint: If the area is 4 m?, find 42 in terms of x. 
A is a maximum when 42 takes its maximum value. 





a (AC2 + «12 =(300- x)? (Pythagoras) 


A (e 
(AC) = 90000 — 6002 + 22 — «2 
= 90000 — 6002 a 
“AC = 90000 - 6007 (300-x) m 
B 


b The area of triangle ABC is 
A(a) = S(base x altitude) Qi <= 300 
= 5(AC x q) 
= 5a:v/90 000 — 6002 
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2 
[A(a)2 = (90 000 — 600x) = 2250042 — 15073 


45 000x — 450x2 


= 450x(100 — x) with sign E - 
diagram: 100 Ea 
0 300 


A(ax) is maximised when «x = 100 


so Amax = 5(100)/90 000 — 60000 100 m Om 
= 8660 m? 


S-| eu 
= 
= 
ty 
| 


Example 20 





A square sheet of metal has smaller 
squares cut from its comers as shown. 





What sized square should be cut out so 
that when the sheet is bent into an open 
box it will hold the maximum amount of 
liquid? 














Let « cm by x cm squares be cut out. 


Volume = length x width x depth 
Ss = (o 2n)x (a De) 
(a-2)em —. V(x)=zr(a-22) 


Now V'(x)=1(a-27)2+xx2(a-27)! x (-2) fproduct rule) 
= (a — 22x)[a — 2x — 42] 
= (a-2x)(a — 6x) 


V'(z) =0 when 2=5 or 


a 
However, a-— 2x mustbe > 0 andso a< 2 


Thus) & — : is the only valucin 0O<g< 5 with Wir) — 0: 


Second derivative test: 
Now V'(x) = —2(a — 6x) + (a — 2x)(—-6) (product rule) 
= —2a + 12x — 6a + 12x 
= 24x — 8a 
v” (5) =44-8a=-4a whichis<0 


a convex 
the volume is maximised when x = ç downwards 


a 5 ; : : 
Conclusion: When x = ç the resulting container has maximum capacity. 
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EXERCISE 21G 


Use calculus techniques in the following problems. 


1 A manufacturer can produce x fittings per day where 0<ax< 10000. The costs are: 


e €1000 per day for the workers e €2 per day per fitting 
5000 
e €-— per day for running costs and maintenance. 
z 
How many fittings should be produced daily to minimise costs? 


2 For the cost function C(x) = 720 + 4x + 0.02x2 dollars and price function 
p(x) = 15 — 0.002x dollars, find the production level that will maximise profits. 


3 The total cost of producing x blankets per day is qa? + 8x + 20 dollars, and for this 
production level cach blanket may be sold for (23 — 5x) dollars. 
How many blankets should be produced per day to maximise the total profit? 


2 
4 The cost of running a boat is Em per hour where v is the speed of the boat. 


All other costs amount to £62.50 per hour. Find the speed which will minimise the total 
cost per kilometre. 


5 A duck farmer wishes to build a rectangular enclosure of area 100 m2. The farmer 


must purchase wire netting for three of the sides as the fourth side is an existing fence. 
Naturally, the farmer wishes to minimise the length (and therefore cost) of fencing 
required to complete the job. 

a Ifthe shorter sides have length x m, show that the required length of wire netting 


, 100 
to be purchasedis L=2r+—, 
x 


100 
b Use technology to help you sketch the graph of y=2r+—. 
x 


ce Find the minimum value of L and the corresponding value of x when this occurs. 
d Sketch the optimum situation showing all dimensions. 


6 Radioactive waste is to be disposed of in fully enclosed 
lead boxes of inner volume 200 cm?. The base of the 
box has dimensions in the ratio 2:1. 

a What is the inner length of the box? 
b Explain why x2h = 100. 





c Explain why the inner surface area of the box is given by  A(x) = 4x2 + si comê, 
x 


600 
d Use technology to help sketch the graph of y = 4x2 + E 


e Find the minimum inner surface area of the box and the corresponding value of x. 
f Sketch the optimum box shape showing all dimensions. 


658 APPLICATIONS OF DIFFERENTIAL CALCULUS (Chapter 21) 


7 Consider the manufacture of cylindrical tin cans of 1 L capacity where the cost of the 
metal used is to be minimised. This means that the surface area must be as small as 
possible. 


per cm» 





1000 
a Explain why the height A is given by h= — 
Tr 


b Show that the total surface area A is given by 


A=2mr? + o com. 
r 





c Use technology to help you sketch the graph of 4 against r. 
d Find the value of r which makes A as small as possible. 
e Sketch the can of smallest surface area. 


8 Sam has sheets of metal which are 36 cm by 36 em 
square. He wants to cut out identical squares which 
are z cm by x cm from the corners of each sheet. 
He will then bend the sheets along the dashed lines 


to form an open container. Sm 


a Show that the capacity of the container is given 
by V(x) = «(36 — 2x)? cmê. 

b What sized squares should be cut out to produce 
the container of greatest capacity? 








9 Anathletics track has two “straights” of length | m and two semicircular 
ends of radius x m. The perimeter of the track is 400 m. 


a Show that |=- 200 —- 7x and hence write down the 
possible values that x may have. 


b Show that the area inside the track is A = 4007 -— 7x2. 


ce What values of | and x produce the largest area inside the track? 





10 A sector of radius 10 cm is bent to form a conical cup as shown. 






sector 
9º 






join when edges AB and CB 


becomes dc are joined with tape 


A Cc 
Suppose the resulting cone has base radius 7 cm and height h cm. 
a Show that in the sector, arc AC = a 
b Ifr is the radius of the cone, explain why r = a 


If A is the height of the cone show that Ah = 4/100 — (E. 


Use technology to sketch the graph of V(9). 


€ 
d Find the cone's capacity V in terms of 6 only. 
e 
f Find O when V(0) is a maximum. 


11 


12 


13 


14 


15 


16 
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B is a row boat 5 km out at sea from A. AC 
is a straight sandy beach, 6 km long. Peter 
can row the boat at 8 kmh”! and run along 
the beach at 17 kmh”!. Suppose Peter rows 
directly from B to point X on [AC] such that 
AX = & km. 

a Explan why 0O<r<o6. 

b If T(x) is the total time Peter takes to 

row to X and then run along the beach 


vz +25 6-2 
8 17 





hrs. 





to C, show that T(x) = 


ce Find x such that e = 0. What is the significance of this value of x? Prove your 
statement. ii 

A 

A pumphouse is to be placed at some point 

X along a river. B 


ar 2 km; 
Two pipelines will then connect the 


pumphouse to homesteads A and B. 


M X N 
How far ftom M should point x be so that es Em 
the total length of pipeline is minimised? 


km 





Open cylindrical bins are to contain 100 litres. Find the radius and height of the bin 
shape which requires the least amount of material (minimises the surface area). 


Two lamps have intensities 40 and 5 candle-power and are 6 m apart. If the intensity of 
illumination 1 at any point is directly proportional to the power of the source, and 
inversely proportional to the square of the 
distance from the source, find the darkest point 
on the line joining the two lamps. 


40 cp 5cp 


6m 


A right angled triangular pen is made from 24 m of 
fencing, all used for sides AB and BC. Side AC is an 
existing brick wall. 


a IFAB=am, find D(x) in terms of x. D(x) metres 


b Find ali 


for it. 


and hence draw a sign diagram 


c Find the smallest and the greatest possible value B A 
of D(x) and the design of the pen in each case. wall 


At 1.00 pm a ship A leaves port P, and sails in the direction 30ºT at 12 kmh”!. At the 
same time, ship B is 100 km due east of P and is sailing at 8 kmh”! towards P. 


a Show that the distance D(t) between the two ships is given by 

D(t) = v'304t2 — 2800t + 10000 km, where t is the number of hours after 1.00 pm. 
b Find the minimum value of [D(t)J2 forall t>0. 
ce At what time, to the nearest minute, are the ships closest? 


660 
17 


and in such cases we can use technology. 
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ABisa 1 m high fence which is2m from 


a vertical wall RQ. An extension ladder PQ Q 
is placed on the fence so that it touches the 
ground at P and the wall at Q. wall É 


a If AP= zm, find QR in terms of «x. 
b Ifthe ladder has length L m, show 


that [L(x)]2 = (x + 2)? (1 + a): 


dlL(a)]? 
da 


d Find, correct to the nearest centimetre, the shortest length of the extension ladder. 
You must prove that this length is the shortest. 


c Show that = 0 only when q = VD. 


PACKAGE 


Sometimes finding the zeros of the derivative is difficult, GRAPHING & 


Use the graphing package or your graphics calculator to F 
help solve the following problems. 


19 


20 


A, Band C are computers. A printer P is networked 
to each computer. Where should P be located so 
that the total cable length AP + BP + CP isa 
minimum? 






B 4m  N 5m Cc 


» (11) 
º. Caville Three towns and their grid references are marked 
on the diagram alongside. A pumping station is 
PP Ng, pipeline to be located at P on the pipeline, to pump water 
É to the three towns. Grid units are kilometres. 


“e 


gt 2) (7,3) Exactly where should P be located so that the 
Aden Bracken total length of the pipelines to Aden, Bracken 
x and Caville is as short as possible? 





The trailing cone of a guided long range torpedo is to be conical with slant edge s cm. 
The cone is hollow and must contain the 
maximum possible volume of fuel. rem 
Find the ratio of s:r such that the maximum 

fuel carrying capacity occurs. 





A company constructs rectangular seating 
arrangements for pop concerts on sports 
grounds. The oval shown has equation 
2 q 

5 + ca 1 where a and b are the lengths 


of the semi-major and semi-minor axes. 
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b 
a Show that y=-va? —- x2 for A as shown. 
a 
4b 
b Show that the seating area is given by A(x) = Voo. 
a 
a 
c Showthat A'(x)=0 when v=—. 
(2) <; 
a 


d Prove that the seating area is a maximum when v=—. 


v2 


e Given that the area of the ellipse is 7ab, what percentage of the ground is occupied 
by the seats in the optimum case? 





For relations suchas y+3x7y2-zy4+11=0 itis often difficult or impossible to make y 
the subject of the formula. Such relationships between x and Y are called implicit relations. 


To gain insight into how such relations can be differentiated we will examine a familiar case. 


Consider the circle with centre (0, 0) and radius 2. 
The equation of the circle is «2 + y2 — 4. 
Suppose A(x, y) lies on the circle. 


y-step y—O y 
Eh 


The radius OA has slope — = = 
a-step  v—l 





". the tangent at À has slope = — E (the negative reciprocal) 
y 


Thus a ai for all points (x, y) on the circle. 
z y 


ceia d ; : 
So, in this case we have found = by using a circle property. y 
x 


d 
Another way of finding Em for a circle is to split the 
x 
relation into two parts. 
IH v+y=4 then y)=4-gº 


andso y=+v4-g2, 








Case 1: Case 2: 
y=v4-22=(4-a2)2 y=-v4-— 4? 
dy st 
mn 3(4—- 22)2 x (—22) 
E: 
E 
Es E = — 
o 


d sn “a 
So, in both cases o Es Thê question is: “Is there a better way of finding id 
z y E 
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IMPLICIT DIFFERENTIATION 


The process by which we differentiate implicit relations is called implicit differentiation. 

If we are given an implicit relation between y and x and we want = we differentiate both 
z 

sides of the equation with respect to x, applying the chain, product, quotient and any other 


: que a A ; 
rules as appropriate. This will generate terms containing o which we then proceed to make 
x 


the subject of the equation. 
d 


e (4) 


For example, if x2+y=4, then a(o? +y) = 
x 


2e +29 É =0 













dy == As required. 
da y 
d a dy 
A useful property is that —(y") = ny"! — using the chain rule. 
da da 
1 
If y is a function of x find: a (09) e (5) c a(o?) 
ER gpa d 
— b — [— c — (ay? 
2 (4º) (5) É (24º) 
= 3? dy do =Ixy+zxx2y dy (product rule) 
dx = aU ) da 
2 dy 
-o dy =y + 22y — 
— guia da 
da 
: dy 5 E 2 3 =. 92 3 
a Find GE if: AR AO DU UU = O O) 
E 
2 
b For part a À only, find a 
da 
ai 2 +y =8 ii 2 + 22y + yº = 100 
Gba o d ee a d d 
pese cao essi: pd Rad (2, EG (AS de ne 
+ (= (8) o CD 4 O (20) + (7) = (100) 
dy 2 dy a dy 
grs Are! 2 | +Sy— =0 
PTS E 0 + eua E rag 
E ÇÕ-S, 
dy 2% (product rule) 
cho BP 


d 
(x2 + 3) =-1-22xy 


dy  —1—2xy 


dy v2+3y 
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Py 
dy? 


Eq 
dx 


dx 


—2ax 
3y? 


9y 
= 
—6y2 + 12xy (55) 


Example 23 


d 
—2(39º) — (—20)6y o 
Esp ta 
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(quotient rule) 


3y2 


Find the slope of the tangentto 12 +y?=5 at the point where x = 2. 


First we find a 
da 


dz 
dy 
E Re 
E dx 


Wien 
dy 


Consequently 


So, the slope of the tangent at x =2 


4+yº=5 and 


2x + 3y? E =0 (implicit differentiation) 


—2x 


d 
—2x and so a = e 


UE 
=2(2) 


312 


4 4 
18 3º 


—4 
3 








EXERCISE 21H 
1 Ifyisa function of x, find: 
d d d da d 
a —(2 b —(-3 ec —(y d —(— — (y! 
ag (23) ag (SU) o) FR att ) 
d d/1 d d,s d 9 
— me Es mms l ns pe 
dx (3) 9 dx (52) dx (xy) dx (xy) À dx (ey) 
a o 214412 2 2 Do o 
2 Find  iÊ a vt +y =25 b x +3y/=9 c y—-xl=8 
” d x -y=10 e v+ry=4 f xº-2ry=5 
3 Find the slope of the tangent to: 
a zx+ty=4y at y=1 b zx+y=8zy at v= 1 
. d2y . mo ao : 
& Find 2 for each implicit relation in question 2. 
x 
. dV d? 
5 Giventhat 3V2+2q=2Vq, find a o o 
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REVIEW SET 21A 


md 


A particle P moves in a straight line with position relative to the origin O given by 
s(t) =2t8 — 9t2 + 12t — 5 cm, where t is the time in seconds, t > 0. 
a Find expressions for the particle's velocity and acceleration and draw sign 
diagrams for each of them. 
Find the initial conditions. 
Describe the motion of the particle at time t = 2 seconds. 
Find the times and positions where the particle changes direction. 
Draw a diagram to illustrate the motion of P. 


- e Ma co 


Determine the time intervals when the particle's speed is increasing. 
: : uid RE v2 9000 
The cost per hour of running a freight train is given by C(v) = — + — dollars 
where v is the average speed of the train in kmh” 1. ço E 
a Find the cost of running the train for: 
i two hours at 45 kmh”! ii 5 hours at 64 kmhr 1. 
b Find the rate of change in the hourly cost of running the train at speeds of: 
à 50 kmh”! ii 66 kmhbr!. 
c At what speed will the cost be a minimum? 
For the function f(x) =2xº —- 37º — 36x +77: 
a find and classify all stationary points and points of inflection 
b find intervals where the function is increasing and decreasing 


€ find intervals where the function is concave up or down 
d sketch the graphof y= f(x) showing all important features. 






Rectangle ABCD is inscribed within the parabola 
y=k-ax? and the x-axis, as shown. 
a If OD =x, show that the rectangle ABCD 
has area function A(x) = 2kx — 29º. 
b Ifthe area of ABCD is a maximum when 
AD = 2y3, find k. 
A manufacturer of open steel boxes has to make one with a square base and a 
capacity of 1 mê. The steel costs $2 per square metre. 


y=k— x? 


a Ifthe base measures x m by x m and the 
height is y m, find y in terms of x. 


8 
b Hence, show that the total cost of the steelis C(x) = 2x2 + E dollars. 





€ Find the dimensions of the box which would cost the least in steel to make. 


a Find = given that xºy + 2xyº = —18. 
z 


o 


Find the equation of the tangent to 
22y + 2xyº = —18 at the point (1, —2). 


Given the graph of y = f'(x) drawn alongside, 
sketch a possible curve for y = f(x). Show clearly 
any turning points and points of inflection. 
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NAM 


1 A triangular pen is enclosed by two fences AB and BC 
each of length 50 m, with the river being the third side. 
a If AC=27m, show that the area of triangle ABC 
is A(x)=2v2500- x? mê, aa 
dLA(a)]P 


b Find —— and hence find x such that 
dx A river E 


the area is a maximum. 


2 A particle P moves in a straight line with position from O given by 
60 
ET? 
a Find velocity and acceleration functions for P's motion. 

b Describe the motion of Pat t=3 seconds. 
e For what values of t is the particle's speed increasing? 


s(t) = 15t — cm, where t is the time in seconds, t>0. 


3 A rectangular gutter is formed by bending a end view 


24 cm wide sheet of metal as shown in the 
illustration. 





Where must the bends be made in order to maximise the capacity of the gutter? 


& Consider the curve with equation x? —-2xy2 +yº =k where k is a constant. 
a If (2, —1) lies on the curve, find k. 


d 
b Find — € Find the equation of the normal to «2 —-2xy2 +y3 = k at (2, —1). 
z 


5 A particle moves along the x-axis with position relative to origin O given by 
v(t) = 3t— vt cm, where t is the time in seconds, t > 0. 

a Find expressions for the particle's velocity and acceleration at any time t, and 
draw sign diagrams for each function. 
Find the initial conditions and hence describe the motion at that instant. 
Describe the motion of the particle at t = 9 seconds. 
Find the time and position when the particle reverses direction. 
Determine the time interval when the particle's speed is decreasing. 
g2— 1 k 
a2 +10 
a find the axes intercepts b explain why f(x) has no vertical asymptotes 
€ find the position and nature of any stationary points 

1 


d showthat y= f(x) has non-stationary inflections at x = +,/3 


e sketch the graph of y = f(x) showing all features found in a, b, € and d above. 


e Da gc 





6 For the function f(x) = 





7 The graphof y= f(x) is given. » 
On the same axes sketch the graph 


of v=[F(2)|. = | 
if y=5() 
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REVIEW SET 21C 


1 Forthe function f(x)=aê —-472 +42: 
a find all axes intercepts 
b find and classify all stationary points and points of inflection 
c sketch the graphof y= f(x) showing features from a and b. 


2 A 200 m fence is placed around a lawn which has the shape of 
a rectangle with a semi-circle on one of its sides. 
a Using the dimensions shown on the figure, 
show that y=100-z-GSa. 
Hence, find the area of the lawn A in terms of x only. 2x m 


€ Find the dimensions of the lawn if it has the maximum possible area. 


q2 + 2x 
GR 
Determine the equations of any asymptotes. 
Find the position and nature of its turning points. «€ Find its axes intercepts. 
Sketch the graph of the function showing the important features of a, b and «. 
2 +2x 
RE, 
& A machinist has a spherical ball of brass with 
diameter 10 cm. The ball is placed in a lathe and 
machined into a cylinder. 
a If the cylinder has radius x cm, show that 
the cylinder”'s volume is given by 


Via) = mo?y/100 4R2 cm, 


b Hence, find the dimensions of the cylinder of largest volume which can be made. 


3 Considero) — 





os o 


e For what values of p does 





=p have two real distinct roots? 





5 Two roads AB and BC meet at right angles. A straight Ay 
pipeline LM is to be laid between the two roads with 1 
the requirement that it must pass through point X. 

a If PM = «x km, find LQ in terms of x. 
b Hence show that the length of the pipeline is 








8 QR--SÁBS 
givenby L(x)=vzº+1 (1 + =) km. B PM C 
Odo Ra 
ce Find ——— and hence find the shortest possible length for the pipeline. 


6 A rectangular sheet of tin-plate is 2k cm by e em ———+ 
k cm and four squares each with sides x cm | | 
are cut from its corners. The remainder is bent 
into the shape of an open rectangular container. 
Find the value of « which will maximise the 
capacity of the container. 





The graph of y = f'(x) is drawn. 

On the same axes clearly draw a possible 
graph of y= f(x). Show all turning points 
and points of inflection. 
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The simplest exponential functions are of the form f(x) = a” where a is any positive 
constant, a 1. 


The graphs of all members of the For example, 
exponential family f(x) = a” have 
the following properties: 

e pass through the point (0, 1) 

e | asymptotic to the x-axis at one 

end 

e lie above the x-axis for all x 

e concave up for all x 

e monotone increasing for a > 1 


e monotone decreasing for 
O<a<l. 














INVESTIGATION 1 


LA, 
a This investigation could be done by using a graphics calculator or by 








clicking on the icon. 


The purpose of this investigation is to observe the nature of the derivative 
ob Ro or a 2340, 5 and z 


What to do: 


1 For y= 2” find the gradient of the tangent at x = 0, 0.5, 1, CALCULUS 
1.5, 2 and 2.5. Use modelling techniques from your graphics DEMO 
dy 


calculator or the software provided to show that Rs 0.693 x 27. 

Repeat 1 for y=3”. 

Repeat 1 for y=5". 

Repeat 1 for y= (0.5)”. 

Use 1, 2, 3 and 4 to help write a statement about the derivative of the general 
exponential y=a” for a>0, al. 


ar wn 


From the previous investigation you should have discovered that: 


e if f(x)=a” then f(x)=ka” where k is a constant 


o E isthedervativco! ye” at sr 0 le, k=- by 
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This result is easily proved algebraically. 


E j(gj= 0", them J(m)= hm diet o) (first principles definition 
o h of derivative) 
at+h — a? 
=lm —>————— 
h=>0 
o (0-1) 
Co E 





a =] = 
= pe se | lim fas a” is independent of A 





h50 dh 
; O) = (0) ) 
But f (0) — lim E FERE y=a* 
o dt=A 
= lim 
h50 slope is f'(0) 
Fa) =aº 110) : o 





| X 
So, if we can find a value of a such that f'(0) = 1, then we have found a function which 
is its own derivative. 






Sm Click on the icon to graph f(x) = a” and its derivative DEMO 
function p= a 


Experiment with different values of a until the graphs of f(x)=a” and y=f'(x) 
appear the same. 


Estimate the corresponding value of a to 2 decimal places. 


From Investigation 2 you should have discovered thatif a=2.72 and f(x) =a” then 
F(z)=0* also, 


To find this value of a more accurately we return to the algebraic approach: 





h-1 
We showed that if f(x)=a” then f(x)=a” (jim E z ) : 
a? —1 


=. 
h 





Soif f(x) =a” we require dim 


ar = 





= 1 for values of A which are close to O 


a" a: 1+h for h close to 0. 
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La 1 1 
Letting h=-—, a" = 1+-— for large values of n (fh=-—->0 as n> 00) 
n n n 


1 n 
as (1 + =) for large values of n. 
n 


: 14" 
We now examine (1 + — as n> 00. 
n 


N Eu N Boo 
2.593 742 460 2.718 281693 
2.704813 829 2.718281815 


2.716 923 932 DESDE 


E Di | 2.718 1459927 | 145927 oa Di | 2718281898 | 281828 
a 718268237 ad E e 281 828 
PTI DROAGO | To | DEIBORTROS 


Infactas n> o, E + — -) — 2.718 281 828 459045 235.... 








and this irrational number is denoted by the symbol e. 
e = 2.718281 828459045235.... and is called exponential e 


li nen co ihenr an es 


Alternative notation: e” is sometimes written as exp(a). 
For example, exp(l— x) = el-£, 


e is an important number with similarities to the number 7. Both numbers are irrational 
(not surds) with non-recurring, non-terminating decimal expansions, and both are discovered 
naturally. 


We also saw e in an earlier chapter when looking at continuous compound interest. 


PROPERTIES OF y— e” 


d 
Notice that o e" = 
da 


Às 1>00, y—> oo very rapidly, 
dy 

andso — > 00. 
da 


This means that the slope of the curve is 
very large for large values of x. The curve 
increases in steepness as x gets larger. 
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d 
As z>-o0, y->0 andso E io 
da 


This means for large negative x, the graph becomes flatter and approaches the asymptote 
y = 0. 


e” >0 forallx,sotherangeof fixe” is R* or ]0,00|. 


THE DERIVATIVE OF e/(?) 


The functions e”, e2r+3 and e? are allofthe form ef(?»). Such functions are 
often used in problem solving. 


In general, ef?) > 0 forall x, no matter what the function f(x). 


Consider y = ef(?). 


Now y=e! where u= f(x). 


dy — dydu E 

But E GUIE (chain rule) 
dy du Ha) ; 
e A f(x) 


Summary: 





ELA 
Find the slope function for y equal to: 


ane Pe b xe” 


d 
a If y=2e”+e- then — =2e" +e*(-—3) 
Gi 


= de? — 3e730 


dy 


b If y=2z2e? then e 2xe* +w2e *(—-1) (product rule) 
T 


AP g2e E 


Te 


2x d 27 9 = 1 
c Te mi= — then a a 


er(2x—1) 
2 


(quotient rule) 


x 
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1 
Find the slope function for y equal to: a (e”-1) > 
a u=(e- Ip b y=(22+1)3 
=u' where u=e!-l =u? where u-2e +1 
dy — dydu dy — dydu 
de dudz de dudr 
du ES 
= 3u2— DER 
A da pu dx 
== gp 2 Ge 
male pre E ore bia 
= 3e”(e” — 1)? 


= e(2e-o + 1) 












Find the position and nature of any turning points of y=(x-2)e*. 





dy = (1)e" +(x— 2De""(—1) (product rule) 





dx 
=ee(1-(2-2) 
O : e 

= where e” is positive for all x. 

So, a when x=3. 
dx 
d E = 
The sign diagram of is: 3 
E 


at vz =3 we have a maximum turning point. 
1 
Butwhen x=3, y=(1)e* == 
e 


e 1 
the maximum turning pointis (3, =). 
e 








EXERCISE 22A 
1 Find the slope function for f(x) equal to: 
a et b e+3 c exp(-2%) d ef 
e 2? f 1-2e* g 4? -3e th —— 
| e” je k 10(1+ e”) | 20(1=02*) 
m et n ei o el-22º p e .02x 
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2 Find the derivative of: 





x 
a xe” b gx3e? c Es d 
x e 
x x 
2,3% e = e 2 
e q e f VE g V'xe h ez+1 
3 Find the slope function for f(x) equal to: 
Í 
a (er +2)! b = c vez +10 
d É e ! f v1—-2e-* 
A) | eee x — 
(1 — por E 1 E ez 
4 If y- Ae*?, where 4 and k are constants: 
dy d2y 
a showthat à L=k | =S=k 
in dx É da? H 
“y 
b predict the connection between Es and y and prove your conjecture using the 
4h 


principle of mathematical induction. 


a d 
5 If y=28"45e!?, showthat DZ 7190, 
da? dx 


d 
6 Find E if gSeêy + 4x72yº — 27e 2, 
x 


7 Find the position and nature of the turning point(s) of: 


a y=ze*? b y=-2z2e” É q=e d y=e7(x+2) 





In Chapter 4 we found that: 
e if e”'=a then xzx=lna andviceversa ie, e"=-a Ss v=lna. 


e Thegraphof y=lnax isthe reflection 
of the graph of y = e” in the mirror 
line y=2. 








e y=-e” and y=lInx are inverse functions. 
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e Fromthe definition e=a e g=lna weobserve that en =a, 


This means that any positive real number a can be written as a power of e, or 
alternatively, 


the natural logarithm of any positive number is its power of e, i.e., lne” =n. 


Recall that the laws of logarithms in base e are identical to those for base 10 and indeed for 
any base. 


These are: For a>0, b>0 e In(ab)=lna-+lnb 
o In (5) =Ina mb 
b 
e In(o”)=nina Note: ne” =n 


Notice also that: e Inl=0 and lne=1 


il 
e In (=) =-—lna 
a 


Ina 
1 =—, b%1 
E im 
Notice that: a” — (en)? — elna)z 
d(a”) pes elna)z xlna=a!lna 
da 
: dy 
So, geo del swlho: 
da 


Example 4 


Find algebraically, the exact points of intersectionof y=e” —-3 and y=1-3e”?. 
Check your solution using technology. 


The functions meet where GRAPHING 
PACKAGE 


e” -3=1-3e7* 
e” -4+3e7 =0 F 


er 47 4+3=0  (fmultiplying each term by e”) 


(e — (e? —-3)=0 
E =| Oro 
= Inillonnts RES 
= 1Olorilinto 
When Um o, 
ye A CA 2 n=9-D=0 
the functions meet at (0, —2) andat (In3, 0). tes Eno cna 
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Example 5 


Consider the function y=2- e? 
Find the x-intercept. b Find the y-intercept. 
Show algebraically that the function is increasing for all x. 
Show algebraically that the function is concave down for all x. 
Use technology to help graph y=2-e7?. 
Explain why y=2 isa horizontal asymptote. 


The x-intercept occurs when y=0, vc. e?=2 
RR 
IT 
the x-interceptis —In2 = —0.69 


The y-intercept occurs when x = 0 
p=)" =2-=1=1 


dy 
de 


1 
0-e(-)=e?=— 
et) =e E 


Now e” >0 forallx, so >0 for all x 
o 


the function is increasing for all x. 


ms whichis <0 forallz 
LT 


the function is concave down for all x. 


f As zx>00, e? 


and eT>0 


y—> 2 (below) 


Hence, HA is y = 2. 
Wl=2-eói-a) 





EXERCISE 22B 
1 Write as a natural logarithmic equation: 
a N=50e% b P= 8.600 054% E S=ae» 
2 Without using a calculator, evaluate: i i 
a lne b 1 ce In(- d Inf — 
CE cui) ao(s) 
e ein 3 f e? In3 g e In 5 h e2In2 


3 Writeasapowerofe: a 2 b10 cada 
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4 Solve for x: 


a e =2 b eT=—2 c e =0 
d e*=2e & e'=€* | e*=h46=0 
g e+2=3e? h 1+12e77 =e” i eC+eT=3 
; dy 
5 Find E for a y=2 b y=5" c y=12" 
x 
2” z 
d =r'6"* e = f =— 
y=2 Chade dio 


6 Find algebraically, the point(s) of intersection of: 
a y=e” and y=e? 6 b y=2e"4+1 and y=7-e* 
c y-3-e" and y=5e"—-3 Check your answers using technology. 


flx)=e”—-3 and g(x)=3-5e””. 

a Find the x and y-intercepts of both functions. 

b Discuss f(x) and g(x) as «x —>oo andas x > —oo. 

c Find algebraically the point(s) of intersection of the functions. 
d 


Sketch the graph of both functions on the same set of axes. Show all important 
features on your graph. 


8 The function y=e” —-3e"? cuts the x-axis at P and the y-axis at Q. 
a Determine the coordinates of P and Q. 


b Prove that the function is increasing for all x. 


2 


dºy 
c Showthat -S=y. 
ow that =" 
What can be deduced about the concavity of the function above and below the 
a-axis? 


d Use technology to help graph y=e” —-3e7”. 
Show the features of a, b and c on the graph. 


9 Forthe function y=4" — 97. 

a find the axes intercepts 
discuss the graph as x —> oco andas «x > —oco 
find the position and nature of any turning points 
discuss the concavity of the function 


e 2a qc 


draw a graph showing the features found above. 
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INVESTIGATION 3 
“O If y=lnzx, what is the slope function? 








CALCULUS 
DEMO 
What to do: “E 


1 Click on the icon to see the graphof y=lIna. 

A tangent is drawn to a point on the graph and the slope of this tangent is given. 

As the point moves from left to right, a graph of the slope of the tangent is displayed. 
2 What do you conjecture that the equation of the slope is? 


SEindiiheislopela EO 5 Oo a RR DE A: 
Do your results confirm your conjecture from 2? 








d 
From the investigation you should have observed that if y=lIng then Ri 


Proof: If y=-lInzx then x=e” 


Using implicit differentiation with respect to x, 


= gh a (chain rule 


ato fas e =a) 


da 
1º dy 
q dr 





d É 
By use of the chain rule, we can also show that it Cy nto | then gu (e) 


dr Fa): 
Proof: If y=lnf(x) then y=lnu where u= f(x). 
dy — dydu 
Now ae =— du de 
= 1 ! 
= a (x) 
Fa) 





f(x) Summary: 
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Example 6 


Find the slope function of: a y=lIn(kx) where k is a constant 
b y=In(l-32) Ea ha 





dy E 1 
Blat Ro noi TR 
Note: In(kx) =Ink+lna =lInx + constant 
dy —3 3 


LS IE A UE 
R RC ST 


ll 
E to o nã then z = 32º Ina + «é (=) tproduct rule) 
o É 


=3r Ing + x 
=a2(3lnx + 1) 





The laws of logarithms can help us to differentiate some logarithmic functions more easily. 


Example 7 


Differentiate with respect to x: 
g 


a y=In(ze-?) RR EE 


ao io = In(ues*) then y=lnz+lne*” [log ofa product law) 
ap nm dine? = a) 


3 dan E d 1 
Differentiating with respect to x, we get 3 a 
Go 


b If y=n | then y=Inx?-Inl(x + 2)(x —3)] 


(x +2)(x —3) =2lnz- [In(2+2) +In(r — 3)] 


=2lnz-— In(x+2) — In(x — 3) 








EXERCISE 22€ 
1 Find the slope function of: 
a y=In(7x) b vy=In(2x+1) ce y=In(r— x?) 
d y=3-2lmng e y=zInz f e 
27 
g y=elnz h y= (nz) i yv=vInz 
2 
À v=€*hg k y=vzIn(2x) I NR 


“Ig 
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2 Find dy for: 
de 


y=zln5 


y = In(10 — 5x) 


o 


3 Differentiate with respect to «x: 


4 a 


b 


dl 
=Invl-—2 b Inf —— 
y=ln % y=lIn (= n 5) 
3 
d y=In(zv2-z) e -n() 
2 — 
Heo)=m((82-4) h fa)=In(n(22+1) 
Find E for: i y=log, ii y= logo 
x 
dá In 2 E z dy 
By substituting e for2in y=2” find E 
a 
Show thatif y=a”, then a =atxlna. 
x 


€ 


5 Consider f(x)=In(2x-—- 1)-—3. 


b 
c 
d 
e 


Find the x-intercept. 


y = In(aº) 


y = [In(2x + mr 


y=In(lng) 
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y=In(xt+2) 
— In(4x) 
no 
1 
“Cima 
y=In(e2 5) 





2 
3—L 


djs (= e) 





x—s 


ill y=zlogyr 


Can f(0) be found? What is the significance of this result? 
Find the slope of the tangent to the curve at x =1. 
For what values of « does f(x) have meaning? 

Find f(x) and hence explain why f(x) is concave down whenever f(x) has 


meaning. 
Graph the function. 


l 1 l 
6 Provethat 2 <= forall x > 0. Hint: Let fari= SÉ and find its greatest value. 
É e x 


7 Consider the function f(x)=z-—lng. 
Show that the graph of y = f(x) has a local minimum and that this is the only turning 


point. Hence prove that 


Inzx<rx-—l forallx>o. 


8 Find = if e2lnb? — ab 4 In(ab) = 21. 





The applications we consider here are: 


e tangents and normals 


e displacement, velocity and acceleration º 


rates of change 


curve properties 


optimisation (maxima and minima) 
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EXERCISE 22D 


x 


1 Find the equation of the tangentto y=e” atthe point where x =1. 

2 Find the equation of the tangentto y=In(2-x) at the point where x = —1. 

3 Thetangentto y=-v2e” at x =1 cutsthez and y-axes at A and B respectively. 
Find the coordinates of A and B. 

& Find the equation of the normal to y=In,/x at the point where y = —1. 


5 Find the equation of the tangentto y=e” atthe point where x =a. 
Hence, find the equation of the tangent to y= e” which passes through the origin. 
6 Consider f(x) = Ing. 
a For what values of a is f(x) defined? 


b Find the signs of f(x) and f(x) and comment on the geometrical significance 
of each. 


c Sketch the graph of f(x) = Ina and find the equation of the normal at the point 
where y=1. 


7 Find, correct to 2 decimal places, the angle between the tangents to y = 3e"” and 
y=2-+e” at their point of intersection. 


8 A radioactive substance decays according to the formula W = 20e-*! grams where 
t is the time in hours. 
a Find k given that the weight is 10 grams after 50 hours. 
b Find the weight of radioactive substance present at: 


i t=0 hours il t=24 hours il t=1 week. 
c How long will it take for the weight to reach 1 gram? 
d Find the rate of radioactive decay at: | t= 100 hours ii t= 1000 hours. 


dW.. a : si 
e Show that “GE is proportional to the weight of substance remaining. 


9 The temperature of a liquid after being placed im a refrigerator is given by 
T=5+95e*! ºC where k is a positive constant and t is the time in minutes. 


a Find k if the temperature of the liquid is 20ºC after 15 minutes. 
b What was the temperature of the liquid when it was first placed in the refrigerator? 


dr 
c« Show that E k(T — 5) for some constant k. 


d At what rate is the temperature changing at: 
i t=0Omins il t=10mins il t=20 mins? 


10 The height of a certain species of shrub t years after it is planted is given by 
H(t) = 20ln(3t+2)+30 cm, t>0. 
a How high was the shrub when it was planted? 
b How long will it take for the shrub to reach a height of 1 m? 
c At what rate is the shrub's height changing: 
i 3 years after being planted ii 10 years after being planted? 


12 


13 


14 


15 


16 
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In the conversion of sugar solution to alcohol, the chemical reaction obeys the law 
A=s(1-e-k), t>0 where t is the number of hours after the reaction commenced, 
s is the original sugar concentration (%), and A is the alcohol produced, in litres. 

a Find 4 when t = 0. 

b If s=10 and A=5 after 3 hours, find k. 

ce If s= 10, find the speed of the reaction at time 5 hours. 

d Show that the speed of the reaction is proportionalto A-—s. 


x 


| DB 


Consider the function f(x) = 


— 8 


Does the graph of y = f(x) have any « or y-intercepts? 
Discuss f(x) as z—>oo andas x > —oo. 


Find and classify any stationary points of y = f(x). 


2a co 


Sketch the graph of y = f(x) showing all important features. 


e Find the equation of the tangentto f(x) = É atthe point where x =-—1. 
z 


A particle P moves in a straight line. Its displacement from the origin O is given by 
s(t) = 100t + 200e É cm where t is the time in seconds, t > 0. 

Find the velocity and acceleration functions. 

Find the initial position, velocity and acceleration of P. 

Discuss the velocity of Pas t — oo. 

Sketch the graph of the velocity function. 


e lan co 


Find when the velocity of P is 80 cm per second. 


A psychologist claims that the ability 4 to memorise simple facts during infancy years 
can be calculated using the formula A(t)=tlnt+1 where O<t<5, t being the 
age of the child in years. 


a At what age is the child's memorising ability a minimum? 
b Sketch the graph of A(t). 


One of the most common functions used in statistics is the normal distribution function 

1 gt 

Ha) = —=e *.. 
v27 


a Find the stationary points of the function and find intervals where the function is 
increasing and decreasing. 


b Find all points of inflection. 
c Discuss f(x) as z—> oo andas 4 —> —oo. 


Sketch the graph of y = f(x) showing all important features. 


A manufacturer of electric kettles performs a cost control study and discovers that to 
produce x kettles per day, the cost per kettle C'(x) is given by 


2 
C(x) = 4ln x + (E) hundred dollars 


with a minimum production capacity of 10 kettles per day. 
How many kettles should be manufactured to keep the cost per kettle a minimum? 
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17 


19 


20 


23 


24 
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Infinitely many rectangles which sit on the 
a-axis can be inscribed under the curve 
e. 


Determine the coordinates of C such that 
rectangle ABCD has maximum area. - 





=Y 





The revenue generated when a manufacturer sells x torches per day is given by 


R(x) = 1000In (1 + 10) + 600 dollars. 


Each torch costs the manufacturer $1.50 to produce plus fixed costs of $300 per day. 
How many torches should be produced daily to maximise the profits made? 


2 


A quadratic of the form y = ax”, a > 0, touches the logarithmic function y = Ing. 


a Ifthe x-coordinate of the point of contact is 


1 
b, explain why ab? = Inb and 2ab = 7: 


b Deduce that the point of contact is (w/e, 5). 
What is the value of a? 
d What is the equation of the common tangent? 


a 





A small population of wasps is observed. After t weeks the population is modelled by 
50 000 

1 + 1000e-9-5t 

Find when the wasp population is growing fastest. 


PhI= wasps, where 0O<t<25. 


fts ate"? has a maximum value of 1 when t=2. Find constants a and b. 


For the function f(z)=e”(x+1) aeR, show that: 
a f(x)=e“(alx+1]+1) 
b f(x) = ae” (alx +1]+2) 
c if fO(x)=at- er (alr+W]+k), kEeZ, then 
f8+U (x) = ater (alz + 1] + |k + 1)). 


Consider the function f(x) =e"(x+2). 
a Find à f(x) do f(x) ii f(x) iv SO). 
b Conjecture a formula for finding f(x), ne Z”*. 
ce Use the principle of mathematical induction to prove your conjecture in b. 


Consider the function f(x) = xe”. 
a Find f(x) for n=1,2,3 and 4. 
b Conjecture a formula for f(x), ne Z+. 
ce Use the principle of mathematical induction to prove your conjecture in b. 
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> surge functions: y= Atett, t>0 where 4 and b are positive constants. 


point of inflection 
E 
A b' be 










This model is used extensively when studying medicinal doses. 
There is an initial rapid increase to a maximum and then a slower decay to zero. 
The independent variable t is usually time, t > 0. 


C 


E ERA t>0 where 4, b and C are positive constants. 
e 


> logistic functions: y 


II 
Q 











E EE 3) 
E o O 
dia 2 ; b 2 
+44 E point of inflection 





The logistical model is useful for studying the growth of populations that are limited 
by resources or predators. 
The independent variable t is usually time, t > 0. 


EXERCISE 22E 


1 When a new pain killing injection is 
administered the effect is modelled by 
E = 750te 1% units, where t > O is the 
time in hours after the injection of the drug. 


a Sketch the graph of E against t. 
b What is the effect of the drug after 
i 30 minutes ii 2 hours? 
e When is the drug most effective? 
d During the operating period, the level of the drug must be at least 100 units. 
i When can the operation commence? 
ii How long has the surgeon to complete the operation if no further injection is 
possible? 
e Find t at the point of inflection of the graph. What is the significance of this point? 
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2 a Provethat f(t)= Ate"! has 
E É 1 ai : É É 2 
i a local maximum at t = 7 il a point of inflection at t = E 
b Use question 1 to check the facts obtained in a. 


3 The velocity of a body after t seconds, t > 0, is given by v=25te?t cms. 
a Sketch the velocity function. 
b Show that the body's acceleration at time tis 25(1—-2tHe "2 cms”2. 
e When is the velocity increasing? 
d Find the point of inflection of the velocity function. What is its significance? 
e Find the time interval when the acceleration is increasing. 


4 The number of ants in a colony after t months is modelled by A(t) = = 
a Sketch the graph of A(t). 
b What is the inital ant population? 
c What is the ant population after 3 months? 
d Is there a limit to the population size? If so, what is it? 
e At what time does the population reach 24 5009? 
, ; C 
5 The number of bees in a hive after t months is modelled by B(t) = TX05 ar 


a What is the inital bee population? 

b Find the percentage increase in the population after 1 month. 

€ Is there a limit to the population size? If so, what is it? 

d TIfafter 2 months the bee population is 4500, what was the original population size? 
e Find B'(t) and use it to explain why the population is increasing over time. 

f Sketch the graph of B(t). 


E C 
6 For the logistic function f(t) = TIA show that: 
a f(t)=C is its horizontal asymptote 


b it has a point of inflection with y-coordinate 2 


REVIEW SET 22A 


1 Find 2 ir 
da A 
E) 
a y=e?'+ b y=5 c In(2y+1)= xe” 
dh 
2 Find the equation of the normal to y= e at the point where x =1. 


3 Sketch the graphsof y=e”+3 and y=9-5e” on the same set of axes. 
Determine the exact coordinates of the points of intersection. 


e” 


& Consider the function f(x) = 





a — 1 
a Find the x and y-intercepts. 
b For what values of x is f(x) defined? 
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c Find the signs of f(x) and f(x) and comment on the geometrical 
significance of each. 


d Sketch the graph of y = f(x) and find the equation of the tangent at the point 
yberedEDE 


5 The height of a tree t years after it was planted is given by 
H(t) =60+40ln(2t + 1) em, t>0. 
a How high was the tree when it was planted? 
b How long does it take for the tree to reach: i 150cm ii 300 cm? 
c At what rate is the tree's height increasing after: | 2ycars di 20 years? 


6 A particle P moves in a straight line with position given by s(t) = 80e7 15 — 40t m 
where t is the time in seconds, t > 0. 
a Find the velocity and acceleration functions. 
b Find the initial position, velocity, and acceleration of P. 
e Discuss the velocity of P as t > oco. 
d Sketch the graph of the velocity function. 
e Find when the velocity is —44 metres per second. 


7 Infinitely many rectangles can be inscribed under 
the curve y = e 2? as shown. Determine the 
coordinates of A such that the rectangle OBAC 
has maximum area. 





=Yy 





8 A shirt maker sells x shirts per day with revenue function 
R(x) = 200ln (1 E 0) + 1000 dollars. 


The manufacturing costs are determined by the cost function 
C(x) = (x — 100)? + 200 dollars. 


How many shirts should be sold daily to maximise profits? What is the maximum 
daily profit? 


9 Find where the tangentto y=In(x2+3) at x=0 cuts the x-axis. 


10 Find E by first taking natural logarithms of both sides: 
x 


2 == 
1— «3 


REVIEW SET 22B 


; dy. 
1 F — 4f 
ind EE 


a y=In(xri-3r) b v=m (25) cetv=n(y+1) d y=2" 
E 





2 Find where the tangentto y=In(xt+3) at a«=1 cuts the y-axis. 
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3 


h 


10 


DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS (Chapter 22) 


Solve exactly forr: a er -3e” b er Ter +12=0 


Consider the function f(x)=e” —z. 
a Find and classify any stationary points of y = f(x). 
b Discuss f(x) as z > —oo andas x — oo. 
c Find f(x) and draw its sign diagram. Give geometrical interpretations for the 
signs of f(x). 
Sketch the graph of y= f(x). 
e Deducethat e” >zr+1 foralla. 


(x + 2) 
Differentiate with respectto x: a f(x)=In(e”"+3) b f(z)=In EE 


Find the exact roots of the following equations: 
A de” -b= Me b 2Inz-3hn (=) = 10) 
ão 


A particle P moves in a straight line with position given by s(t) = 25t — 10lnt cm, 
t > 1, where t is the time in minutes. 

Find the velocity and acceleration functions. 

Find the position, velocity, and acceleration when t = e minutes. 

Discuss the velocity as t — oo. 

Sketch the graph of the velocity function. 

Find when the velocity of P is 12 cm per minute. 


e Da co 


A manufacturer determines that the total weekly cost C' of producing x clocks per 
2 
day is given by C(x) = 10ln a + (20 — 0) dollars. 


How many clocks per day should be produced to minimise the costs given that at 
least 50 clocks per day must be made to fill fixed daily orders? 


The graphof y=ae*” for a>0 is shown. 
P lies on the graph and the rectangle OAPB is 
drawn. 

As P moves along the curve, the rectangle 
constantly changes shape. 

Find the x-coordinate of P such that the 
rectangle OAPB has minimum perimeter. 





For the function f(zx)=z+lIng: 
a find the values of x for which f(x) is defined 
b find the signs of f(x) and f(x) and comment on the geometrical 
significance of each 
c sketch the graph of y = f(x) and find the equation of the normal at the point 
where x = 1. 





Derivatives of 
circular functions 
and related rates 


Contents: A  Derivatives of circular 
functions 


B The derivatives of 
reciprocal circular functions 


€ The derivatives of inverse 
circular functions 


D Maxima and minima with 
trigonometry 
E Related rates 


Review set 23A 
Review set 23B 
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INTRODUCTION 


In Chapter 12 we saw that sine and cosine curves arise naturally from motion in a circle. 


Click on the icon to observe the motion of point P around the unit circle. Observe the graphs 
of Pºs height relative to the x-axis, and then Pºs displacement from the y-axis. The resulting 
graphs are those of y = cost and y = sint. 


Suppose P moves anticlockwise around the unit circle 
with constant linear speed of 1 unit per second. 


After 27 seconds, P will travel 27 units which is one full 


revolution. 


So, after t seconds P will travel through t radians, and at 
time t, P is at (cost, sint). 


Note: o 


The angular velocity of P is the time rate of 
change in £AOP, 


Angular velocity is only meaningful in motion 
along a circular or elliptical arc. 


For the example above, the angular velocity 


. d0 do . 
of Pis A and dE 1 radian per sec. 


If | is arc length AP, the linear speed of P is 


l 
the time rate of change in l, which is E 


dt 
For the example above, l[=0r=0x1=6 
dl do 
and ES 4s 1 radian per sec. 


META io 


EA 


1 Click on the icon to observe the graph of y = sint. 
with t-step of length 1 unit moves across the curve, and its y-step 
is translated onto the slope graph. Suggest the derivative of the 





sin t and cos t. 


What to do: 


function y = sint. 


DEMO 











Our aim is to use a computer demonstration to investigate the derivatives of 


DERIVATIVES 
DEMO 


+ 


2 Repeat the process in 1 for the graph of y = cost. Hence suggest the derivative of 
the function q = sint. 
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From the investigation you may have deduced that 
d d 
ag (in t) = cost and q (cos t) = —sint. 


We will now show these derivatives using first principles. To do this we make use of the two 
results: 


ano =1 [established in Chapter 19) 





e If0isin radians, then lim 
=>0 


e sinS-sinD=2cos (2) sin (2) (established on page 314) 


THE DERIVATIVE OF sinz 
Consider f(x) =sing. 


tm = um fl+Hh)— f(x) 
Now f(x) = lim PER ie 


h=>0 


sin(z +h) — sing 











= lim 
h=>0 
2 cos (EHhtz) sin (EHh-2) 
=lm > — 2 44 2 4 identity ab 
lim A (identity above) 
2cos É) sin (É 
es (x + 5)sin(5) 
h>0 h 
2cos É sin (2 
= lim aco) 2) x in (3) 
h>0 2 5 
m (h 
sin (+ 
= cos% x 1 fas h 0, 4>0, EO) 
= 85 
So, if f(x)=sinz then f(x) =cosx, provided that x is in radians. 


Alternatively, f(x) — a dra 


sinx cosh+cosx sinh-—sinz 


E kh 

no h 

- sinag(cosh-— 1) + cosz sinh 

=lm >——>— om 

h>0 h 
— tm 22C2sn (5) | gm cosg (FER 

h=>0 h h>0 h 

sin (3) sin (5) sin h 


— lim —-2sing E 
h=0 3 2 











+ cosa x lim 
h—>0 


— —Isnzx 1x0 + coszxl 
= coszx 
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THE DERIVATIVE OF cosz 


Consider y=cosx=sin (5 — 2) 


E, os 


y=sinu where u=5-—a 


d dy d 
Now Em = o (chain ruleh 
= cosu x (—1) 
— — cos(5 — 2) 
= — sina 
So, if f(z)=cosz then f(x) =—sinx, provided that x is in radians. 


THE DERIVATIVE OF tana 





: sin x 
Consider y=tanz= 
cos a 
Summary: 
dy - cosxcosz —sinz(— sing) fanisiientaio) Pur ainmdisds 


da [cos x]? 
cos? x + sin? g 
cos? x 





—S— which is sec? x 
cos2 x 


THE DERIVATIVES OF sin [f(x)], cos [f(x)] AND tan [f(x)] 


Consider y = sin[f(x)] 
y=sinu where u= f(x) Summary: 


For x in radians 















Now a = a a (chain rule) E a 
= cosux f(x) sin[f(x)] | cos[f(x)] f(x) 
= cos[f(x)] x f(x) cos[f(x)] | —sinlf(x)] f'(x) 
tan[f(x)] | sec?[f(x)] f(x) 
Differentiate with respect to x: a sing b 4tan?(3x) 
a If y=asinz b If y=4Atan?(3x) = 4ltan(3x))º 
then by the product rule then by the chain rule 
E a E  altan(da) [EX E ltan(3a)] 


= fiholgi + ap(do sia = 8tan(37) 3sec”(37) 


= 2Mtan(3x) sec?(3x) 
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Example 2 


Find the equation of the tangent to y =tana at the point where x = 7. 





Let f(x)=tanz so f(Z)=tanZ=1 
Fa) = selo so H(5) =[sec(DP = (VD? =2 
At (Z, 1), the tangent has slope 2 


—1 
T=2 whichis y-1=21-5 
T— = 
Ê or y=22+(1-5) 





the equation is 





Example 3 


Find the rate of change in the area 
of triangle ABC as 6 changes, at the 
time when 0 = 60º. 


Area A=5x10x12xsind (Area= JabsinC) 
A = 60sin0 


Note: O must be in radians. 





EXERCISE 23A 


1 Find dy for: 
dx 


a y=sin(2x) b y=sinzx+cosz c y=cos(32) —sinz 
y=sin(z+1) e y=cos(3-22) f y=tan(5x) 
y=sin(Z) —3cosa h y=3tan(ma) i y=4sinz — cos(2x) 


2 Differentiate with respect to x: 





a v2+cosz b tanz-3sinz €c ecosr d eTsinz 
; E 

e In(sing) f eXtanz g sin(3x) h cos (5) 

É É sin 1 

i 3tan(2x) j xcosz k | xztanz 


x 
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3 Differentiate with respect to x: 


a sin(x?) b cos(7) c cost d sin?z 
e cosgz f  coszsin(2x) g cos(cosz) h cos(47r) 
2 
| cscgx ij sec(2x à == | Scoté(Z 
] ( ) sin?(22) (5) 
d d2 Je us . 
h If y=a! then pa = 42º, E = 1222, TS = 242, A = 94 and higher 
derivatives are all zero. Now consider y=sing. 
“dy dy dy dº a 
a Find E o AR a b Explain why Ta can have four different values. 


2 
5 a If y=sin(2x+3), show that EE +4y = 0. 
z 





: a 
b If y=2sinx+3cosz, showthat y”+y=0 where y” represents q 
x 
: ; cos x . 
ce Show that the curve with equation y = o cannot have horizontal tangents. 
ing 


6 Find the equation of: 
a the tangentto y=siny at the origin 
b the tangentto y=tana at the origin 
c the normalto y=cosx atthe point where x =% 
d 


the normalto y —csc(2x) at the point where x =. 


7 On the Indonesian coast, the depth of water at time t hours after midnight is given by 
d = 9.3 + 6.8cos(0.507t) metres. 
a Is the tide rising or falling at 8.00 am? 
b What is the rate of change in the depth of water at 8.00 am? 


8 The voltage in a circuit is given by V(t) = 340sin(100mt) where t is the time in 
seconds. At what rate is the voltage changing: 
a when t=0.01 b when V(t) is a maximum? 


9 A piston is operated by rod AP attached piston 
to a flywheel of radius im. AP=2m. 
P has coordinates (cost, sint) and point 
Ais(—z, 0). 
a Show that «= V4-sin?t — cost. 
b Find the rate at which q is 
changing at the instant when: 


| t=D i t=5 il t=& 


P(cost, sin t) 





10 For each of the following functions, determine the position and nature of the stationary 
points on the interval 0 <a < 27, then show them on a graph of the function. 


a Jf(x)=sing b f(x) = cos(2x) c flx)=sin2z 
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11 Consider the function f(x)=secr for 0O<r<27. 
a For what values of x is f(x) undefined on this interval? 
Find the position and nature of any stationary points on this interval. 


b 
c Provethat f(x+27) = f(x), « ER. What is the geometrical significance of this? 
d 


Sketch the graph of y — secx, x € [-5, ar] and show its stationary points. 


12 Determine the position and nature of the stationary points of y=sin(2x)+2cosz on 
0O<a< 27. Sketch the graph of the function on this interval, and show the positions 
of the stationary points you found. 


13 A particle P moves along the x-axis with position given by a(t) = 1 — 2cost em 
where t is the time in seconds. 
a State the initial position, velocity and acceleration of P. 
b Describe the motion when t = 7 seconds. 
ce Find the times when the particle reverses direction on O <t < 27 and find the 
position of the particle at these instants. 
d When is the particle's speed increasingon O<t< 27? 


TIVES OF 
NCTIONS 





l 1 














If y=cscx, then y=-— =u” where u=sing 
sin 1 
dy du —1 
L=>u?>-=-——— cost 
da de (sing)? 
o 1 cosz 
“— sing sing 
Summary: 
= — csca cota 
Likewise: e if y=secx, then o seca tan x — csca cota 
dy secx tan 7 
e if y=cotx, then e csc? x — esc? x 


Example 4 


dor a yu cscidn) fi 


csc(3x) a 


dy 
da 


E esoldi) pot(di) (30) 


—3 csc(3x) cot(3x) 
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EXERCISE 23B 


1 a Use y=(cosx) 


b If y=cotx, prove that dy 
dx 


2 Find Ei for: a y=asecr 
da 
d y=ecot(5) 
g y=In(secx) 


3 Find the equation of the tangent to: 


Tm 


a y=secr at 1=—q 


4 Find the equation of the normal to: 


z 


a y=cscir a v—S 


to prove that 


d 
—(secx) = secxtang. 
ETA ) ; 


— esc? x using the quotient rule. 





b y=e"cotx c y=4sec(21) 

e y=Ítºcscr f y=zycscr 
a cot 

h y=xcsc(x?) | y= E 

b y-co(5) at x=5 

b y-vsec($) at z=7 





y=snz, vel-5,5] 
has an inverse function f1. 
This function is called 


“Ia)=aresinz or sin lg. 
a) 





Note: sin lx is not or cscr 


sin 1x 
—-1 


sina is the inverse function of y=sing. 


cscx is the reciprocal function of y = sing. 


Likewise, y = cosz, x € [0,7] 
has inverse function 


f(x) =arccosz or costa. 






Y =arccosxi 
or : 
y=cos x: 





is a 1-1 function and so va 


x 
y=aresmnx 2 







or |U 
y=sin x 1 e 
À y=sinx 





and y=tanz, ve]-S,5[ has 
inverse function 


“(r)=arctanz or tan lg. 
f(x) 


vA y=tanx ; 
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DELA) 
Show that: arctan(5) + arctan(5) = 


Let arctan(5)=0 and arctan(5)=), so tan)=5 and tang=5 


2 
tand+tand 
lI-tandtand 1 


0+4=Z+kr, kEZ 
But O<arctan(5)<T and 0<arctan(5)< 5 


Now tan(9 + 6) = 


0 < arctan(5) + arctan(5) < 7 


arctan(5) + arctan(3) =0+4=T 





EXERCISE 23€.1 


1 Use a calculator to check the graphs of y = arcsinx, y = arccosx and y = arctang. 
2 Find, giving your answer in radians: 
a arccos(1) b arcsin(—1) c arctan(1) d arctan(—1) 


=v8) g arctan(v3) h arccos(— =) 
Po arctan(-5) | sin !(-0.767)  k cos (0.327) 1 tani(-50 


3 Find the exact solution of: a arcsinz = 5 b arctan(3x) = — 


e arcsin(5) f — arccos( 


n— 


4 
tand — taná 
lI+tandtand 


x 


4 Use tan(0— d) = to show that arctan(5) — arctan($) = 7. 


5 Without using technology, show that: 


a arctan(s) + arctan(5) = & b arctan(5) = 2arctan(5) 


6 Find the exact value of 4arctan(Z) — arctan(555). 


DERIVATIVES OF INVERSE CIRCULAR FUNCTIONS 


Consider the differentiation of y = arcsinx by these methods: 


Method 1: 


If y=arcsinz then xv=siny 


d. 
RE cosy= v1-sin?y 


dy 
da 
— =v1-22 
dy 
dy 1 
pi —1,1 
da v1I= 4? qi E] 
dy dx dy 4 dy 


dx ; 
so — and — are reciprocals.! 


(From the chain rule, Em mo Em , ET dy 
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Method 2: If y=arcsinz then x=siny 


Using implicit differentiation, 1 = cosy ao 











da 
dy 
dz cosy 
dy 1 
= tyel-3,3] > cosy>0) 
da V1 —sin?y o 
dy 1 
Ce E 
ne 4 Pd 
E = aresinic If y = arccosg, If y=arctang, 
dy 1 dy —1 dy il 
E E na E ERR ÉEÉc a 
de vVI-x2 a | dz 1-4? ne] de pa? * 
EXERCISE 23€.2 
d —1 
1 If y=arccosz, show that o = Rd q elJ-1,1[ 
d 1 
2 If y=arctanz, show that a E zeR. 
d 
3 Find 2 for: 
da 
a y= arctan(2x) b y= arccos(3x) c y= arcsin(Z) 
d y=arccos($) e y=arctan(x”) f y=arccos(sina) 
: dy É = 
4 Find dz for: a y=zarsinaz b y=elarcosza c y=earctana 
x 
: É dy 1 
5 a Provethatif y=arcsin(Z), then => for zel-a,al. 
a dx a? — x2 
; a dy a 
b Provethatif y-—arctan(£), then + — for ER. 


dz a2+g2 


dy 
c If y= 2), find —. 
y = arccos(£), fin E 







6 Sonia approaches a painting which has its bottom edge 2 m above 
eye level and its top edge 3 m above eye level. 


a Given a and Ô as shown in the diagram, find nor 
painting 
tana and tan(a + 6). 
b Find 6 in terms of x only. 
Hint: 0=(a+0)-a. 
do 2 3 


c Sh that — = 0" — ——— d 
da dx 2 +4 q2+9 a 


hence find x when Ed = 0. 
dx 


. eye level 
d Interpret the result you have found in c. 
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N a MINIMA 


Example 6 


Two corridors meet at right angles and are 2 m and 
3 m wide respectively. O is the angle marked on the 
given figure and AB is a thin metal tube which must 
be kept horizontal and cannot be bent as it moves 
around the corner from one corridor to the other. 
a Show that the length AB is given by A 
L — 3sec0 1 2cscô 3m 


di R 
Show that 0 O when 6 = arctan (1/3) a 41.14º. 


Find L when 6 = arctan (1/3) and comment on the significance of this value. 





Eu e and mn so SE and ne 
a b 3 2», 


L=a+b=3sec0d+2csc6 


E = 3sec0 tan 0 + 2(— csc 0 cot 0) 
* 3sinÔ | 2cosô 
cos20  sin?0 
* 3sin?0 — 2 cos 6 


cos? 6 sin? 0 




















dL 
Thus —=0 & 3sin?9=2cos!0 
dê 
tan? 0 = s 


Rin) = vê and so 0 = arctan (1/3) SPAS 


dL 

Si j fo: 
ign diagram o 0 
S08 cos 


a 
0 | 41.14º | 90º 


dL 
— 3 -—498<0, — 39.06>0 
Ea o > 


Thus, AB is minimised when 0=41.14º. At this time Lx 7.023 metres, 
so if we ignore the width of the rod then the greatest length of rod able to be 
horizontally carried around the corner is 7.023 m. 





698 | DERIVATIVES OF CIRCULAR FUNCTIONS AND RELATED RATES (Chapter 23) 
EXERCISE 23D 


1 A circular piece of tinplate of radius 10 cm has 3 
segments removed as illustrated. 


If O is the measure of angle COB, show that the 
remaining area is given by A=50(0+3sinB). 
Hence, find 0 to the nearest — of a degree when the 
area A is a maximum. 





2 A symmetrical gutter is made from a sheet of metal 
30 cm wide by bending it twice as shown. 
For 6 as indicated: 
a deduce that the cross-sectional area is given by 
A = 100cos6(1 + sin 6) 





10 em 


dA , 
b show that o = 0 when sin0 = > or —1 end view 


ce for what value of O does the gutter have maximum carrying capacity? 


3 Hieu can row a boat across a circular lake of radius 


2 km at 3 kmh”!. He can walk around the edge 
of the lake at 5 kmh” 1. Ea 
What is the longest possible time Hieu could take P ÁS E R 


to get from P to R by rowing from P to Q and then 
walking from Q to R? 


4 Fence AB is 2 m high and is 2 m from a house. 
XY is a ladder which touches the ground at X, 
the house at Y, and the fence at B. Y 


a If Lis the length of XY, show that 


L = 2sec0 + 2cscô 
. 3 o 3 
b Show that E — 2sin 0 2cos'0 dd 


sin? 6 cos2 0 





c What is the length of the shortest ladder XY which touches at X, B and Y? 


5 In Example 6, suppose the corridors are those 
in a hospital and are 4 m wide and 3 m wide 
respectively. What is the maximum length of thin 
metal tube that can be moved around the corner? 
Remember it must be kept horizontal and must 
not be bent. 


3m 
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7 A and B are two homesteads. A pump house is 
to be located at P on the canal to pump water to 
both A and B. B 


Note: 











e | How far should X be from A if angle 
0 is to be a maximum? 


If A and B are a km and b km from the canal 
respectively, show that: 


AP+ PB =asec0+bseco=L, say. 





dL asinô bsing dê 
Show that — = —. 
RR do - cos20 e cos? à do 


canal 








d ” 2 
Explain why atand-+btan$ is a constant and hence show that a = onda” 2 


L 
Hence, show that a =0 & sin0=sing. 


What can be deduced from d? Include all reasoning and an appropriate test. 


Question 7 is solvable using geometry only. 
The solution is to reflect point B in the line 
representing the canal. We call the image 
B' and join this point to A. The location 
of point P which minimises AP + PB is 
the intersection of [AB'| and the edge of the 
canal. 


A 














A 5 m ladder rests against a vertical wall 
at point B, with its feet at point A on 
horizontal ground. 


The ladder slips and slides down the 
wall. The following diagram shows the 
positions of the ladder at certain instances. 


Click on the icon to view the motion of the 


sliding ladder. 
DEMO 





ym wall 


700 — DERIVATIVES OF CIRCULAR FUNCTIONS AND RELATED RATES (Chapter 23) 


If AO =zm and OB=ym, 
then 72 +y2 =52. (Pythagoras) 





Differentiating this equation with respect to time t 


. de dy 
22— +2y— = 0 
gives Er + Vem 
da dy 
— + =0. 
E o e 


This equation is called a differential equation and describes the motion of the ladder at any 
instant. 


: dr . É É : : 
Notice that as the rate of change in x with respect to time t, and is the speed of A 


relative to point O. 


era dá dy. s 
Likewise, E is the rate at which B moves downwards. 


dE a Rd ; 
Observe that: e as positive as x is increasing 
dy. . É E 
o E is negative as y is decreasing. 


Problems involving differential equations where one of the variables is t (time) are called 
related rates problems. 


The method for solving such problems is: 


Step 1: Draw a large, clear diagram of the general situation. Sometimes two or more 
diagrams are necessary. 


Step 2: Write down the information, label the diagram(s), and make sure you distinguish 
between the variables and the constants. 


Step 3: Write down an equation connecting the variables. 
Step 4: Differentiate the equation with respect to t to obtain a differential equation. 


Step 5: Finally, solve for the particular case which is some instant in time. 


Checklist for finding e Pythagoras” theorem. 
relationships: e Similar triangles where corresponding sides are in proportion. 
e Right angled triangle trigonometry. 


e Sine and Cosine Rules. 
Warning: 


We must not substitute the particular case values too early. Otherwise we will incorrectly treat 
variables as constants. The differential equation in fully generalised form must be established 
first. 
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Example 7 


A 5 m long ladder rests against a vertical wall with its feet on horizontal ground. 
The feet on the ground slip, and at the instant when they are 3 m from the wall, 


they are moving at 10 ms” 1. 


At what speed is the other end of the ladder moving at this instant? 


Let OA =zm and OB=ym 
py = (Pythagoras) 
Differentiating with respect to t gives 


dx dy x dy 
Dip ss o D4yd= 
nn 0 or Ra 0 


We must perform differentiation 
Fi before we substitute values for 
At the instant Ro Oia o the particular case. Otherwise 
we will incorrectly treat the 
dy variables as constants. 
3(10) + 4— = 
(0) +4-, 
dy 
dt 


Particular case: 


=-—-D=-75ms! 


Thus OB is decreasing at 7.5 ms 1. 


B is moving down the wall at 
7.5 ms! at that instant. 


Example 8 


The volume of a cube increases at a constant rate of 10 cm? per second. Find the 
rate of change in its total surface area at the instant when its sides are 20 cm long. 





Let x cm be the lengths of the sides of the cube, ss 4=-612 and V=azê. 


dA d dV dr 


Particular case: a 
At the instant when «x = 20, Ea ESB) 


E O 


dt 
dx 10 


Slot E 
E o eon da o SR 


1 


2 1 


s 1 =9 em?s” 


dA 
Thus a — 12x20x q em 


the surface area is increasing at 2 cm? per second. 
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Example 9 


Triangle ABC is right angled at A, and AB = 20 cm. The angle 
ABC increases at a constant rate of 1º per minute. At what rate 
is BC changing at the instant when angle ABC measures 30º? 


Remember that 


be measured as 
radians/time unit. 


Let ABC-=0 and BC=zcm 


20 
Now cosg=— =9077! 
x 


— sin 0 a = 90772 ge 


dt dt 


20 
Particular case: cos30º = — 


v3 = eo and a 1º per min 
pu: dt P 


in 


= 18) Tadians per min 


49 
RE: 
3 da 


Th — gi o =-20x — x — 
us sin 30º x po T600 x 1 


E 
80 dt 


RES i 
o SO 3 cm per mm 


= 0.2327 em per min 
BC is increasing at approximately 0.233 cm per min. 





EXERCISE 23E 


1 a and b are variables related by the equation ab? = 40. At the instant when a =5, 
b is increasing at 1 unit per second. What is happening to a at this instant? 


2 The area of a variable rectangle remains constant at 100 cm?. The length of the rectangle 
is decreasing at 1 cm per minute. At what rate is the breadth increasing at the instant 
when the rectangle is a square? 


3 A stone is thrown into a lake and a circular ripple moves out at a constant speed of 
1ms1!. Find the rate at which the circle”s area is increasing at the instant when: 


a t=2 seconds b t=4 seconds. 


4 Air is being pumped into a spherical weather balloon at a constant rate of 67 m? per 
minute. Find the rate of change in its surface area at the instant when its radius is 2 m. 


5 Fora given mass of gas in a piston, pV!:º = 400 where 


p is the pressure in N/m? and Vis the volume in mº. 


If the pressure increases at 3 N/m? per minute, find the 
rate at which the volume is changing at the instant 
when the pressure is 50 N/m?. 
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10 


E] 


12 


13 


14 


15 


Wheat runs from a hole in a silo at a constant rate and forms a conical heap whose base 
radius is treble its height. If after 1 minute, the height of the heap is 20 cm, find the 
rate at which the height is rising at this instant. 


A trough of length 6 m has a uniform cross-section which 
is an equilateral triangle with sides 1 m. Water leaks from 
the bottom of the trough at a constant rate of 0.1 mº/min. 





Find the rate at which the water level is falling at the instant 
when it is 20 cm deep. end view 


Two jet aeroplanes fly on parallel courses which are 12 km apart. Their air speeds are 
200 ms”! and 250 ms”! respectively. How fast is the distance between them changing 
at the instant when the slower jet is 5 km ahead of the faster one? 


A ground-level floodlight located 40 m from 
the foot of a building shines in the direction of 
the building. A 2 m tall person walks directly 
towards the building at 1 ms !. How fast is 


the person's shadow on the building shortening E 


at the instant when the person is: eum 
a 20m from the building b 10m from the building? 


A right angled triangle ABC has a fixed hypotenuse AC of length 10 cm, and side AB 
increases at 0.1 cm per second. At what rate is angle CAB increasing at the instant when 
the triangle is isosceles? 


An aeroplane passes directly overhead then flies horizontally away from an observer at 
an altitude of 5000 m with an air speed of 200 ms”!. At what rate is its angle of 
elevation to the observer changing at the instant when the angle of elevation is: 


a 60º b 30º? 


A rectangle PQRS has PQ of length 20 cm and QR increases at a constant rate of 
2 cms !. At what rate is the acute angle between the diagonals of the rectangle changing 
at the instant when QR 1s 15 cm long? 


Triangle PQR is right angled at Q and PQ is 6 cm long. If QR increases at 2 cm per 
minute, find the rate of change in angle P at the instant when QR is 8 cm. 


Two cyclists A and B leave X simultaneously at 120º to one another with constant speeds 
of12ms-! and 16 ms”! respectively. Find the rate at which the distance between them 
is changing after 2 minutes. 


AOB is a fixed diameter of a circle of radius 5 cm. P 

A point P moves around the circle at a constant rate 

of 1 revolution in 10 seconds. Find the rate at which 

AP is changing at the instant when: A B 


a AP is 5 cm and increasing 
b PisatB. 


704 
16 


17 


DERIVATIVES OF CIRCULAR FUNCTIONS AND RELATED RATES (Chapter 23) 


Shaft AB is 30 em long and is attached to a flywheel 
at A. B is confined to motion along OX. The radius of 
the wheel is 15 cm, and the wheel rotates clockwise 
at 100 revolutions per second. Find the rate of change X 
in angle ABO when angle AOX is: 


a 120º b 180º. 


A 


A farmer has a water trough of length 8 m which has 
a semi-circular cross-section of diameter 1 m. Water 
is pumped into the trough at a constant rate of 0.1 m? 
per minute. 
a Show that the volume of water in the trough is 
givenby V=0-sinô where O is the angle as 
illustrated (in radians). 





b Find the rate at which the water level is rising at the instant when it is 25 cm deep. 


Hint: First find a and then find a at the given instant. 


REVIEW SET 23A 


Differentiate with respect to x: 
a sin(5x)In(x) b sin(x) cos(2x) € es an 


mr 


Show that the equation of the tangentto y=atany atrx=Tis 
2 


(2+m)z— 2y = — 
Find f(x) and f(x) for: 
a f(x) = 3sing — 4cos(2x) b f(x) = x cos(4x) 


A particle moves in a straight line along the x-axis with position given by 
a(t) = 3-+sin(2t) cm after t seconds. 

a Find the initial position, velocity and acceleration of the particle. 

b Find the times when the particle changes direction during 0O<t <7 secs. 

c Find the total distance travelled by the particle in the first 7 seconds. 


Consider lei=" com dor 0 SS 2m 


a For what values of x is f(x) meaningful? 
b Find f(x) and hence find intervals where f(x) is increasing and decreasing. 
c Sketchthe graphof y=Jf(r) on 0<xr<s2m. 


A cork moves up and down in a bucket of water such that the 
distance from the centre of the cork to the bottom of the bucket 
is given by s(t) = 30 + cos(rt) cm where t is the time in 
seconds, t > 0. 


a Find the cork's velocity at times t = 0, > il, 15, Pisco: 





b Find the time intervals when the cork is falling. 
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7 The point (3cos6, 2sinf) lies on a curve, 0 € [0, 27]. 


a Find the equation of the curve in Cartesian form. 
b Find dy in terms of 0. 
da 
e Suppose a tangent to the curve meets the x-axis at A and the y-axis at B. 
Find the smallest area of triangle OAB and the values of O when it occurs. 


8 Four straight sticks of fixed length a, b, c and d are 
hinged together at P, Q, R and S. 
a Use the cosine rule to find an equation which 
comnects a, b, c, d, cos and cos À and hence 
do - cdsing 
how that — = ; 
COPO dg” absinô 
b Hence, show that the area of quadrilateral PQRS 
is a maximum when it is a cyclic quadrilateral. 








9 A light bulb hangs from the ceiling at height h metres above 
the floor, directly above point N. At any point A on the floor 
which is « metres from the light bulb, the illumination 7 is 


given by V8cos0 
is" Uu 


72 


ceiling 






b light bulb 


nits. 


a If NA = 1 metre, show thatat A, 1 = vV8cos0 sin? 6. 


b The light bulb may be lifted or lowered to change the 
intensity at A. Assuming NA = 1 metre, find the height 
the bulb should be above the floor for greatest illumination 








at A. 
REVIEW SET 23B 
ind É for Es -e - z 
1 Find o for: a dE Dc co) c y=arccos(5) 


2 Find the equation of: 


Ts 


a thetangentto y= seca at the point where x = 5 


b the normalto y — arctana at the point where x = 3. 


3 A man on a jetty pulls a boat directly towards him so the rope is coming in at a rate 
of 20 metres per minute. The rope is attached to the boat 1 m above water level and 
his hands are 6 m above water level. How fast is the boat approaching the jetty at 
the instant when it is 15 m from the jetty? 


Ss : : Aºs path 
& Two runners run in different directions, 60º apart. A 
runs at 5 ms”! and B runs at 4 ms”. 


B passes X 
through X 3 seconds after A passes through X. <o) 


At what rate is the distance between them increas- 
ing at the time when A is 20 metres past X? B's path 
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a If f(x) = arcsina +arccosa, find f(x). What can we conclude about f(x)? 


IR 
b Simplify arctan (=) +arctana 
€ Find the value of arctan(5) + arctan(5) + arctan(G) 


A and B are two houses directly opposite one 
another and 1 km from a straight road CD. MC 
is 3 km and C is a house at the roadside. 


A power unit is to be located on DC at P such 
that PA + PB + PC is to be a minimum so 
that the cost of trenching and cable will be as 
small as possible. 





a What cable length would be required ifPisat i M il O? 
b Show thatif 0 = APM = BPM, then the length of cable will be 
L=2csc0+3— cot0 metres. 


L 1-2cos0 
€ Show that — — eo and hence show that the minimum length of cable 
sin 


required is (3 + 3) km. 


Water exits a conical tank at a constant rate of 
0.2 m?/minute. If the surface of the water has radius r: = 
a find V(r), the volume of the water remaining 


b find the rate at which the surface radius is changing 8m 
at the instant when the height of water is 5 m. | 


Consider a circle with centre O and radius r. A,B and C are fixed points. 


An ant starts at B and moves at 
constant speed v in a straight line 
to point P. 





The ant then moves along the arc 
from P to C via D at constant 
speed w where w >. 





a Show that the total time for the journey is 


2 2 E 
T= r+(a+r) 2r(a | n)coso | rim 9) 





dT 
b Show that 7] = — (smo- cãs) à 


ru 


c Prove that T is minimised when sna=-———. 
(a +r)w 





Integration 


Contents: Antidifferentiation 


The fundamental theorem of 
2 calculus 

Integration 

Integrating e: +? and (ax + b)” 
Integrating f(u)u'(x) by 
substitution 

Integrating circular functions 
Definite integrals 


vp 


Review set 24A 
Review set 24B 
Review set 24C 
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In the previous chapters we used differential calculus to find the derivatives of many types of 
functions. We also used it in problem solving, in particular to find the slopes of graphs and 
rates of changes, and to solve optimisation problems. 


In this chapter we consider integral calculus. This involves antidifferentiation which is the 
reverse process of differentiation. We will see that integral calculus also has many useful 
applications, including: 

e finding areas where curved boundaries are involved 

e finding volumes of revolution 

e finding distances travelled from velocity functions 

e finding hydrostatic pressure 

e finding work done by a force 

e finding centres of mass and moments of inertia 

e solving problems in economics and biology 


e solving problems in statistics 


e solving differential equations. 





In many problems in calculus we know the rate of change of one variable with respect to 
another, but we do not have a formula which relates the variables. In other words, we know 


d ; 
o but we need to know y in terms of x. 
a 


Examples of problems we need to solve include: 
e The slope function f(x) ofa curve is 27 +3 and the curve passes through the 
origin. What is the function y= f(x)? 
É o dr cj . 
e The rate of change in temperature is a — 10e7* ºC per minute where t > 0. What 


is the temperature function given that initially the temperature was 11ºC? 


d 
The process of finding y from = or f(x) from f(x) is the reverse process of 
õ 


differentiation. We call it antidifferentiation. 


; ; d do ais 

Consider the following problem: If = =a2, what is y in terms of 2? 
x 

From our work on differentiation we know that when we differentiate power functions the 
index reduces by 1. We hence know that y must involve x. 

. d É j d 
Nowif y=«> then a = 312, soifwe start with y= 5a? then e =". 

x x 


d 
However, if y=512+2, y=522+100 or y=522-7T then E = 
JJ 
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In fact, there are infinitely many such functions of the form y = 34º + c where c is 


. . Edo d : À 
an arbitrary constant which will give od x2, Ignoring the arbitrary constant, we say 


da 


that 34º is the antiderivative of x2. Itis the simplest function which when differentiated 


gives x2. 


If F(x) isa function where F'(x) = f(x) we say that: 


e the derivativeof F(x) is f(x) and 
e the antiderivative of f(x) is F(x). 


Example 1 


Find the antiderivativce of: a x? JJ E c 


a 
VT 





a We know that the derivative of x! involves xº. 


: d d 
Since Ji(n)=40%, qo (gat)=aº 


the antiderivative of q? is 


b Since n (o 


the antiderivative of e” is 


d 
N Es 
OW (o 
il 


the antiderivative of — 
Gm 





EXERCISE 24A 
1 a Find the antiderivative of: 
ix iz? [E nv x? v xt vi zê vii 23 


b From your answers in a, predict a general rule for the antiderivative of x”. 


2 a Find the antiderivative of: 


= uu uu. À. = ” 
i ex ii e” il ez” iv eS0lz y err vi e 


vB 


b From your answers in a, predict a general rule for the antiderivative of e*” where 
k is a constant. 
3 Find the antiderivative of: 
a 6x2+4x by differentiating vê+x2 b esrtl by differentiating et! 
c x by differentiating qr d (2x+1)º by differentiating (2x + 1)! 
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Sir Isaac Newton and Gottfried Wilhelm Leibniz showed the link between differential 
calculus and the definite integral or limit of an area sum. This link is called the fundamental 
theorem of calculus. The beauty of this theorem is that it enables us to evaluate complicated 
summations. 


We have already observed in Chapter 19 that: 
y v=f (0) 





If f(x) is a continuous positive function on an interval [a, b| then the 


b 
area under the curve between x =a and x=b is j lada 
a 


INVESTIGATION 





“O Consider the constant function f(x) = 5. y 


The corresponding area function is 





y= 
t 
AIC / Sda 
= shaded area in graph E 
=(t—-a) 
=B-õsa 
we can write A(t) in the form F(t)-F(a) where F(t)=5t or equivalently, 


Elo) =ba. 


What to do: 


1 What is the derivative F'(x) of the function F(x) = 5x? How does this relate to the 
function f(x)? 


2 Consider the simplest linear function f(x) = «. 
The corresponding area function is 


t 
Alt ij o 
= shaded area in graph 


o (=) (t-a) 


a Can you write A(t) in the form F(t) — F(a)? 
b Ifso, what is the derivative F'(x)? How does it relate to the function f(x)? 
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3 Consider f(x) =2x+3. The corresponding area function is 


b 
At E É (2a + 3) de 
= shaded area in graph 


2 2 
-( no E E) 


a Can you write A(t) in the form F(t) — F(a)? 


b Ifso, what is the derivative F'(x)? 
How does it relate to the function f(x)? 





4 Repeat the procedure in 2 and 3 for finding the area functions of 


a flr)=52+3 b flz)-5-2% 


Do your results fit with your earlier observations? 


5 If f(x) = 372 4 4x +45, predict what F(x) would be without performing the 


algebraic procedure. 


From the investigation you should have discovered that, for f(x) > 0, 


E f(x) de = F(t) — F(a) where F'(x) = f(x). F(x) is the antiderivative of f(x). 


The following argument shows why this is true for all functions f(x) > 0. 


Consider a function y= f(x) which has antiderivative F(x) and an area function A(t) 


which is the area ffom vx=a to v=t, 
t 
je. diti= / Perda 


A(t) is clearly an increasing function and 


Now consider a narrow strip of the region between 
cv=t and v=t+h. 


The area of this strip is A(t+h) — A(t). 


Since the narrow strip is contained within two 
rectangles then 


area of smaller < A(t + h) — A(t) < area of larger 
rectangle rectangle 


hf(t) < A(t+h)— A(t) <hf(t+ A) 
(t+h)-— A(t) 
h 





mer <st+h) 








V=f(x) 


v=f00) 


t tth 
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Taking the limitas h — O gives =p Wa v=f(0) 
ft) < At) < ft) 
AM) = Ft) 





The area function A(t) is an antiderivative of f(t), 





Jo) ft+h) 
so A(t) and F(t) differ by a constant. 
AD) =F(t)+c 
Letting t=a, A(a)=F(a)+c a =: 
t tth 
But A(a)=0 (from (1)) enlarged strip 
so c=-F(a) 


A(t) = F(t) — F(a) 


letting t =», r f(x) de = F(b) — F(a) 


This result is in fact true for all continuous functions f(x), and can be stated as the 
fundamental theorem of calculus: 


b 
For a continuous function f(x) with antiderivative F'(x), / f(x) de = F(b) — F(a). 


The fundamental theorem of calculus has many applications beyond the calculation of areas. 


: d 
For example, given a velocity function v(t) we know that z =. 


So, s(t) is the antiderivative of v(t) and by the fundamental theorem of calculus, 


ta 
/ v(t) dt = s(to) — s(t1) gives the displacement over the time interval [t4, t»). 
iz 


1 


PROPERTIES OF DEFINITE INTEGRALS 


The following properties of definite integrals can all be deduced from the fundamental theorem 
of calculus: 


a b 
. / dedo SO . / cdr=c(b—a) fc is a constant) 


e [ rtoyas=— [ rtoyas f fa) do + fo Hajdo = lda 
e [crieds=e [ stojde / He) + otojjdo = [" ls jade [ otejds 
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Example proof: 


» 
=f(x) 
soe f(x) d , 
F(b) — F(a) + F(c) — F(b) 
= F(c)— F(a) 





[ sears [Prioas= atm [Crtojds 





Example 2 


Use the fundamental theorem of calculus to find the area: 
a betweenthex-axisand y=z? from x=0 to x=1 


b betweenthe r-axisand y=Vz ffom vx=1 to x=9 


3 
f(x) =x? has antiderivative F(x) = q 


the area = o x de 


EO) 
=3-0 


Es RR 
= 5 units 





the area = le x3 dx 


= O) 


=5x27-;x1 
SETH 1,3 1-4) 
17.33333333 = 173 units? 


TI) 
emeennma |O 
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EXERCISE 24B 


1 Use the fundamental theorem of calculus to show that: 


E f(x) de = O and explain the result graphically 


b 
b / cde=c(b-—-a) where c is a constant 
a 


e / Hejdo=— [ ni 
d / cf(x) dee [ f(x) de where c is a constant 
e [iro+oolas= [ s(odr+ [ lajdo 


2 Use the fundamental theorem of calculus to find the area between the x-axis and: 
a y=zº ffom z=0 to x=1 b y=-zº fom x=1 to x=2 


c y=7431+2 fomz=ltor=3 d y=vz from zx=0 to x=2 


1 
* from v=0 to vx=15 f y=—= ffom vx=1 to rx=4 


Vo 


e y=e 
g y=zº)+2xº+7z+4 from z=1 to x=1.25 
Check each answer using technology. 


3 Using technology, find correct to 3 significant figures, the area between the x-axis and: 
a y=e” fom 2=0 to v=15 b y=(Inz)” from v=2 to 2=4 


c y=v9-r? from v=1 to x=2 
4 a VUse the fundamental theorem of calculus to show that 


[espa =- [ síajdo 


b Use the result in a to show that if 
f(x) <0 forallz on [a, b] then 








the shaded area = + Fla) da: 


1 0 
c Calculate: fo (—x? ii / (x2- x) dr di / 3x dz 
0 = 


2 
d Use graphical evidence and known area facts to find / (—v4 — q2) de 
0 
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Earlier we showed that the antiderivative of x2 was 34º. 


We also showed that any function of the form EU + c where c is any constant, has 


derivative x?. 
We say that the integral of a2 is 5x? +c andwrite [a2da=saé+c 
We read this as “the integral of x2 with respect to x”. 


In general, RR = ln en tada = ae: 


DISCOVERING INTEGRALS 


Since integration is the reverse process of differentiation we can sometimes discover integrals 
by differentiation. For example: 


o if F(x)= at, then F'(a)=423 .. [ 4x3 des gh g 
“if F(x)=V7=2?, then F(a)=iz?=-—— 


fade vate 


The following rules may prove useful: 
e Any constant may be written in front of the integral sign. 
Nert)do= ker kisa constant 
Proof: 
Consider differentiating kF(x) where PF'(x) = f(x). 
d 
ag (8 (x) = k (x) = k f(x) 
x 
“ Jkiledo=kRE() 
= Ro finda 


e The integral of a sum is the sum of the separate integrals. This rule enables us to 
integrate term by term. 


Jia) + g(x)] de = | f(x) de + J g(x) de 


Example 3 


oro 
E y=2!+2?, find o E E 
JJ 


d 
29 and hence find  Ját+r6rdr=r +28 +e 


da 
. JUt+3r)dr=a"+22+c 
fo +32?) da. + 2/00 +37)do=2!+238 +c 
J (22º + 3x2) de = 30º + 2º +c 
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EXERCISE 24€.1 
dy 


1 y=2", find Em and hence find [aº dz. 
z 


We can always check 


d that an integral is 
2 If y=a3+a2, find “2 and hence find [(322 + 27) dz. | Sorrect by 
da differentiating the 
ai answer. It should give 
3 If y=e2t, find 2 and hence find fee das us the integrand, the 
da function we originally 
integrated. 








d 
4 If y=(22+1), find and hence find [(2x + 1)º da. 
T 


5 If y=2zyz, find a and hence find [x de. 
E 


Eno 
dl Vê 
7 Provetherule [[f(x) +g(x)ldz = [ f(x) dr + [ g(x) dz. 


6 If find dy and hence find / = 
dx xx 





d 
8 Find o if y=vI-4z and hence find 
Jo 


1 
> da. 
[5 E 
4x — 6 


d 
9 By considering —In(5— 3x4 12), find , = E 


dx 


d 
(2), End [2F do Hint: 27 = (eln2)r, 


10 By considering — 
x 


d 
11 By considering a Inx), find [Ingda. 
T 


RULES FOR INTEGRATION 


In earlier chapters we developed rules to help us differentiate functions more efficiently. 
Following is a summary of these rules: 








c, a constant 0 | 
max + c, m and c are constants m 
ano a a power rule 
cu(x) cu'(x) 
u(x) + v(x) u'(x) + v'(x) addition rule 
u(a)u(a) u(a)u(x) + u(x)v'(x) | product rule 
a(o) Ene a) quotient rule 
v(x) [u(a)]? 
p= (a Nereu) E = aa chain rule 
el E 
ef(x) o 
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Il 
go 


fa) 


Ha) 


la) f(x) 


These rules or combinations of them can be used to differentiate almost all functions. 


However, the task of finding antiderivatives is not so easy and cannot be written as a simple 
list of rules as we did above. In fact huge books of different types of functions and their 
integrals have been written. Fortunately our course is restricted to a few special cases. 


SIMPLE INTEGRALS 


Notice that: 








For k a constant, à aid = k 
a 
do fas (n + Dx” 
If = q EA 
nl, (mate) o 
d 
oi dio 
E 2>0 ingasdsÉ 
, "UNLTC)=—— 
d g 
—1 1 
If x<o, — (In(—x) +e)= == e 
—-2 É 
Note: e 


of integration. 


n 


à lkde = ko De 


n-+1 
+1 





E fa" de = É +e n£-l 
n 


“ fedr=e Je 


1 
+ J-de=In|el+e 
2 


c is always an arbitrary constant called the integrating constant or constant 


e Remember that we can check our integration by differentiating the resulting 


function. 





Find: 


293 


J(aê — 20º + 5) dz 
a J(xº-222+5)dz q! 


A vence 


3 
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There is no product or quotient rule for integration. Consequently we often have to carry out 
multiplication or division before we integrate. 


Example 5 


Find: a f (3042) ae b (=) dz 
a f (ge +2) aa 
- [(922+12+5) de (=) a 


- [02 +124+402)do — [(08 — 204 do 





















Notice that we 
expanded the 
brackets and 

simplified to a 

form that can 

be integrated. 
















dO = $a”Vz-4V2+c 





We can find c if we are given a point on the curve. 


Example 6 


Find f(x) given that f(x)=7º-272+3 and f(0) = 2. 


Since f(x)=xº-272 +83, 
f(x) = J(xº — 27º + 3) dz 
To Dm 


MO q 


Button so oro ac ndo 
4 24º 
Thus fioj= = É quimeço 








If we are given the second derivative we need to integrate twice to find the function. This 
creates two integrating constants and so we need two other facts about the curve in order to 
find them. 
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Example 7 


Find f(x) eiven that dm) = 12224, (0-1 md j(i)-4 


Jor are A 
Ri RE 
nen Ra Ag +c [integrating with respect to x) 
f'(x) = 47º) —- 4x +c 
f(0)=-1 so 0-04+c=-l andso c=-1 
f(x) = 427º -412—1 
47º 4x? E 
pes — — — — x +d | [integrating again) 


flx)=2t-272-2v+d 


f(1)=4 so 1-2-1+d=4 andso d=6 
f(x) =2!-227º —- 246 











EXERCISE 24€.2 
7 Find: 
1 
a J(u!-22-v+2)de b fiz +e)do c | (se ==) ax 
2 1 4 1,.3 4 3 
a f(: 7-5) da e (= +o)a f fa — 2º +2 ) az 
2 3 1 2 x . z 1.8 
g 2º +=) de h a tt —e | da i be” + 3a — dx 
x x 
2 Find: 
243x-9d b id jul a 
1— 4x Tv +r—3 
2 1)2 f ams 
[54 e J(2x+1)dz / a de 
2x — 1 x? — 4x + 10 
PE q 13d 
/ E dx / VE dx | J(x+Ida 
3 Find y if: 
dy dy 9 dy 2 
a é b a E c E z 
dy 1 dy 


dy 
L-—— | =-9e! — f 4x? 3x? 
d ER e ES e 5 E xº + 31 
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4 Find y if: 
ME go pedi dy 2 dy 2+20-5 
5 Find f(x) if: 
é Fodemes & foj-G=dd & fif=ge- é 
6 Find f(x) given that: 
a f(x)=2x-1 and f(0)=3 b f(x)=37+2r and f(D0)=5 


(a) = er So al = ee an = 
c f(x) a d fM)=1 dd f(x) E d Hi)=2. 


7 Find f(x) given that: 
a Piej=2241, Pllj=-S ad j)=? 
b f(s)=15/5+ = FO)=12 and f0=5 


c f(x) = 2x and the points (1, 0) and (0, 5) lie on the curve. 


E d 7/1 1 
Notice that o (=et+") = Det xa = est 
x ka a 





est dx = 1 er +b po c 
a 


Likewise if n £ —1, 
d 


1 a 1 ê 
E (mm (02 + = ) nao + ee O) a 


= (az +b)” 


1 n+1 
fas + by' do = > e tti n&-—l 





d /1 1 1 
Also, — [—In(ax +b) ) = — E =—— for azx+b>0 
dz la a lar +» ax +b 





1 1 
f de = -—In(ax+b)+c 
ax +b a 





ij 1 
In fact, [= tt=qlnlae+bl+e 


Example 8 


Find: 
a J(0x+3) da 


1 
b E 
ano 
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JQax+3) dr [==* 
qe =[(1-22)* de 
; (a 


a 


=-vV1I-21+c 


m(Za+3) +e = + 





Example 9 


ge” = eder 
— (ger - (dee +e 


EXERCISE 24D 
7 Find: 


4 1 
a fr -4 [do 


=4(5 5) In|1- 20] +c 


= -2ln/l1-2z|+c 





1 


a J(Qu+5)dz b [ap c [mt d J(4e-3) da 


e [v3z-4dz 


[x s J3(1 


x)! da 


h [===* 
v3— 4x 


2 a Find y=f(x) given E /m-7 and that y=11 when v=8. 
õ 


b Function f(x) has slope function 





Find the point on the graph of y = f(x) with x-coordinate —8. 


3 Find: 
a J3M2x-1)2dz b 
d J(1-2) da e 
& Find: 


a j (2e” + 5e2”) da b 


1 
d [mat 


g J(er+e*)2da h 


4 
and passes through the point (—3, —11). 
Rr gh the point ( ) 
J(x2 —- x)2 dz ce J(1-3x)bdz 
J4/5-zdz ft J(x2+1)é de 


f (Se) dx T— Ea. 


fe 
foge a fts ade 
Eae 





J(e*+2) dz 
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5 Find y given that: 


dy dy 3 dy o 4 
L-(1-€e7)2 b 2=1-92 = c L=et 
da ( e da ES dx E Re 





1 1 
6 To find / — dx, Tracy's answer was / — dae = ln |4x|+c 
4x 4x 





1 1 
and Nadine's answer was da = + de = Glnlae|+c 
4a z 
Which of them has found the correct answer? Prove your statement. 
7 alff(x)=2e" and f(0)=3, find f(x). 
2 
b If f(x) = 2x — TEA and J(-1)=3, find f(x). 
= 


c Ifa curve has slope function x + sede and passes through (1, 0), find the 
equation of the function. 


2x — 8 
Z2—4 


8 Show that e, — : = e and hence find / 


dz. 
t+2 2-2 q2-4º E 











1003 
2x—-1 2x41 4422-7 





9 Show that and hence find Hj E, dz. 
422 — 1 





J(x2+32)(2x +3)de isoftheform [f(uju'(x)dz 
where f(u)=u”, u=72+3r and u(x)=27+48. 


Likewise, [eres — 1)dz isofthe form [f(u)u'(x) dx 


where f(u)=e!, u=72-x and u(rx)=27-1, 
312 + 2 . 
and / CDA de isoftheform [f(u)u'(x) da 
1 
where f(u)=->, u=r)+2x and u(x)=322+2. 
uUu 


We can integrate funtions of this form using the theorem 


fico as= | Ff(u) du 
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Proof: Suppose F(u) is the antiderivative of f(u), so F'(u) = f(u) 
+ JSfudu=F(u)+e... (1) 
But SP(u) = (a) a (chain rule) 
= ly a 
IG 


J fu) Seda = Flu) + 
= [f(u)du (from (1) 


So, for the first example: 


ft? + 30/20 +3)do — [ut Edo fu="+3, G=20+3) 
= [ut du freplacing = dar by du 


5 
-2+e whichis &(12 +37) +c 


ELA 
Jv23+2x(372 + 2) da 


Use substitution to find: 


du : 
[v13+2x(322 + 2) dz — [vao do where u=r)+2r 


ELA E 


2 
Use substitution to find: a / 
x 


dê + 2, 
ERRA, l 
1 2 o Ci 
= Ea op DO oa =—5 | (-2x)e x 
z z 


du 
ll ps u 
- [da fu=aê +20) Ei : 





u dx 
IÚ =->Je“du 
== — 2 
Jo du 


= lu 
=In|u|-+c pa 


Rn, 
=In[2º +22 | +c = Sel? 4+c 
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EXERCISE 24E 


1 Integrate with respect to x: 


a 3x2(n3 4 1)! 


d 4x3(2 +18) 


x 


* U-27 


2 Find: 


a [26 dx 
VE 
e 
d -——d 
/ va 
3 Find: 
2x 
fam Ei da 


6x2 — 2 
d [5 da 
2 — a 





4 Find f(x) àf f(x) is: 


a q(3-— q)? 


d gel? 


Observe the following: 


À qa 
ag (Sin 2 + c) = cos += cos 





d 
E cosz+c) = —( 


—(tana +) = sec? x 


dx 


sinz)+0=sing 


2x 
q2 + 3 
(7º +27 +1)*(30º 42) 


T+2 
(2x2 + 47 — 3)? 


/ 2xe”” de 


fez —-De-* dz 





vlna 
1- 3q? 





q —s 


a 


a 





vVx3 + (302 41) 
aê 
(3x8 — 1)4 


gé(x + 1)4(20 +41) 


3 
fee + dz 
z=1 
e z 
5 dx 
z 


2x — 3 
—— d 
[5 e 











UNCTIONS 


“ Jcosede=sins+e 


+ Jsinade=-cosz+c 


+ Jsecazdz=tanz+c 


We can now complete our list of basic integrals: 





Function 







Il 
E 


k (a constant) 


q” (n&-—l) 


(ese 


e” +c 


sing +c 








— cosz + c 


paniriide 


Example 12 


Integrate with respect to : 
a 2sinx — cosg 
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» 
b 3sec2r—- > + vz 
E 





Jl2sinz — cosz]dz 


ES Os ds Un 


—2cosz — sing + c 


=3tanz-2ln|x|+ 





= tan = Zn [n | qa e 





Example 13 


&(esina) = (1)sinx + (x) cosz 
=sina +acosa 

Thus (sina +acosa)da 

“+ Jsnadz+[zcoszda 

—cosz +c + | zcoszdz 


RO fueosmedm 


Example 14 


d 
By considering EE (esc), 


determine / 


cos x 
5— di. 


sin? x 


Hence f- : 


sing Hc 


da 


(product rule of differentiation) 


([antidifferentiation! 


sina +c 


sing Hc 





sina +cosax +c 


(cser) = —[sing]! 


dx 


= —[sina)”? 


X (sin x) 


an é COS 
SINE, 


cos x 


sin? x 
cost 


sin? x 


dx = cscx+c 


cos x 


2 
x 


- dx = — cscx + c 
sin 


/ 
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Example 15 


Find f(x) given that f(x) = / [2 sing — 4 
om Dema = 
and f(0) = 4. 


f(x) =2 x (— cos) — e 


f(x) = —2cosz — &z 


But f(0) = —2cos0—-0+c 
4=-2+c andso c=6 


3 
Thus f(x) = —2cosz — &z” +6. 





EXERCISE 24F.1 
1 Integrate with respect to x: 
a 3sinz-—2 b 47x-2cosz c 2Vx+4secla 
d sec2r+2sinz e 5 — seca f sinz-—-2cosz+e” 
—1 
g xº/z-— 10sinz h ECO cosa | 5secr-sinz+2/% 
2 Find: 
a J(vz+acosaz) dz b [(0-sing) do c J(tvi+2sect) dt 


2 
d J(2* —A4Asint) dt e J (3c0st — :) dt e (3- 5 + 3ec20) do 


d 
3 a Find at sina) and hence find [e”(sina + cosa) dz. 


dra d : cosz — sina 
b By considering ale” sinx), determine / ————— dg, 
ho e 


d 
c Find ql? cosx) and hence find [asinada. 


d : 
d By considering ag (Se x), determine / tanz seca dz. 
a 


4 Find f(x) given that: 
a f(x)=xº —-4cosz and f(0) = 3 


b f(x)=2cosz-— 3sinz and f (5) = > 


c f(x)=vz-2sec?a and f(7) =0. 
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INTEGRALS OF CIRCULAR FUNCTIONS OF THE FORM f(ax+-b) 


d 
Observe the following: As ag (in(as +b)) = cos(ax +b) x a, 
x 





*. Jacos(az+b) dz = sin(azx+b) +c 














a Jcos(ax + b) dz = sin(ax + b) + cy 
1 
j cos(ax + b) de = — sin(ax + b) + c 
a 
a É 1 
Likewise we can show J sin(ax + b) de = —— cos(ax + b) + c 
a 
il 
and | sect(az +b)de = —tan(ax + b)+c 
a 
SUMMARY OF INTEGRALS FOR FUNCTIONS OF THE FORM f(ax+b) 


Function Integral 


1 
cos(ax + b) —sin(ax +b) +c 
a 





dl 
sin(ax + b) E cos(ax + b) + c 


il 
sec?(ar +b) | —tan(ar+b) +c 
a 





Example 16 


Integrate with respectto x: a e?” -4seci(2x) b 2sin(3x) +cos(4x +77) 


il (ez — 4sec?(2x)) dz J (2sin(3x) + cos(4x + 7)) dz 
=2x 5(— cos(3x)) + E sin(4e + 7) +c 


= le? -4xStan(22)+c 
= —& cos(3x) + 4 sin(4x + 7) + c 
—5e22 — 2tan(2x) + c 





INTEGRALS OF POWERS OF CIRCULAR FUNCTIONS 


Integrals involving sin?(ar-+b) and cos?(ax +b) can be found by first using 
sin?90 = 1 — 2 cos(20) or cos20 = 1 + i cos(20). 


2 


These formulae are simply rearrangements of cos(20) formulae. 
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:1n2 m 1 1 x 
For example, e sin(32— 5) becomes 5 — 5cos(6r — 5) 


e cos (5) becomes > + > cos 2 (5) = > + > cosa 










J(Q2-sina)da 
Integrate (2-—sina)?2. : no 
er (4— 4sinx + sin” z)dz 


(4— 4sina + 5 — à cos(2x)) dz 


(5 — 4sina — 5 cos(2a)) da 
z 


+4cosz — 5 x 5 sin(2x) + c 


2 +4cosa — Ssin(2x) + c 


! 
J 
) 















INTEGRATION BY SUBSTITUTION 


Example 18 






3 


Integrate with respect to x: a cos“xsing b cotz 








a . 
Jcostasinada footads= [ SE as 
= [[cosz]ésinz dz so 
We Et 0) = 080; E E Sinta We let u=sing, a = CosT 
x 
E jieosasinoda di 
E cotrdr = | -— da 
/ é E) = u da 
= U e 
da 


— [du 
= — [Juldu E 


E Ea =Inlul+c 
Es =In|sinz|+c 
=-—s costa +c 








Note: The substitutions we make need to be chosen with care. 








d 
For example, in Example 18 part b, if we let u = cosg, = —sinx then 
x 
[as = | = dr. 
sin 1 du 
dx 


This substitution leads nowhere as we cannot perform this integration. 
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Example 19 


Find / sin? a dz. K sin? a dx 
e sin?x sinxdax 


= J(1- cos x)sina dx 


q ) de fu=cosa, 


J 


3 


3 cos ip — (COB BPAF O 














EXERCISE 24F.2 
1 Integrate with respect to x: 
a sin(3x) b 2cos(4x) c sec?(2x) 
d 3cos(Z) e 3sin(27) -e* f ex -2sec? (5) 
9 2sin(20+45) h -3cos(Z-—a) | 4sec2 (5 — 2a) 
| cos(2x) + sin(2x) k 2sin(3x) +5cos(4x) | Scos(8x) —-3sinz 
2 Integrate with respect to x: 
a cosz b sin?z c 1+cos?(2x) 
d 3-sin?(3x) e scos(42) f (1+cosa) 
3 Use the identity cos260 = 5 + >cos(20) to show that 
costa = à cos(4x) + 5 cos(2x) + & and hence find [costa dz. 
& Integrate by substitution: 
a sinfxcosz b ar c tang d vsinxcosa 
cosa sin a sing cos(2%) 
pe f ES. ho "A. 
(2 +sing) cos? x 1— cosz sin(2x) — 3 
3 
sin? 
i in(a? j k PO t(2 I Ê 
a sin(x?) a cscº (2x) cot(2x) cos* 1 


5 Find: 


a J[sinízdz b / sin a cos! x dz 
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6 Find f(x) if f(x) is: 


tan x 


É sinme”** b sin?(27) cos(2x) e d es 
sing — cosa cos E 
7 Find: 
a Jcotadz b [cot(3x) dz c Josclxda 
d Jsecxtanvdz e Jescrcotxdr ff Jtan(3x)sec(3x) dz 
csc2 x 





g Jes(Z)cot(Z) dr h f[sedasinada 


If F(x) is the antiderivative of f(x) where f(x) is continuous on the interval a< x <b 


x 
vcota 


E INTEGRALS 





b 
then the definite integral of f(x) on this interval is / f(x) de = F(b) — F(a). 
é a 
/ (o da reads “ihentesraliirom ma to pb of fla) mihrespecito 


Notation: We write F(b) — F(a) = [F(x)]b. 





Example 20 5 
Ji (2º + 2) da 


Find fi (12 +2) dz E [+24], 

3 1 FnIntCRE+Z. Mo do 3 
= (5 Ee 2(3)) a (5 +2(1)) 12, EGEGEEET 
=(9+6)-(5+2) 
= 125 


Example 21 


: 
Evaluate: a / sina dx b / sec?(2x) dx 
0 0 


3 g 
ã / sina dr b K sec2(2x) dx 
0 0 


= [cosa] Fnlntisinid ão E 
a 5) 

= (—cosZ) — (— cos0) 

= —s E 


1 
2 
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When we solve a definite integral by substitution, we need to make sure the endpoints are 
converted to the new variable. 


Example 22 


When z=2, u=2-1=3 
When z=3, u=32-1=8 


«aln LO-3 
TERECRE-1, 
Õ. 


Let u=z24+1 


eia) 
Wisa = 1, 0=2 


Era 1. 1E 
Il. 125 


Example 23 


3 
Evaluate: j sing cosa dx 
g 





E : du 
vVsinzx cosa dx [EG — Esto o = cost 
z a 


-[. va Ge da 
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Jilisih AIKCOS Ma MTÊ: 
a. 43H96 


H-Es 





EXERCISE 246.1 


le-E) 


1 Evaluate the following and check with your graphics calculator: 


a f aa 
d [ (===) as 
g [ eeipa 


b [ (aja 





º 
E 
o 
8 
SE 
[No 
a 
3 


——— dz 
2 NV 2x — 3 
2 Evaluate: 
a / cosx da b l sina dz 
0 


coja 


x 


õ q 
d 1 sin(3x) dx e / cos? a da 
0 o 


1 
E 
0 
3 
na! 
1 
i | errado 


3 
c /. sec2 x dx 


a 


o 


3 Evaluate the following and check with your graphics calculator: 


1 
—— dr b g2er +Ldz 
1 (72 +2)2 /, 
õ ' 3 
d / ge” da e E 5—s dz 
1 92 2—-& 
1 2 4 
1-3 
g | ras h E 
0 l-x+r 92 


& Evaluate: 


6x2 — 4x +4 
q — q2+9g E 





3 sing g : 
a x b sin? x cosa dr 
0 1/COS X 0 
5 8 cosz 
d cotzx dz e O 
z o 1I-sinz 


z 
f / sin? x dx 
0 
3 
/, qv'x2 + 16 dz 


f / e 
1 x 
1 
/ (024 dajn(a +) de 
0 
(Careful!) 


x 


q 
c / tana dx 
0 


T 
f / sec2xtan? x dr 
0 
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PROPERTIES OF DEFINITE INTEGRALS 


Earlier in the chapter we proved the following properties of definite integrals using the 
fundamental theorem of calculus: 


e [ troldo=- [ roda 


º a ertejda = fo fla)dx, cisany constant 
f le do + fo Hajdo = F(x)da 
s / [Ff (x) + g(x de= [º fede + [o g(a)da 


EXERCISE 24G.2 


Use questions 1 to 4 to check the properties of definite integrals. 


4 4 1 1 
1 Find: a / vxde and / (-vx)de b / x" dr and / (-x) dz 
1 i 0 0 


1 2 2 1 
2 Find: a / 22 dx b / x? dx c / x2 dx d / 3x2 de 
0 i 0 0 
2 3 3 
3 Find: a / (xº—-4r)dzr  b / (xê—-4x)dr « / (xê — 4x) dz 
0 2 o 


1 1 i 
4 Find: a / zº de b E vz da c É (12 + x) dz 
o 0 0 


5 Evaluate the following integrals using area 
interpretation: 


/ fade bb Ç fado 
f sea d L f(x) dz 
















































































6 Evaluate the following integrals using area ày 
interpretation: E settá 
4 6 
k flaido / f(x) de 
0 4 a 6 x 
8 8 2 
/ f(x) de d / f(x) dz 
6 0 y 
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7 Write as a single integral: 


fo sas fo rtojas b fa (o)do + [o gle)da+ [  o(a)de 
edi f fa) dy = 2 and f f(x) dz = —3, find E f(x) da 


o 4 
b If [ tea=s, [ iea=- and f slo)do=T, find / fo)de. 


REVIEW SET 24A 


1 Integrate with respect to x: 


4 3 2 
di cr b c == d 4-3 
VE 1=2z SE º 
2 Integrate withrespecttox: a sin/xcosz b tan(2x) € elccosr 
se DO a 
3 Find the exact value of: a vV1=3%dz b j o 
— ana 


E 
4 By differentiatin ve ind K e O 
y g y=V SA 


5 Acurve y- jlx) has f(x) — 182410, Find f(x) if (0) = 1 and f(1) = 13. 


z 5 
6 Evaluate: a K i cos? (5) dx b lj tang dz 
0 0 











4x — 3 É ; 
7 =— can be written in the form A+ ES 
a Find the value of 4 and B. b  Hence find / o da. 
2x +1 


4 1 
1 
8 Find the exact value of: a / ——— (lit b Hi q2e + dy 
a 2x + 1 0 


9 Differentiate Insecx, given that seca > 0. 
What integral can be deduced from this derivative? 


10 If / el? dy = €, finda in the form Ink. 
o 


11 Find Selena sinz) and hence find / . [e-22(cos x — 2sin x)| dz 
dl 0 
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REVIEW SET 24B 


10 


11 


12 


Find: 
a / Dep dz b j gs E c ferem) as 
q vz 
2 2 
Evaluate: a / (x2-1)2dz  b j mlv — 1dr 
1 1 


Integrate: a 4sin?(Z) b (2-cosz)? 
By differentiating (3x2 +x)º, find [(322 + «2)2(6x + 1) da. 
Given that f(xr)=x2-3r+2 and f(1)=3, find f(x). 


Differentiate sin(x2) and hence find [xcos(x?)da 


3 
1 
Find th t value of > d 
ind the exact value o /, AREA E 
(sp 3220 0m ando MO) = 0) =3 
Find: a f(x) b the equation of the normalto y= f(x) at v=2. 


Evaluate ú j cot 0 do 


m 


6 
Find 4, B, C and D using the division algorithms, if: 


x —- 3242 
x—2 


D — 3 É) 
= Av + Br+C+ = Hence find [Ea 
E 


1 2 Z+o 
i 0270 O fi O 
a Find [a [do ence find / ES e 


4 A B C 
a Find constants 4, B and O given that ED) RE + E Ea RR 











b Hence find / catdt a da 
a(1 — w2) 


4 
4 
€ Find in simplest form, the exact value of ! ———— da. 
2 u(l— 22) 
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REVIEW SET 24C 


10 


13 


Findyif a E ab = = 400 — 20€ É 


DA 
Evaluate: a ——— 
RE RRE IE o of. — 
Find | SE. 
cos 


l 
Find a (Inx)2 and hence find j o 
dx dE 





Giventhar 1(0)= 42-23, 1(0)-6 and fD)-3, find (3). 
Find the derivative of xtana and hence determine [xsec2ada. 
Find [(22x+3)”" dz for all integers n. 

a Find (e” + 2)? using the binomial expansion. 


1 
b Hence find the exact value of j (e? + 2) dz. 
0 


e Check b using technology. 


x 


6 5 sec? 
Evaluate: a ! sin? (2) dx b ) E da 
0 z 


tan x 





A function has slope function 2,/x + and passes through the points (0, 2) 


ga 
E 
and (1, 4). Find a and hence explain why the function y = f(x) has no stationary 
points. 


2a 
73 : 
! (12 + ar +2)dr = — Find a. 


1l—-x 
Find Ea (: ) and hence find the exact value of / 
1 





nene 


de N x2 x3 





sin x : a 
Find mi dx. Comment on the existence of this integral. 


cos” x 





Applications of 
integration 







E E. Contents: A Finding areas between curves 
B Motion problems 
€ Problem solving by integration 


Review set 25A 
Review set 25B 
Review set 25C 
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We have already seen how definite integrals can be related to the areas between functions and 
the x-axis. In this chapter we explore this relationship further, and consider other applications 
of integral calculus such as motion problems. 


INVESTIGATION 


Cd 


b 
So Does K f(x) dz | always give us an area? 


What to do: 
1 1 
1 Find / x de and / q dz. 
0 =] 


2 Explain why the first integral in 1 gives an area whereas the second integral does not. 
Graphical evidence is essential. 


0 
3 Find ! x? dr and explain why the answer is negative. 
Ai 


0 1 1 
4 Check that / £º de + / xº de = / x de. 
0 


ll Ei 


EN CURVES 





We have already established in Chapter 24 that: 
If f(x) is positive and continuous on the interval 


a<a<b, then the area bounded by y= f(x), 
the x-axis, and the vertical lines vx=a and x=b 


b 
is given by 1! nao 


Notice also that the area bounded by x = f(y), the 
y-axis, and the horizontal lines y=a and y=b 


b 
is given by / F(y) dy. 
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y=x2+1 


Find the area 
of the region 


enclosed by 
y=2"+1, the 
Ralis RA = 
anda =: 





We can check this result using a graphics 
calculator or graphing package. 


GRAPHING 
PACKAGE 


+ 0) 


AREA BETWEEN TWO FUNCTIONS 


TREMAdL=S ES3E35S 





If two functions f(x) and g(x) intersect at 
a = and = bando fa) > o(a) foral 
x E [a, b], then the area of the shaded region 
between their points of intersection is given by 


[o Lf(x) — g(x)] de. 


Alternatively, if we describe the upper and 
lower functions as y=y, and y=y, 
respectively, then the area is 


e [yy Y | dz. 





v=g(x) ory=y, 


Proof: If we translate each curve vertically through [0, k] until it is completely above the 
«-axis, the area does not change. 


Area of shaded region 
=[fa)+kde-f? 


a 


= fº [f(x) — g(x)] dz 


[g(x) + kl dx 





We can see immediately that if y=f(x)=0 


then the enclosed area is [-g(x)] dz. 
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Example 2 


Use im ly; — y,|da to find the area bounded by the x-axis and y=a12-24. 


The curve cuts the x-axis when wy = 0 
sº De =0 
a(x— 2) =0 
mor 
the x-intercepts are O and 2. 


Area E Yy — yu] da 


= Rio (x2 — 2x)] dx 


the area is ã units? 


Example 3 


Find the area of the region enclosed by y=7+2 and y=7)+17-2. 


y=2z+2 meets y=zº+z-—2 where 
DD 
ne) 
(e+2(2-2)=0 
g = E2 





Area = [2 [yy — yilde 


= [o (x+2)-(22+27-Dldz 
= fo uai 


Te 
o 
j Fl. 
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Example 4 


Find the total area of the regions contained by y= f(x) and the x-axis for 
fle)= 2º +27º — 3. 


f(x) = 2º +27? — 3x 
=a(r2 +27 -—3) 
=a(a — D(x +83) 
y= f(x) cuts the x-axis at 0, 1, —3. 


Total area 


0 E x É —- a 
Sc ne o rss: 


EO Do =| É - 2x3 — 
3 


E o e 





un) — (—-5 — 0) = 112 units? 





The area in Example 4 may also be found using technology 


1 ã ; fnlntiab=staoIrer 
as totalarea = /", [ + 2% — 3a | dz. E-SM ado ão 


11.85333333 
In general, the area between the functions f (a) 
and g(x) on the interval [a, b] is 


[o f(x) — g(x)| de. 


EXERCISE 25A 


1 Find the exact value of the area of the region bounded by: 


a y=2, thex-axis and 2=1 


b y=zº, thex-axis, z=1 and x=4 

c y=e”, the x-axis, the y-axis and 7 =1 

d the x-axis and the partof y=6+x— x? above the x-axis 
e x=y+1, the y-axis, and the lines y=1 and y=2 

f v=Vy+5, the y-axis, and the lines y=-—1 and y=4 


2 Use E [F(a)— g(x)] dz or f ly, —y,] dx to find the exact value of the area between: 


1 E 
a theaxesand y=v)— a b y=-, thex-axis, x=1 and v=4 
x 
1 
c y=-, theax-axis, «= -—1 and x=-—3 
a 
1 
d Pa the x-axis and x =4 
e y=el+e”, thex-axis, zx=-1 and x=1 


f y=e”, the y-axis, the lines y = 2 and y=3 using Jiunydy=yny—-y-+ec 
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3 a Find the area enclosed by one arch of y = sin(2x). 
b Show that the area enclosed by y=sinax andthex-axisfrom x=0 to zx=7 
is 2 units?. 


c Find the area enclosed by y=sin?r andthez-axisfrom x=0 to x=T. 


4 Use f [lyy — Yp|da to find the exact value of the area bounded by: 
a thez-axisand y=-2247-2 
b thex-axis, y=e”-l and v=2 
c the x-axis and the partof y=-312 -8x+4 below the x-axis 
d y=-zº-4r, thex-axis, z=1, and 2=2. 


5 A region with x > 0 has boundaries defined by y=sinx, y=cosx and the y-axis. 
Find the area of the region. 


6 a Find the area of the region enclosed by y=-72-2r and y-3. 
b Consider the graphsof y=xz-—-3 and y=27º-3r. 
i Sketch the graphs on the same set of axes. 
ii Find the coordinates of the points where the graphs meet. 


ill Find the area of the region enclosed by the two graphs. 


c Determine the area of the region enclosed by y=z and y=a22, 


d On the same setofaxes, graph y=e”-1 and y=2-2e"*, showing axes 
intercepts and asymptotes. 
Find algebraically, the points of intersectionof y=e”-1 and y=2-2e77. 
Find the area of the region enclosed by the two curves. 


e Determine the exact value of the area of the region bounded by y = 2e”, 
y=er and z=0. 


7 On the same set of axes, draw the graphs of the relations y = 2x and y? = 44. 
Determine the area of the region enclosed by these relations. 


8 The graph alongside shows a small portion of 
the graphof y=tana. 


A isa point on the graph with a y-coordinate 
of 1. 


a Find the coordinates of A. 
b Find the shaded area. 





9 Sketch the circle with equation 12 +y? =9. 
a Explain why the upper half of the circle has equation y=v9-— «2. 
b Hence, determine E v9-a2 dx without actually integrating the function. 


ce Check your answer using technology. 


10 Find the area enclosed by the function y= f(x) and the x-axis for: 
a fx)=2)-9 b fHa)=-z(x-D(x-4) c fla)=7!- 51244. 
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11 The illustrated curves are those of y=sina 
and y=sin(2x). 
a Identify each curve. 
b Find algebraically the coordinates of A. 


ce Find the total area enclosed by C; and 
Co for )O<rv<7T. 








12 y For the given graphs of y=xº-—-4x and 
y=3x+6 y=37+6: 
a write the shaded area as 

i the sum of two definite integrals 


il a single definite integral involving 
modulus. 


b Find the total shaded area. 


13 Find the areas enclosed by: 
a y=r)-5br and y=-27-6 
b y=-ri4+37246r-8 and y=57—5 
c y=2rº-322+418 and y=2)4107-6 


14 a Explain why the total area shaded is not 
equal to a fix) da. 


b What is the total shaded area 
equal to in terms of integrals? 





v= f0) 


The illustrated curves are those of wy = cos(2x) 

and y=costz. 

a Identify each curve. 

b Determine the coordinates of A, B, C, D 
and E. 


ce Show that the area of the shaded region is 





5 units”. 


16 Find, correct to 3 significant figures, the areas of the regions enclosed by the curves: 


a y=e?” and y=22-1 b y=7" and y=40- Ga! 
17 The shaded area is 0.2 units”. 18 The shaded area is 1 unit?. 
Find k, correct to 4 decimal places. Find b, correct to 4 decimal places. 
y 
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19 The shaded area is 2.4 units”. 20 The shaded area is 6a units?. 
Find k, correct to 4 decimal places. Find the exact value of a. 





DISTANCES FROM VELOCITY GRAPHS 


Suppose a car travels at a constant positive velocity of 60 kmh”! for 15 minutes. We know 
the distance travelled = speed x time 

60 kmh-! x 4h 

= 15 km. 


When we graph speed against time, the graph is 








a horizontal line and it is clear that the distance 2 Vt) =60 
travelled is the area shaded. 
So, the distance travelled can also be found by 
1 
ã 
the definite integral /, 60 dt = 15. 1. time (? hours) 
Now suppose the speed decreases at a constant 
rate so that the car, initially travelling at ” 
60 kmh”!, stops in 6 minutes. speed (kmh”") 
In this case the average speed must be 30 kmh-t, 60 v(t) =60- 6001 
so the distance travelled = 30 kmh”! x & h 
= iae egis time 
- (t hours) 
But the triangle has area = > x base x altitude + 
Eid = 
=5x17;Ô7x60=3 


So, once again the shaded area gives us the distance travelled, and we can find it using the 
1 


7 
definite integral K (60 — 600t) dt = 3. 
0 


ta 
These results suggest that: distance travelled = / v(t) dt provided we do not change 
a direction. 


If we have a change of direction within the time interval then the velocity will change sign. 
In such cases we need to either add the components of area above and below the t-axis, or 
alternatively integrate the speed function | v(t)|. 
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ta 
In general, distance travelled = j [u(t)| dt 
t 


distance travelled by the train. 


Total distance travelled 
= total area under the graph 


+5(0.1)30 


=2.5+10+443+15 
= 21 km 





EXERCISE 25B.1 


1 A rumer has the velocity-time graph 
shown. Find the total distance travelled 
by the runner. 















































92 A : - 
80 velocity (kmh”*) 
60 
40 
20 
(h) 
20 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 


v 


The velocity-time graph for a train journey is 
illustrated in the graph alongside. Find the total 


= area A + area B + area C + area D + area E 
= 5(0.1)50 + (0.2)50 + (2580) (0.1) + (0.1)30 





















































+ t(h) 
0.1 0.2 0.3 04 0.5 0.6 











velocity (ms” 1) 
































time (s) 





A car travels along a straight road with the 
velocity-time function illustrated. 
a What is the significance of the graph: 
i above the t-axis 
ii below the t-axis? 
b Find the total distance travelled by the 
car. 
c Find the final displacement of the car. 


3 A cyclist rides off from rest, accelerating at a constant rate for 3 minutes until she 
reaches 40 kmh”!. She then maintains a constant speed for 4 minutes until reaching a 
hill. She slows down at a constant rate to 30 kmh”! in one minute, then continues at 
this rate for 10 minutes. At the top of the hill she reduces her speed uniformly and is 
stationary 2 minutes later. After drawing a graph, find how far she has travelled. 
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DISPLACEMENT AND VELOCITY FUNCTIONS 


In this section we are concerned with motion in a straight line, or linear motion. 


Recall that for some displacement function s(t) the velocity function is s'(t) and that 
t>0 in all situations. 


So, given a velocity function we can determine the displacement function by the integral 


a(s) — | o(e) di 


Using the displacement function we can quickly determine the displacement in a time 
interval [a, b). 


Displacement = s(b) — s(a) = E 


a 


v(t) dt 


We can also determine the total distance travelled in some time interval a<t<ob. 
Consider the following example: 

A particle moves in a straight line with velocity function v(t)=t—3 cms. 

How far does it travel in the first 4 seconds of motion? E + V(8) 


We notice that v(t) has sign diagram: 3 t 


Since the velocity function changes sign at t = 3 seconds, 
the particle reverses direction at this time. 


£ 
Now s()=J(t-3)dt= - 3t+c but we have no information to find c. 


Clearly, the displacement of the particle in the first 4 seconds is 
s(49)-—-s(0)=c-4-c=-4€m. 

However, when calculating the distance travelled we need to remember the reversal of 

direction at t=3. 


We find the positions of the particleat t=0, t=3 and t=4: 
s(0) =, s(3)=c-—45, s(4)=c-—4. 
Hence, we can draw a diagram 
of the motion: o E-— ê 
c—45 c—4 c 


Thus the total distance travelled is (45 + >) em = 5 em. 


Summary: 


To find the total distance travelled given a velocity function v(t)=s(t) on a<t<b: 
Draw a sign diagram for v(t) so that we can determine any directional changes. 
Determine s(t) by integration, with integrating constant c, say. 

Find s(a) and s(b). Also find s(t) at every point where there is a direction reversal. 
Draw a motion diagram. 


Determine the total distance travelled from the motion diagram. 
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b b 
total distance travelled = / ju(t)| dt displacement = ú v(t) dt 
a 


a 


Example 6 


A particle P moves in a straight line with velocity function v(t)=t2 —-3t+2 ms. 


a How far does P travel in the first 4 seconds of motion? 
b Find the displacement of P after 4 seconds. 


a ub)=s0)=-P-3 52 *. sign diagram of v is: FR 
=(t-1)(t-2) 12 
Since the signs change, P reverses directionat t=1 and t=2 secs. 


3 a 
Now s(t) = J(t Sb Sie dire 





Now s(0)=c s(1)=5-5+2+c=c+& 


s()=5-6+4+c=c+5º  ()=G-M+8+c=c+5 


Motion diagram: 





O e c+5 io 
total distance = (c+3—-c)+(c+3-—lc4 
=i+2-2+51-2 inintéabs (Hei 
e 5a im à. BEBBGEGEr 





b Displacement = final position — original position 
fnlntiai-SAtEa So 


s(4) — s(0) Ad) 
Deo S. 333333333 


a : 1 : 
=55 m Le, 53 mto the right. 








EXERCISE 25B.2 


1 A particle has velocity function v(t)=1— 2t cms” 
a Find the total distance travelled in the first second of motion. 
b Find the displacement of the particle at the end of one second. 


1 as it moves in a straight line. 


2 Particle P has velocity v(t)=t-t-—-2 cms. 
a Find the total distance travelled in the first 3 seconds of motion. 
b Find the displacement of the particle at the end of three seconds. 
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3 A particle moves along the x-axis with velocity function a'(t) = 16t — 4t3 units/s. 
Find the total distance travelled in the time interval: 


a O<t<3 seconds b 1<t<3 seconds. 


4 A particle moves in a straight line with velocity function v(t) = cost ms. 


a Show that the particle oscillates between two points. 
b Find the distance between the two points in a. 


VELOCITY AND ACCELERATION FUNCTIONS 


We know that the acceleration function is the derivative of velocity, so a(t) = v'(t). 
So, given an acceleration function, we can determine the velocity function by the integral 


v(t) = f a(t) dt 


EXERCISE 25B.3 


1 The velocity of a particle travelling in a straight line is given by v(t) = 50 — 10e 9-5 


ms-!, where t>0, tin seconds. 


State the initial velocity of the particle. 

Find the velocity of the particle after 3 seconds. 

How long will it take for the particle's velocity to increase to 45 ms” 1? 
Discuss v(t) as t> 00. 

Show that the particle's acceleration is always positive. 

Draw the graph of v(t) against t. 

Find the total distance travelled by the particle in the first 3 seconds of motion. 


Q-«-sMAMaçco 


5 — 3 ms2. If the initial 


velocity of the train is 45 ms”, determine the total distance travelled in the first minute. 


2 A train moves along a straight track with acceleration 


1 


3 An object has initial velocity 20 ms”* as it moves in a straight line with acceleration 
t 


function 4e ? ms-2, 


a Show that as t increases the object approaches a limiting velocity. 
b Find the total distance travelled in the first 10 seconds of motion. 


When we studied differential calculus, we saw how to find the rate of change of a function 
by differentiation. 





In practical situations it is sometimes easier to measure the rate of change of a variable, for 
example, the rate of water flow through a pipe. In such situations we can use integration to 
find a function for the quantity concerned. 
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Example 7 


The marginal cost of producing x urns per week is given by 
2.15 — 0.02% + 0.000 36x2 dollars per ur provided 0 < x < 120. 


The initial costs before production starts are $185. Find the total cost of 
producing 100 urns per day. 


dO 
The marginal cost is a 2.15 — 0.02% + 0.000 3672 $/urn 


C(x) = J(2.15 — 0.02x + 0.00036x?) dz 


p2 x3 
= 2.152 — 0.025 + 0.00036 + 


= 2.152 — 0.01x2 + 0.000 127º + c 
But C(0) = 185 Rc BISs 
C(x) = 2.157 — 0.017? + 0.00012x73 + 185 


C(100) = 2.15(100) — 0.01(100)2 + 0.000 12(100)é IS 
= 420 
the total cost is 8420. 





Example 8 


A metal tube has an annulus cross-section as shown. The 
outer radius is 4 cm and the inner radius is 2 cm. Within 
the tube, water is maintained at a temperature of 100ºC. 
Within the metal the temperature drops off from inside 
E : dr 10 : 
to outside according to ESA where x is the 
Hb E; 


distance from the central axis and 2<x<4. 
Find the temperature of the outer surface of the tube. tube cross-section 


ana Ea so T-[— dx 
da z m 





T=-10n|z|+c 


But when x=2, T = 100 
100 = —10n2 + c 
c = 100 + 10ln 2 


has A oia o gor Saia 
T = 100 + 10In (2) 
When z=4, T=100+10n(5) = 93.1 


the outer surface temperature is 93.1ºC. 
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EXERCISE 25€ 


1 The marginal cost per day of producing «x gadgets is C'(x) = 3.15 + 0.004x euros 
per gadget. What is the total cost of daily production of 800 gadgets given that the 
fixed costs before production commences are €450 per day? 


2 The marginal profit for producing x dinner plates per week is given by 
P'(ax) = 15 — 0.032 dollars per plate. If no plates are made a loss of 8650 each 
week occurs. 

a Find the profit function. 
b What is the maximum profit and when does it occur? 
ce What production levels enable a profit to be made? 


3 Jon needs to bulk-up for the football season. His energy needs t days after starting 
his weight gain program are given by E'(t) = 350(80 + 0.15t)º:8 — 120(80 + 0.15t) 
calories per day. Find Jon's total energy needs over the first week of the program. 


& The tube cross-section shown has inner radius of 3 cm 
and outer radius 6 cm. Within the tube, water is 
maintained at a temperature of 100ºC. Within the metal 
the temperature falls off at the rate 
dT —20 ; y 
— => — where «x is the distance from the central 
de 70.63 
axisand 3<1<6. 


Find the temperature of the outer surface of the tube. 


5 A thin horizontal metal strip of length 1 metre has 
a deflection of wy metres at a distance of x m from 
the fixed end. 


It is known that 





d2y 
da? 





= —(l — q)2. deflection y 





metal 
strip 


a Find the function y(x) which measures the deflection from the horizontal at any 
É : : d 
point on the metal strip. Hint: When x =0, what are y and TE? 
x 


b Determine the greatest deflection of the metal strip. 


6 A 4m plank of wood is supported only at its ends, O x p 
and P. The plank sags under its own weight by y metres 
at a distance x metres from end O. sag y 
2 2 
The differential equation a = 0.01 (2» — 5) relates the variables x and y. 
x 


a Find the function y(x) which measures the sag from the horizontal at any point 
along the plank. 
Find the maximum sag from the horizontal. 


a q 


Find the sag at a distance 1 m from P. 
d Find the angle the plank makes with the horizontal at the point 1 m from P. 
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7 A contractor digs roughly cylindrical wells to a depth of h 
metres. He estimates that the cost of digging at the depth x 
metresis 542+4 dollars per mê of earth and rock extracted. 


If a well is to have a radius r m, show that the total cost of 
digging a well is given by 


3 
C(h) = nr? (— 


' dC dO dV 
) + Co dollars. Hint: E AV 





8 The length of a continuous function y= f(x) on a<x<b isfound using 


b 2 
L= / 1+ (2) dx. 
E y da 
Find, correct to 5 decimal places, the length of y=sinz on 0O<r<rT. 


9 A farmer with a large property plans a rectangular RS 
fruit orchard with one boundary being an irrigation --p-annnopooo sono ion cocos nro 
canal. He has 4 km of fencing to fence the orchard. | 
The farmer knows that the yield per unit of area 
changes the further you are away from the canal in 
proportion to 








3 where a is as shown in the figure. 

If the yield from the field is denoted Y, and the area of the orchard is denoted A: 
a explain why — = = where k is a constant 

b show that — = — + by using the chain rule 
c explain why Y= K Í — da 


d showthat Y=4k(2-p)lVp+4- 2]. 


e What dimensions should the orchard be to maximise the yield? 
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REVIEW SET 254 


1 The function y= f(x) is graphed. 
Find: 
a fo Had 
b fi fa)dr 
c Jo f(x) dz 











y= 












































2 Write the total shaded area: 1=[0)  y=g(x) 
a as the sum of three definite integrals 


b as one definite integral involving a 
modulus. 





b c d 








3 Attime t = 0 a particle passes through the origin with velocity 27 cms-!. ts 
acceleration t seconds later is 6t — 30 cms 2. 
Find the total distance that the particle has travelled when it momentarily comes to 
rest for the second time. 


4 Draw the graphsof y)=zr-1 and y=1-83. 
a Find the coordinates where the graphs meet. b Find the enclosed area. 


5 Determine k if the enclosed region has area 


55 units? 





1 e 
6 By appealing only to geometrical evidence, explain why: ll CNO vii / Innfaricia=Ter 
1 


0 


7 A boat travelling in a straight line has its engine turned off at time t = O. Its velocity 


O 100 
at time t seconds thereafter is given by  v(t) = Tra ms 


Find the initial velocity of the boat, and its velocity after 3 seconds. 


—1 


Discuss v(t) as t — 00. 
Sketch the graph of v(t) against t. 
Find how long it takes for the boat to travel 30 metres. 


e 2n co 


Find the acceleration of the boat at any time t. 


mma 


Show that Ss = —ku?, and find the value of the constant k. 


8 Find the total finite area enclosed by y=x) and y=Tx2-10z. 
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9 Finda given that the area ofthe region between y = e” x 
and the x-axis ffom zx=0 to zx=a is 2 units? 


Hence determine b, given that the area of the region 
between z=a and x=b is also 2 units?. 





10 A cantilever of length L m has a deflection of y m at a distance x m from the 


dê : 
fixed end. The variables are connected by — = k(L- x)? where k is the 
E 


proportionality constant. 





Find the greatest deflection of the cantilever in terms of k and L. 
11 Determine the area enclosed by y= 2q and y=sina. 


12 The figure shows the graphs of wy = cos(2x) 

and y=e*” for ve[-7, 5). 

Find correct to 4 decimal places: 
a the value of b 


b the area of the shaded region. 





13 a Find - [In(tana + secx)] and hence find [seca dz. 
E 


b Consider x sec(27) for ve [0,7] 
i Sketch the graph of the function on the given domain. 


il Find the area of the region bounded by y = sec(2x), the y-axis, and the 
eo 


Nada A: 
1 


1 A particle moves in a straight line with velocity v(t)=2t-3t ms 1. 
Find the distance travelled in the first second of motion. 


2 Find the area of the region enclosed by y=-x2+4r+1 and y=-3143. 


3 Determine JO v4- «2 da using graphical evidence only. 


EO 
& The current T(t) milliamps in a circuit falls off in accordance with rt eia 





where t is the time in seconds, t > 0.2. 


It is known that when t = 2, the current is 150 milliamps. Find a formula for the 
current at any time t > 0.2, and hence find: 


a the current after 20 seconds b what happens to the current as t — oo. 
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Is it true that Es f(x) dz represents the area 







of the shaded region? 


Explain your answer briefly. a 


g 
l+a?. 
Find the position and nature of all turning points of y= f(a). 


Considero) — 


Discuss f(x) as z—oo andas x > —oo. 
Sketch the graph of y= f(a). 

Find the area enclosed by y= f(x), 

the x-axis, and the vertical line q = —2. 


Zago 


OABC is a rectangle and the two shaded regions 
are equal in area. Find k. 





a Sketch the region bounded by y = 2º +92, 
the y-axis, and the horizontal lines y = 3 
and y= 6. 

b Write x in the form f(y). 

€ Find the area of the region graphed in a. 


Find the area enclosed by y=-27º)-9x and y=372-10. 


Consider f(x) =2-—sec2z on [-4, 4]. 
a Use technology to help sketch the graph of the function. 
b Find the equations of the function's vertical asymptotes. 
«e Find the axes intercepts. 
d Find the area of the region bounded by one arch of the function and the x-axis. 


liquid A metal tube has an annulus cross-section with 
ue radii 74 and 75 as shown. 


Within the tube a liquid is maintained at 
temperature T9ºC. 


A Within the metal, the temperature drops from 


o . À dP  k 
RS inside to outside according to RETA where 
JU E 


k is a negative constant and « is the distance from 
the central axis. 


Show that the outer surface has temperature To +kln (=) ; 
ra 


Find the area of the region enclosed by y = tangx, the x-axis, and the vertical line 


Ei 
L=— >. 


A particle moves in a straight line with velocity given by v(t) = sint metres per 
second. Find the total distance travelled by the particle in the first 4 seconds of 
motion. 
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REVIEW SET 25€ 


1 A particle moves in a straight line with velocity v(t)=t2-6t+8ms!, t>0. 
Draw a sign diagram for v(t). 

Explain exactly what happens to the particle in the first 5 seconds of motion. 
After 5 seconds, how far is the particle from its original position? 


2a co 


Find the total distance travelled in the first 5 seconds of motion. 


2 Determine the area enclosed by the y-axis, the line y =3 and the curve 


Rs 
= —). 


3 a Finda given that the shaded area is 4 units”. 


b Find the x-coordinate of A if OA divides 
the shaded region into equal areas. 





4 a Thegraphof y=sina is drawn alongside. » 
Use the graph to explain why 


e o sing dr < . 





b Ais (Z, ds) andCis (3, ds). 


Use the diagram to show that the area under 

one arch of y=sinx (as illustrated) is 

close to Z(1 + 2) units?, but more than it. 
€ Find exactly the area under one arch of y=sing. 





For the given function y=f(x), 0O<r<6: 
a Show that 4 has equation y, = 4x — x2. 
b Show that B has equation 

E on 


c Find o yadr and IA COR 
d Hence, find E Misa: 










6 Determine m and c if the enclosed 
y=mx+c 


region has area 45 units?, 
Hint: You may need your graphics 


calculator to do the algebra. y=-0+2+3 
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The ellipse shown has equation — Dao = 


a Sketch the graph again and mark on it the area 


represented by la 3/16 — a2 dz. 
b Explain from the graph why we can say 8< e v16 — x2 dz < 16. 





Find the area of the region enclosedby y=-z)+272+27+6 and y=Tx2-z-4. 


3 


Without actually integrating sinº x, prove that Ie sin? rd < 4. 


Hint: Graph y= snºr for O<r<T. 


a Sketch the graphs of y=sin?ar and y=sina on the same set of axes for 
O 
b Find the exact value of the area enclosed by these curves for x € [0, 5]. 


Determine the area of the region enclosed by y=z, y=sinzx and v=T. 


The shaded region has area - unit2. 
Find the value of m. 





Find, correct to 4 decimal places: 
a the value of a 
b the area of the shaded region. 








A bank may compound interest over various lengths of time: vyearly, half-yearly, 
quarterly, monthly, daily, and so on. 


If interest is compounded instantaneously, we can show that 1 = E Pore”" dt 
where 1 is the interest accrued, Py is the initial investment, 7 is the rate of interest 
per annum as a decimal, and T' is the period of the loan in years. 
a Show that the amount of money in an account at time T' is given by 
Pr e. 
b How long will it take for an amount to double at a rate of 8% p.a.? 
e A block of land was bought for $55 in 1940 and sold for $196000 in 2007 at 


the same time of the year. What rate of interest, compounded instantaneously, 
would produce this increase in the same time? 





Volumes 


of revolution 





Contents: 


A 
B 


Solids of revolution 


Volumes for two defining 
functions 


Review set 26 
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Consider the curve y=f(x) fora<r<b. 





If the shaded part is rotated about the x-axis through 360º, a 3-dimensional solid will be 
formed. This solid is called a solid of revolution. 


DEMO 





A solid of revolution will also be formed if the part of the curve is rotated about the y-axis 
through 360º. 


1» v=f(x) DEMO 














VOLUME OF REVOLUTION v=f(x) 


We can use integration to find volumes of 
revolution between zx=a and vx=b, 


The solid can be thought to be made up of 
an infinite number of thin cylindrical discs. 





Since the volume of a cylinder = mr2h, 

the left-most disc has approximate volume 
nif(a)]26x, and 

the right-most disc has approximate volume 


m[f(b)Póc. 








In general, mlf(x)]26x is the approximate volume for the illustrated disc. 


As there are infinitely many discs, we let 6x > 0. 


= ia Sapo = [ atitopa=a [ ar 


a 
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When the region enclosed by y = f(x), the x-axis, 
and the vertical lines x = a, vz =b is rotated about 
the x-axis to generate a solid, the volume of the solid is 
given by 

b 
Volume of revolution = 7 ) y de. 


a 


EL 


Use integration to find the volume 
of the solid generated when the line 
== fombiisS rs isireyolyed 
around the x-axis. 


b 
1 == 2 
aa / Dao Note: The volume of a cone 


4 can be calculated using 
E T[ 22 dx Vin — amr2h 

; 1 So, in this example 

3 
m 5| V = 7424) — am12(1) 

“da Or 
Eq ER 

a 3 . 

= 21Im which checks / 


= 217 cubic units 


Example 2 


2 


Find the volume of the solid formed when the graph of the function y = x” for 


0O<x<5 isrevolved about the x-axis. 


Volume of revolution 


b 
=. [ y dx 


Note: 

Entering NY =X? then 
fnInt(m + Y2, X,0,5) 
gives this volume. 


06 





m(625 — 0) 
= 6257 cubic units 
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Example 3 


One archof y=sing Volume 
is rotated about the x-axis. 


What is the volume of 
revolution? 





Using the same limit method we can derive a similar formula for a solid of revolution which 
has been rotated about the y-axis. 


When the region enclosed by x = f(y), the x-axis, 
and the horizontal lines y=a, y= is rotated about 
the y-axis to generate a solid, the volume of the solid is 
given by 


b 
Volume of revolution = 7 / x? dy 


a 





Example 4 
Wa = g=l Volume 
The graph of = Inga, he º 
q €E[1,e] is rotated E / a 
DRE gra we rotate the function n : GARE 


for velo, 1]. 
What is the volume of u 
E r[ (e”)2 dy 
0 


revolution? 
1 
im / e dy 
0 


- a (be) 


T [ge — 5eº] 


T(e2—1) units? 
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EXERCISE 26A 
1 Find the volume of the solid formed when the following are revolved about the x-axis: 
a y=2r for 0<rv<3 b y=vz for 0<r<a4 
3 
€ y=2º for lsgr<2 d y=xº for l<r<4 
e y=zxº for 2<r<4 f y=v25-2º for 0<r7<5 
1 1 
g y=—— for 2<17<3 h y=z+- for I<r<3 
pl, z 


2 Use technology to find, correct to 3 significant figures, the volume of the solid of 
revolution formed when these functions are rotated through 360º about the x-axis: 
3 


q2+1 





a y= for xe [1,3] b y=eirz for xe [0,2] 


3 Find the volume of revolution when the shaded region is revolved about the x-axis. 
a 





y The shaded region is rotated about the x-axis. 
8 x +7=64 a Find the volume of revolution. 


b A hemispherical bowl of radius 8 cm 
contains water to a depth of 3 cm. 
What is the volume of water? 





5 a What is the name of the solid of revolution when 
the shaded region is revolved about the x-axis? 


b Find the equation of the line segment AB in the 
form y=ax+o. 


ce Find a formula for the volume of the solid using 


b 
./ yº dz. 
a 





A circle with centre (0, 0) and radius r units 
has equation 72 +y2 =r?. 
a Ifthe shaded region is revolved about 
the x-axis, what solid is formed? 


b Use integration to show that the volume 


of revolution is amrê. 
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7 Find the volumes of the solids formed when the following are revolved about the y-axis: 


a y=z2 between y=0 and y=-4 


y=vz between y=1 and y=4 
y=lInax between y=0 and y=2 
y=vz-—2 between x=2 and v=11 
y=(zx-1) between x=1 and x=3. 


o 2a q 


8 Find the exact value of the volume of the solid of revolution formed by rotating the 
2 2 





relation T Tg =1, «>0 through 360º about the y-axis. 
9 Find the volume of revolution when these regions are rotated about the x-axis: 
a y=cosz for O<r< 5 b y=cos(2x) for O<ars GT 
c y=vsinz for 0O<r<T d y= for 0<r<s 


cos z 


e y=sec(3x) for ze 0, 5] f y=tan(Z) for ve[0, 5] 


10 a Sketchthe graphof y=sinx+cosz for 0O<Srss. 


Hence, find the volume of revolution of the shape bounded by y=sinx+cosg, 
the x-axis, x =0 and x =% when it is rotated about the x-axis. 


11 a Sketchthegraphof y-4sin(2x) from x=0 to vx=— 7. 
Hence, find the volume of revolution of the shape bounded by  y = 4sin(2x), the 


a-axis, x =(0 and x = when itis rotated about the x-axis. 





Consider the circle with centre (0, 3) and radius 1 unit. 








«+ > V 





When this circle is revolved about the 
x-axis, we obtain a doughnut or torus. 
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In general, if the region bounded by y= f(x) (ontop) and y=g(x) and the lines 
g=a, 2 =b is revolved about the x-axis, then its volume of revolution is given by: 


v="/ Utofds-s [ iotojpas 


so, V=m[ (Lt)? - lota?) de or V=r/ (u2-u?) da 


Rotati 
Es v=f0) or yy 





about the 
y=80) or x —/ v-axis 
ab x gives 
Yy reads “y upper” 

y, reads “y lower” 





Example 5 


Find the volume of revolution generated 


by revolving the region between y = x? 


and y='z about the x-axis. 
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EXERCISE 26B 


1 The shaded region between y=4— 1 
y =83 is revolved about the x-axis. 


a What are the coordinates of A and B? 


2 and 





b Find the volume of revolution. 


y=4-—x? 


The shaded region is revolved about 
the x-axis. 


a Find the coordinates of A. 
b Find the volume of revolution. 









3 The shaded region (between y=z, y= E 
and x = 2) is revolved about the x-axis. º 
a Find the coordinates of A, 
b Find the volume of revolution. 


4 Find exactly the volume of the solid of revolution generated by rotating the region 
enclosed by y=-72-4r+6 and x+y=6 through 360º about the x-axis. 


5 The shaded region (between y=vzv-—4, 
ii y=1 and x=8) is revolved about the 


| y=Vx-4 x-axis. 
a What are the coordinates of A? 


b Find the volume of revolution. 





Ay 
6 The illustrated circle has equation «2 +(y-3)2=4. 


a Showthat y=3+v4-z2, 2 
b Draw a diagram and show on it what part of the 


circle is represented by y=3+v4-ax? and 





whatpartby y=3-v4-— «2, (0,3) 
ce Find the volume of revolution of the shaded region 1 
about the x-axis. ET RR 


Hint: Substitute x = 2sinu to evaluate the 
integral. Use your calculator to check 
your answer. 
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7 The length of a chord of the circle with equation 72 +4+y?=r2 is equal to the radius 


of the circle. The chord is parallel to the y-axis and a solid of revolution is generated 
by rotating the minor segment cut off by the chord through 360º about the y-axis. 
3 
Tr 


Prove that the volume of the solid formed is given by V= € 


8 A circle has equation x2+y2 =? 


chord of length 6 units drawn parallel to the y-axis. 


where r >3. A minor segment is cut off by a 


Show that the volume of the solid of revolution formed by rotating the segment through 
360º about the y-axis is independent of the value of r. 


Prove that the shaded area ffom x =1 
to infinity is infinite whereas its volume 
of revolution is finite. 





REVIEW SET 26 


1 Find the volume of the solid of revolution formed when the following are rotated 
about the x-axis: 


o m=% beim n=4 amil = ih 
b y=z+1 between vx=4 and x=10 


c y=singx between x=0 and tx=7T 
d y=v9-ax? between x=0 and v=3. 


2 Find the volume of the solid of revolution formed when the shaded region is rotated 
through 360º about the x-axis: 


a b 






y=cos(2x) 








ay 





A 
= 
ay 


3 Find the volume of revolution when y = cscx is rotated through 360º about the 


g-axis for  <1<S dr, 
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4 Find the volume of the solid of revolution formed when the following are rotated 
about the y-axis: 


a zx=y between y=1 and y=-2 


b y=-Vzx? between y=2 and y=3 


3 between vx=1 and x=2 


CR 

5 Find the volume of revolution generated 

by rotating the shaded region through 360º 
about the x-axis: 








6 Find the volume of revolution 1f the shaded 
region is rotated through 360º about the 
x-axis: 





a Use V= amr2h to find the volume of this 
cone. 


b Check your answer to a by integration. 





8 Find the volume enclosed when y = x? 


about the q-axis. 


» from the x-axis to y = 8, is revolved 





Further integration 
and differential 
equations 


E Contents: A The integrals of > 


1 
and ZE roi 
Further integration by substitution 
Integration by parts 
Miscellaneous integration 


Separable differential equations 


Review set 27A 
Review set 27B 
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In the previous chapters we have seen several techniques for finding integrals, including: 


e integrating term by term 


e integrating by using the reverse process of differentiation 


e integration by substitution 


In this chapter we consider some more special integrals and techniques for integration, 
including integration by parts. 
We conclude the chapter with a study of separable differential equations which can be 
solved by integration. 





The integrals of and >—— 
Ê a? — q? po? 
of y=arcsin(Z) and y=arctan (E). 


Consider y = arcsin (E) 


. v=asiny 
da 
— = a cosy 
dy 
= av1 —sin2y 
2 
x 
— 0 a 
== 
dy 1 
dr qa 


z = arcsin (E) +c 


il 
EE 


[5=* 
E 


PALEStol (5) +c 





can be obtained by considering the derivatives 


Consider y = arctan (E) 


. v=atany 
Es sec? 
—— = q 
dy H 


= a(l +tan?y) 


x? 


ab 44? 

a 

dy a 
de q+a? 





[52% = > arctan (E) +c 


õ 
b esa 
[nas 
ll 
eo 
| 
= à x dyarctan (8) +c 


= ns arctan (=) +c 
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EXERCISE 27A 
1 Find: 


4 3 1 1 
EE RES E id dl. 
af = d / == “ c dos Er [mas 
1 2 1 õ 
——— d f ———— d —— d h ———s 
elye” [as s [mat fara 


1 
2 a Sketchthegraphof y= =. 
grap y DO 
b Explain algebraically why the function 
i is symmetrical about the y-axis il has domain vxel-1,1l. 


e Find the exact area enclosed by the function and the x-axis, the y-axis, and the line 


gd 
L= 3 


TITUTION 





Here are some suggestions of possible | When a function contains TERRA 
substitutions to help integrate more A — 





difficult functions. v f(x) u= f(x) 
Note that these substitutions may not ata; = lina 


always lead to success, so sometimes 














=> Ea 
other substitutions will be needed. Rea RR 
With practice you will develop a feeling o as Cop ay isas v = atan6 
for which substitution is best in a given Ee ac 
situation. 
Find [rvz+2dz. 
Let u=7+2 . Jevz+2de 
du du 
—=1 =[(u-Dva— d 
= [(u? — 2u?) du 
us Quê 
o TETO Ga 
E) E] 
o 
EXERCISE 27B 


1 Find using a suitable substitution: 


a Javz-3da b [xvvz+lidz c Jauv3-aida 
vez—l 
d Jtv?+2dt e É - dx Hint: incelet u=vz-l1. 
x 
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Example 3 


6 
Find the exact value of j ax +4da. 
A 


IE Go = A A! 
et u=x+ E 


Wien = = 
ici 6s RR E 


Flat Flat? Plat3 
ty BS Cid 


Enlntita seia dado 
dz. 1ESFAlrE 


Cdr soTcIla 
de. lo3rB2l4 


Example 4 


E ct = Sisectn E = 3sech tand 


0 
So [Ea - (e 
é x 





ot d 
EA 3secOtan 0 do 


= [3/sec20 — 1 tang do 
= [ 3tan?6 do 

= J(3sec? 0 — 3) dê 
Stan OG 


= vi — 9 — 3arccos (É) e 





2 Find the exact value of: 
4 3 5 
a ! az — Id b , ax + 6dx € / g2vz—2dr 
3 0 2 


Check each answer using technology. 


3 Integrate with respect to x: 





q = 2x 4In a 
a ; b -—— É Gs d —>————— 
9+2 v1— a? Tt +9 2 (1+ [na]?) 
2-4 1 E 
4 2 f singcos2x g h E 





q V9 — 422 1+2? 
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1 1 
z (9 +4 na]? 


v(x2 + 16) 





(Chapter 27) TA 


1 


E o I ag2v4— q? 
x = & 


| BY PARTS 


Some functions can only be integrated using integration by parts, which is a method we 


derive from the product rule of differentiation. 


d 
Since ag?) =u'v-+uv then 


J (u'v+Huv) de = uv 


Juvdr+ [Juvdr=uv 


Juvde=uv— fu'vdr 


So, providing [u'vdz can be easily found, we can find [uv dr using 


Juvde=uv-— [Ju'vda or i 





Find: a JxeTdz 


b Jxcoszdz 





=-ge"+(-e”)+c 


o RO 
b uz v' = cost 
AE v=sing 


“+ Jacoszdr=asina- [sinzdz 
=asina-—(—cosz)+c 


E pisintra a costniiZe 





Check: 


Ee(-ee(s+1)+0) 
=e“(e+1)+-e“(1)+0 


en 


Eres 

Check: 
o sina iicos md) 
dx 


= Ixsinax-+xcosa-—sing 
= snt-+xcosa — sirf 
E ricositNA 





EXERCISE 27€ 


1 Use integration by parts to find the integral of 
the following functions with respect to x: 


a ze” b zsinz c ziInz 

d zsin3z e xcos2x f xsecir 

g Ing h (nz) i arctang 
Hint: Ingwrite Inxas Ilng. 


Iniwrite arctanx as larctang. 


When using “integration by 
parts” the function u should 
be easy to differentiate and v 


should be easy to integrate. 
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Sometimes it is necessary to use integration by parts twice in order to find an integral. 


Example 6 Find f[e"sinxdz. 


Je singda x 
e sin£ 
Dsd. Es o 
e”(—- cos) — [e”(— cosa) dx | mn eã Eua 
= e" cosz + [e"coszdz 
u=e” v =coszx 


u=e” v=singz 





=-e cosz+e"sina-— [e sinadz | 


2/e"sinadz=-ecosz+e sina 


fe sinada = 5e”(sinaz — cosz) +c 





2 Find these integrals: 
a xºe*” b ecosz c esing d «sing 


3 a Use integration by parts to find [uZe“ du. 


b Hence find [(Inx)?dr using the substitution u=lnz. 


4 a Use integration by parts to find J usin u du. 
b Hence find f sinv2x dx using the substitution u? = 2x. 


“am 


Find [cosv3xdxz using the substitution u? = 3x. 





AS LO 


“O There are many functions that do not have indefinite integrals. In other 
words, we cannot write the indefinite integral as a function. However, 
Sa definite integrals can still be determined by numerical methods. An 
example of such a method is the upper and lower rectangles we used in 








Chapter 19. 
A slightly more accurate method is the midpoint P upper rectangle 
rule in which we take the height of each rectangle =. = midpoint 
to be the value of the function at the midpoint of lower Tectangle 


the subinterval. 
For example, consider finding the area between 
f(x) = sin(x2) and the x-axis from x =0 to 
v=1. 

The graph of f(x) = sin(x?) is: 
f(a) is an even function and does 


not have an indefinite integral, so 
a numerical method is essential for 











1 
/ sin(x2) dz to be evaluated. 
o 
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What to do: 


1 Suppose the interval from O to 1 is divided into 10 equal subintervals of width 0.1. 
Using the midpoint rule, the shaded area is 


where 6x = 0.1 is the subinterval width. 


Use this formula to estimate the integral to 3 decimal places. epa ia 


2 Click on the area finder icon and find the area estimate for 
n = 10, 100, 1000, 10000. 


3 Use your graphics calculator's definite integral function to find the area. 
4 Now find o sin(x2) da. 


5 What is the area enclosed between y = sin(x2), the x-axis, and the vertical line 
ERR 


We have now practised several integration techniques with clues given as to what method to 
use. In this section we attempt to find integrals without clues. 








EXERCISE 27D 
1 Integrate with respect to x: 
etter sin x 
———— b 77 c 3 5)º d ———— 
Eres (amo) 2-— cost 
1 3 
e xseciz f cot2r g xv(x+3) h fe 
z 
3 
| xe? | avl-s k vvi-a? I 
qv/x2 — 4 
In (x + 2) 1 
m z2yz-—3 n tanºz o 
(x +92) R 2 +27 +83 
2 Integrate with respect to x: 
1 4 E 
a ao b VEVISE € In (2x) d e” cosa 
1 arctan x (In x)? 
e fo -—— v9— q? h 
a(1+ 2) 14422 E q? 
i E ij sináxcosz a cos? x 
Vx— 3 qa2—- 2x +5 
x É +4 E 1—-2% gº 5 5 
Rd SE 2-2 sin? x cos” x 
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EH UATIONS 


ar dy. : 
Consider a function y= f(x). We know the derivative OO is the rate at which the 





function changes with respect to its independent variable «. 


A differential equation is an equation which connects the derivative(s) of a 
function to the function itself and variables in which the function is defined. 


. d E d2 d 
Examples of differential equations are: E d Ee 3 E 


—S —+4y=0 
dz y De qa? o a 


These are some examples of situations where differential equations are observed: 
A falling object A parachutist Object on a spring 


b bm 





d? d d? 
= = 9.8 ma = mg — av? ma =—ky 
SEPARABLE DIFFERENTIAL EQUATIONS 
Sr dy Fa) 
Differential equations which can be written in the form E E are known as 


separable differential equations. 


d d 
Notice that g(y) = f(x) and so fotu) dr = fita de when we integrate 


both sides with respect to x. 


Consequently, [g(y)dy = | f(x)dr which enables us to solve the original differential 
equation. 


When we integrate, the solution involves unknown constants, and this is called a general 
solution of the differential equation. 


The constants are evaluated using initial conditions to give a particular solution. 


Example 7 


Find the general solutions to the following separable differential equations: 


dy E 
b ag — “A y) 





a = =ky po RCA 
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1 dy = UR 
y dr A 
l «Za = 1 dy = 
1 
— dy= | kdzx [a 4- —kdx 
' / ia ! 
In[y| = kz +e Inly— A|=-kz+c 
E y = +ehrte Ra ly—A|=e —ka-+c 
y = +eehz o = Als +ece tz 
y = Aekz for some + y—-A=Bekz (Ba constant) 
à y= AA Bete 


constant 4. 


ELA: 
and k is a constant. 


Solve = =kvV giventhat V(9)=1, V(13)=4, 


1 
v7 dh 
Eu a 
Jvcê a th=[hdh 
va a 


as 
+ =kh+e 


2 
2VV =kh+c 
Won = 1 ando VB) Eae 
2/1 =k(9)+c and 2/4 = k(13) +c 
Oh and 13k+c=4 


Solving these equations simultaneously gives k = 5 and c=-— 
h— 5 


2 





But 


Z 


VV 
VV 


V 
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Example 9 


The curve y= f(x) has a y-intercept of 3. The tangent to this curve at the 
point (x, y) has an x-intercept of x + 2. 
Find the equation of this curve in the form y= f(ax). 


d EO 
Slope of tangent at (x, y) is = E) - - 
ldy 4 
ydz ? 


1 dy 
pc 
5% Je / 5 dy 


1 
fdy=-ta+e 








y 
k Inly|=-j2+c 
” y= Ae 3 
Dena ONU 
3=A4 
y=3e73? 








Example 10 


The number of bacteria present in a culture increases at a rate proportional to the 
number present. If the number increases by 10% in one hour, what percentage 
increase occurs after a further 5 hours? 





: : , dN 
If N is the number of bacteria present at time t hours, then —— x N 


dt 
— =— kN where k is a constant 
GN 
—. — k 
N dt 
1 dN 


1 
ne — dN = dt 
[tvs Sh 
InN =kt+c (|N]|isnotnecessaryas N > 0) 


Suppose the number of bacteria when t=0 was N= No. 
InNo=c andso InN =kt+lnNo..... (1) 
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When t=1, N=11No (since 110% of No is LINo) 
in (1), In(1.1N9) = k+In No 
In(1.1) +In No = k + In No 
p= Iodo) 
So, (1) becomes In N = tln(1.1)+lInN 
INC Nos (E 
After a further 5 hours, t=6 


N = No(L.1) = 1.7716No = 177.16% of No 
N has increased by 77.16%. 





Example 11 


2 


A raindrop falls with acceleration 9.8 — - ms“, where v is its velocity. Show 


that the raindrop's velocity is v = 29.4(1 — E ms! and it approaches a 


limiting value of 29.4 ms”. 


oa 
Acceleration is A? so 


1 
v— 29.4) dt 
1 do 1 
[(=a) Ge / a 


[ (=) do = [tdi 


In[vu—29.4]=—St+c 


v—294= Ae 
v=2944+ Ae 3 
Now when t=0, v=0 andso A=-294 


v = 29.4 — 29.4e73 
v=29.4(1-€e75 





e 
Nomas UG, e 0 


v—294>0 andso v—>294ms1 
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Example 12 


A large cylindrical tank has radius 2 m. Water flows out 
of a tap at the bottom of the tank at a rate proportional to 
the square root of the depth of the water within it. Initially 
the tank is full to a depth of 9 m. After 15 minutes the 
depth of water is 4 m. How long will it take for the tank 
to empty? 


We are given that a x vh where h is the depth of water 
axe 
dt 
dv dV dh 
dt dh dt 


= kvh where k is a constant. 


Now (chain rule) 


dV 
dh 


The volume of water in the tank is V = 7gr2h = 47h 


dh 

kvVh = 4 — 
coqdiia 
vh dt 


c J4rho3 dt = ais 


47. 


o 


4m Jh-Zdh=[kdt 
qu = kt A 
2 





87h = ktA 


Now when t=0, h=9 
in(l), 87/9=c andso c=247 
So, 87vh = kt + 247 
Andy ent alto A 
in (2), 167=15k+24m  andso k=-—SE 
8rvh = —SEt+ 247 
vh=-E+3 
Now when itis empty h=0 
0=-E+3 
PAS 


So, the tank empties in 45 minutes. 
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EXERCISE 27E.1 
1 Find the general solution of the following differential equations: 

dy dM dy 2 

a —=5 b > =-2M o == 
da - dt de y 
dP dQ dQ 1 
— = 3vP — =2 3 f — = 
rd é a AR dt * 20+3 


2 Find the particular solution of the following differential equations: 


d M 
a É — 4y and when x =0, y= 10 b IM “sm and M(0) = 20 
da dt 
P 
c VE and when 1=24, 9=9 d Co =2P+3 and P(0)=2 
dy 


a kyy where k isa constant, y(4)=1 and y(5)=4 
dE 


3 Ifthe slope of a curve at any point is equal to twice the y-coordinate at that point, show 


that the curve is an exponential function. 


d 
4 a If E — TAP: and p=10 when t=0, findp when t=2. 
dM 
b If a 8-2M, and M=2 when r=0, findr when M=3.5. 
r 
ds ; 
5 q hs = where k is a constant, and s= 50 when t= 0. 


If it is also known that s=20 when t=3, show that s = 50(0.4)3. 


6 Find the general solution of: 


a xy =3y b vy=4 c y=ye” d y' =ze! 
7 Solve E re”, d0)=1, 
dr 


d 
8 Solve = —2ay if y=1 when z=0. 
Jo 


d . 
9 Solve pe = if y=2 when x =0. 
E 


d 
10 Solve (L+a)io = 20y fy=e when 2=0, 
e 
o dy : 
11 Solve (1+z Jaz — UU if y=10 when v=2. 
o 


d 
12 Solve q = to + ay if y=2 when 2=0. 


13 The tangent to the curve y = f(x) at the point (x, y) has an x-intercept of x +3. 
If the curve has an y-intercept of 2, find f(x). 
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d 
14 A curve is known to have a = 2 Find the general solution to this differential 
x 


y 
equation and hence find the curve that passes through the point (5, —4). 


Find a if (a, 3) also lies on this curve. 


d 
15 A curve has Em =y2(14+) and passes through the point (1, 2). 
% 


a Find the equation of this curve. 
b Find the equations for the curves asymptotes. 


d d 
16 Compare the differential equations: =? vith E = 
z y 


a Prove that the solution curves for these differential equations intersect at right angles. 
b Solve the differential equations analytically and give a geometrical interpretation of 
the situation. 


17 A body moves with velocity v metres per second, and its acceleration is proportional to 
v. If v=4 when t=0 and v=6 when t=4, find the formula for v in terms 
of t. Hence, find v when t = 5 seconds. 


18 In the “inversion” of raw sugar, the rate of change in the weight w kg of raw sugar is 
directly proportional to w. If, after 10 hours, 80% reduction has occurred, how much 
raw sugar remains after 30 hours? 


19 When a transistor ratio is switched off, the current falls away according to the differential 
di 
equation Er —kI where k is a constant. If the current drops to 10% in the first 
second, how long will it take to drop to 0.1% of its original value”? 


20 A lump of metal of mass 1 kg is released from rest in water. After t seconds its velocity 
isv ms! and the resistance due to the water is 4v Newtons. 

dv : ao 

E g— 4v where g is the gravitational constant. 


a Provethat v= Sa — e-4t) and hence show that there is a limiting velocity. 


The equation for the motion is 


b When is the metal falling at o ms 19 
21 Water evaporates from a lake at a rate proportional to the 
volume of water remaining. ED 


no dV 
a Explaining the symbols used, why does — = 
meio Do dt 
represent this situation? 





b If 50% of the water evaporates in 20 days, find the percentage of water remaining 
after 50 days without rain. 


22 Water flows out of a tap at the bottom of a cylindrical tank of height 4 m and radius 
2 m. The tank is initially full and the water escapes at a rate proportional to the square 
root of the depth of the water remaining. After 2 hours the depth of water is 1 m. How 
long will it take for the tank to empty? 
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23 Water evaporates from a hemispherical bowl of radius ferem —» 
r cm such that ad = —y2, where t is the time in 
dt 
hours. 1 
If the water has depth h cm then its volume is given ii 
by V= amh2(3r — h). ” o. 
a Assuming r is a constant, use Er to set up a differential equation 
: dt O dh dt Ê E 


between h and t. 

b Suppose the bow]'s radius is 10 cm and that initially it is full of water. 
Show that t = sm5(hº — 30h? + 2000) and hence find the time taken for the 
depth of water to reach the 5 cm mark. 


Newton's law of cooling is: 


“The rate at which an object changes temperature is proportional to the difference between 
its temperature and that of the surrounding medium, dT 


.e., — Do Lao 
Rem a ) 


Use Newton's law of cooling to solve questions 24 and 25. 


24 The temperature inside a refrigerator is maintained 
at 5ºC. An object at 100ºC is placed in the 
refrigerator to cool. After 1 minute its 
temperature drops to 80ºC. How long will it take 
for the temperature to drop to 10ºC? 


25 At 6 am the temperature of a corpse is 13ºC and 3 
hours later it falls to 9ºC. Given that living body 
temperature is 37ºC and the temperature of the 
corpse's surroundings is constant at 5ºC, estimate 
the time of death. 





AS: 


“O In the 18th century Leonhard Euler made enormous contributions to 
mathematics and physics. Euler was responsible for introducing the 
symbols e and i, and for the famous identity e? = cos0 + isin 0. 





In this investigation we explore two methods which show this result. 


METHOD 1: POWER SERIES EXPANSION 


1 : 
l+rral pair. = Ro for |x|<1 (sum ofan infinite geometric series) 
= uh 
1 
E l+zx+224+93+..... where the RHS is called the power series expansion 
= 
1 
of —— 


IRA 
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oo 
Other functions also have power series expansions of the form >, a;x' where (fa;) 


is a set of constant coefficients. Do 


What to do: 


1 Suppose e” has a power series expansion, so 

e” =mw+taz+ar Sar + ar! + agr? Fo: (1) 
By letting «x =0, find ao. 
Differentiate both sides of (1) and by letting x = 0, find aj. 
Repeat the above process to find as, as, aq and as. 


Conjecture the power series expansion of e” by writing an expression for the 
general term am. 


Jaco 


Repeat the procedure of 1 to obtain power series expansions for sin x and cos. 


In your power series for e”, replace x by 10. 
Hence, find e'” in the form A+iB. 


4 Compare the results of 2 and 3 to find A and B. 


METHOD 2:  DIFFERENTIAL EQUATION 


In this method we obtain a separable differential equation involving the complex number 
à. We can solve this in the usual method by treating à as a constant, though in later years 
of mathematics you may learn this is not always such a wise tactic! 


What to do: 


1 Given the complex number z=rcis0 =rcos0+irsind where r=|z| isa 


! : ci 
constant and O = argz is variable, show that ao = ** 


: : R dz : : ; E 
2 Solve the differential equation q showing that z = re'”? wherer isa 
constant. 


3 Compare your results in 1 and 2 to obtain the identity e? = cos0 + isin0. 


RESULTS USING THE IDENTITY 


Use the identity e? — cos +isinO to show that: 





| |zw|=|2z|/w]| and arg(zw) = arg(z) + arg(w) for complex numbers z, w. 
cis 0 
= ci 0 — 
cis À ei 


iii c7+1=0 (called Euler's identity) 


DIFFERENTIAL EQUATIONS WITH UNUSUAL SUBSTITUTIONS 


In this final section we consider some interesting inseparable differential equations which can 
be converted to separable form using clever substitutions. 
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ELA) d 
Solve =r+y bylettng y=us. 


dy du 
a +u (product rule) 


Substituting into the original DE, 


(5 ) 
ap || => se 5P 0 || = esa 
da 


si a 
da 
du 
da 
du 
da 


[Eca Re 








Bu um, so gy clmr| ca is the general solution. 


EXERCISE 27E.2 


d 
1 Solve = —2xe” =y byletting y= ue”. 
LT 


dA 
2 Solve (5) =y +2e"y+ez byletting y= ue”. 
x 
dy a 2 à o 
3 Solve yo =-—qº —yí for v>0 byletting y=uz. 
x 
d É : 
4 Solve 1 —y=42r2y byletting y=ux or otherwise. 
x 


REVIEW SET 27A 
1 Find [22v4-zdz. 


2 Use integration by parts to find [arctanadr. Check your answer using 


differentiation. 
3 
z 
3 Find integralsof. a eTcosg b xe” € >= 
g EE 
L 
& Find the solutionto y' = mia given that y(0) = 4. 
y 


5 The current 1 which flows through an electrical circuit with resistance R and 


inductance L can be determined from the differential equation L - = E-RI. 


Both R and L are constants, and so is the electromotive force E. 
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FURTHER INTEGRATION AND DIFFERENTIAL EQUATIONS (Chapter 27) 


Giventhat R=4, L=0.2 and E = 20, find how long it will take for the current, 
initially O amps, to reach 0.5 amps. 


The graph of y= f(x) has a y-intercept of 3 and the tangent at the point (x, y) 
has an x-interceptof «x — 3. Find the function f(x). 


d : 
Solve the differential equation 2ey7 =q22+y? byletting y=uz. 
g 
Hence show that if y=2 when x =1, a particular solutionis y2)=12 +37. 


Use cis0 = e”? to prove that: 


a cisôcisg=cis (0 +) b (cis0)” =cis nô 


REVIEW SET 27B 





5 1 Za 
Find: a / GEE dx / EE da Ç Ê COVA 5d 
Vx2 — 4 
Find: a [xcosadz b [Ear 
ar 
à dy il 
Given —=-—— and y(0) =0, deducethat y=v22r+4-2. 
Fio 
; dy Dm fe da e = NR 
Given + = with initial condition y(1) = 5, showthat qy = arcsin(x?). 
dx | cosy 


OBLH is a seal slide at the zoo. At any point P, the slope of the slide is equal to the 
slope of a uniformly inclined plane with highest 
point P and with a 5 m long horizontal base 
along OB. 


a Show that P(x, y) satisfies the equation Es 
y = 1078. 


b Find the height of L above OB. 
Find the slope of the slide at H and at L. 





Bacteria grow in culture at a rate proportional to the number of bacteria present. 
a Write down a differential equation connecting the number of bacteria N(t) at 
time t, to its growth rate. 


b Ifthe population of bacteria doubles every 37 minutes and there are 10º bacteria 
initially, how many bacteria are present in the culture after 4 hours”? 


If a curve has E =(y-—1)2(2+«) and passes through the point (—1, 2): 
vi 


a find the equation of the curve 
b find the equations of the asymptotes to the curve. 


A cylindrical rainwater tank is initially full, and the water runs out of it at a rate 
proportional to the volume of water left in it. If the tank is half full after 20 minutes, 
find the fraction of water remaining in the tank after one hour. 





Statistical distributions 
of discrete random 
variables 


Contents: A  Discrete random variables 


Discrete probability 
distributions 

Expectation 

The measures of a discrete 
random variable 

The binomial distribution 
The Poisson distribution 


Review set 28A 
Review set 28B 
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JARIABLES 


RANDOM VARIABLES 





In previous work we have described events mainly by using words. Where possible, it is far 
more convenient to use numbers. 


A random variable represents in number form the possible outcomes which could 
occur for some random experiment. 


A discrete random variable X has possible values 14, xo, %3, .... 

For example: e the number of houses in your suburb which have a “power safety switch” 
e the number of new bicycles sold each year by a bicycle store 
e the number of defective light bulbs in the purchase order of a city store. 


A continuous random variable X has all possible values in some interval on the number 
line. 
For example: e the heights of men could all lie in the interval 50 < x < 250 cm 


e the volume of water in a rainwater tank during a given month could lie 
in the interval O < x < 100 mê. 


To determine the value of a discrete random variable we need to count. 
To determine the value of a continuous random variable we need to measure. 


For any random variable there is a corresponding probability distribution. 
The probability that the variable X takes value x is writtenas P(X =x) or py. We can 
also sometimes write a probability distribution as a function P(x). 


For example, when tossing two coins, the random variable X could be O heads, 1 head, or 


2 heads, ie, X = 0,1 or2. The associated probability distribution is po = E pi = > 


and po = : with graph: 


probability probability 


1 
2 


or 





1 » 1 2 
number of heads number of heads 





A supermarket has three checkout points A, B and C. A government inspector 
checks for accuracy of the weighing scales at each checkout. If a weighing scale is 
accurate then yes (Y) is recorded, and if not, no (N). Suppose the random variable 
X is the number of accurate weighing scales at the supermarket. 


a List the possible outcomes. 
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b Describe using x the events of there being: 
i one accurate scale il at least one accurate scale. 


a Possible outcomes: 


KXXZZAXA|> 
KSXZSXZSZZ| 
Ez ZEZ EA o 
LVNNNHHHO|8 











EXERCISE 28A 


1 Classify the following random variables as continuous or discrete. 
a The quantity of fat im a lamb chop. 

The mark out of 50 for a Geography test. 

The weight of a seventeen year old student. 

The volume of water in a cup of coffee. 

The number of trout in a lake. 

The number of hairs on a cat. 

The length of hairs on a horse. 





TO. s Mac 


The height of a sky-scraper. 


2 For each of the following: 
i identify the random variable being considered 
ii give possible values for the random variable 
ill | indicate whether the variable is continuous or discrete. 
a To measure the rainfall over a 24-hour period in Singapore, the height of water 
collected in a rain gauge (up to 200 mm) is used. 
b To investigate the stopping distance for a tyre with a new tread pattern, a braking 
experiment is carried out. 
e To check the reliability of a new type of light switch, switches are repeatedly turned 
off and on until they fail. 


3 A supermarket has four checkouts A, B, C and D. Management checks the weighing 
devices at each checkout. If a weighing device is accurate a yes (Y) is recorded; 
otherwise, no (N) is recorded. The random variable being considered is the number 
of weighing devices which are accurate. 

a Suppose X is the random variable. What values can x have? 
b Tabulate the possible outcomes and the corresponding values for q. 
e Describe, using x, the events of: 
i 2 devices being accurate il at least two devices being accurate. 
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& Consider tossing three coins simultaneously. The random variable under consideration 
is the number of heads that could result. 


a 
b 
c 
d 


List the possible values of x. 

Tabulate the possible outcomes and the corresponding values of x. 

Find the values of P(X = x), the probability of each x value occurring. 

Graph the probability distribution P(X = x) against x as a probability histogram. 





For each random variable there is a probability distribution. 


The probability p; of any given outcome lies between O and 1 (inclusive), 


If there are n possible outcomes then 


n 
se! or Dis no/22 Raio (02 Rae apr E1800/0 77 sLo 
== 


The probability distribution of a discrete random variable can be given 
e in table form 
e in graphical form 
e in functional form as a probability mass function. 


K provides us with all possible values of the variable and the probability of the occurrence of 
each value. 


Example 2 


A magazine store recorded the number of magazines purchased by its customers in 
one week. 23% purchased one magazine, 38% purchased two, 21% purchased three, 
13% purchased four, and 5% purchased five. 

What is the random variable? 

Make a probability table for the random variable. 

Graph the probability distribution using a spike graph. 


The random variable X is the number of 
magazines sold. 
so 2=0,11,2, 83,4 eb. 


Era 
[74 [0.00 [0.28 [0.38 [0.21 [0.13/0.05] 
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Example 3 
Show that the following are probability distribution functions: 
2 +1 
Sa 
BRO Co Ddr" "4 0uas 


a P(x)= 2=1,2,3,4 


Pio EQ 
allor whichiobey 0 <SPlirpsl and “Ro 
P(x) is a probability distribution function. 
Pe = Como) (Qu 
PÇ) = Co (oo = or Ap OO 
P(1) = CS (0.6)H(0.4)2 =3x (0.6) x (0.4)2 = 0.288 
P(2) = C8(0.6)2(0.4)) =3x (0.62 x a 4) = 0.432 
(CS OG) nr O 


( 
) 
IP 
6)º x 


a = 0.216 


Total 1.000 


All probabilities lie between O and 1 and S'P(x;)=1. 
So, P(x) is a probability distribution function. 


Example 4 


A bag contains 4 red and 2 blue marbles. Two marbles are randomly selected 
without replacement. If X denotes the number of reds selected, find the probability 
distribution of X. 


1 selection 2"! selection 


aja 
x 
UJua 





alo alo ole 
x x x 
UH ul UJto 


E 





EXERCISE 28B 


1 Find k in these probability distributions: 
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2 The probabilities of Jason scoring home runs in each game during his baseball career 
are given in the following table. X is the number of home runs per game. 


Ga ) 2 3 4 5 
aa 0.3333 | 0.1088 | 0.0084 | 0.0007 | 0.0000 

















a What is the value of P(2)? 
b What is the value of a? Explain what this number means. 


What is the value of P(1) + P(2) + P(3) + P(4) + P(5)? Explain what this 
represents. 


d Draw a probability distribution spike graph of P(x) against x. 


3 Explaim why the following are not valid probability distributions: 

















4 Sally's number of hits each softball cs 
match has the following probability [5 
distribution: P(x) | [0.07 [0.14 k [0.46 [0.08 [0.02] 


a State clearly what the random variable represents. 
b Find k. e Find: | Pv >2) N Pisa) 





5 A die is rolled twice. 
a Draw a grid which shows the sample space. 


b Suppose X denotes the sum of the results for the two rolls. Find the probability 
distribution of X. 


ce Draw a probability distribution histogram for this situation. 


6 Find k for the following probability distributions: 


a P(x)=k(x+2) for 2x=1,2,3 & Pimj= for 4=0,1,2,3 





T+ 


7 A discrete random variable X has probability distribution given by: 
P(x)=k(1)" (2) where 2=0,1,2,3,4 
a Find P(x) forz=0,1,2,3and4 bb Findk and hence find P(x > 2). 


8 Electrical components are produced and packed into boxes of 10. It is known that 4% 
of the components may be faulty. The random variable X denotes the number of faulty 
items in the box and has a probability distribution 


P(x) = C2º (0.04)” (0.96) 07”, 2 =0,1,2, ..., 10. 
a Find the probability that a randomly selected box will contain no faulty component. 


b Find the probability that a randomly selected box will contain at least one faulty 
component. 
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9 A bag contains 5 blue and 3 green tickets. Two tickets are randomly selected without 
replacement. X denotes the number of blue tickets selected. 


a Find the probability distribution of X. 


b Suppose instead that three tickets are randomly selected without replacement. Find 
the probability distribution of X for X =0,1,2,83. 


10 When a pair of dice is rolled, D denotes the sum of the top faces. 
a Display the possible results in a table. 
b Find P(D=7). 
e Find the probability distribution of D. 
d Find P(D>8|D2>6). 


11 The number of cars X that pass a shop during the period from 3.00 pm to 3.03 pm is 
(0,2)82-0e 
q! 

a Find à P(X=0) ii P(X=1) iii P(X=2). 
b Find the probability that at least three cars will pass the shop in the given period. 


given by P(X = 2) = where x =0,1,2,3,..... 


12 When a pair of dice is rolled, N denotes the difference between the numbers on the top 
faces. 


a Display the possible results in a table. 


b Construct a probability distribution table for the possible values of N. 
c Find P(N=3). 
d Find P(N>3|N2Z1). 





Consider the following problem: 


A die is to be rolled 120 times. On how many occasions would you 
expect the result to be a “six”? 


In order to answer this question we must first consider all possible outcomes of rolling the 
die. The possibilities are 1, 2, 3, 4, 5 and 6, and each of these is equally likely to occur. 


Therefore, we would expect : of them to be a “six”. 


ê of 120 is 20, so we expect 20 of the 120 rolls of the die to yield a “six”. <T>- 
However, this does not mean that you will get 20 sixes as 
if you roll a die 120 times. 


In general: If there are n outcomes in an event and the probability of each outcome in 
the event occurring is p, then the expectation that the event will occur is np. 
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Example 5 


Each time a footballer kicks for goal he has a % chance of being successful. 


In a particular game he has 12 kicks for goal. How many goals would you expect 
him to kick? 


p = P(goal) = 5 . the expected number of goals is np = 12x 5 O 


Example 6 


In a game of chance, a player spins a square 
1/2 4 
spinner labelled 1, 2, 3, 4. The player wins the Number [1] 2 [3 /[4| 


amount of money shown in the table alongside, 


depending on which number comes up. 

Determine: 

a the expected return for one spin of the spinner 

b whether you would recommend playing this game if it costs $5 for one game. 


1 


a As each number is equally likely, the probability for cach number is 5 


expected retun= 4x1 + 4x2 + 4x5 + |x8=84 


b As the expected return of $4 is less than the cost of $5 to play the game, you 
would not recommend that a person play the game. 





EXPECTATION BY FORMULAE 


For examples like Example 6 part a we can define the expectation E(X) ofa random variable 


to be E(X) = o PiLi - 
14=1 


EXERCISE 28€ 


1 Ina particular region, the probability that it will rain on any one day is 0.28. On how 
many days of the year would you expect it to rain? 
2 a If3 coins are tossed what is the chance that they all fall heads? 


b Ifthe 3 coins are tossed 200 times, on how many occasions would you expect them 
all to fall heads? 





3 Iftwo dice are rolled simultaneously 180 times, on how many ef ú 
occasions would you expect to get a double? ro om 


& A single coin is tossed once. If a head appears you win $2 and if a tail appears you lose 
$1. How much would you expect to win when playing this game three times? 
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During the snow season there is a 5 probability 
of snow falling on any particular day. If Udo 
skis for five weeks, on how many days could he 
expect to see snow falling? 





In a random survey of her electorate, politician A discovered RSS RGE 
E: E AJB|C 


the residents” voting intentions in relation to herself and her two 
opponents B and C. The results are indicated alongside: 


a Estimate the probability that a randomly chosen voter in the electorate will vote for: 


i A ii B iii C. 
b If there are 7500 people in the electorate, how many of these would you expect to 
vote for: 
i A ii B ill C? 


A person rolls a normal six-sided die and wins the number of dollars shown on the face. 
a How much does the person expect to win for one roll of the die? 


b Tfit costs $4 to play the game, would you advise the person to play several games? 


A charity fundraiser gets a licence to run the following gambling 
game: A die is rolled and the returns to the player are given im the 
“pay table” alongside. To play the game $4 is needed. A result of 
getting a 6 wins $10, so in fact you are ahead by $6 if you get a 
6 on the first roll. 





a What are your chances of playing one game and winning: 
i $10 ii $4 ii $1? 
b Your expected return from throwing a 6 is E x 810. What is your expected return 
from throwing: 
i al4or5 ii al,20r3 ii al,2,3,4,50r6? 
ce What is your overall expected result at the end of one game? 
What is your overall expected result at the end of 100 games? 


9 A person plays a game with a pair of coins. If two heads appear then $10 is won. If a 


head and a tail appear then $3 is won. If two tails appear then $5 is lost. 
a How much would a person expect to win playing this game once? 


b Tf the organiser of the game is allowed to make an average of $1 per game, how 
much should be charged to play the game once? 
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Suppose x; are the possible values of the random variable X, and f; are the frequencies with 
which these values occur. 





ii 
We calculate the population mean as u = ns ; 
DE 
TERES 
the population standard deviation as o = enfia 5 


and the population variance is o2. 


Suppose we have 10 counters, one with a 1 written on 1t, four with a 2 written on them, three 
with a 3, and two with a 4. One counter is to be randomly selected from a hat. 


We can summarise the possible results in a table: outcome x; 











» fi 


Ed 2x4 + 3x3 +4 4x2 
1444342 


no 3 4 3 2 
=1xm + 2xi;dg + 3X + 4X 


Now u= 








So u= É TiDi 
Also, o? = >» Ea n)? 


Menu, Mou Sesmu? Auamu? 
10 10 10 10 
= (ma? + ola —u)? + dolzs ou)? + iolza— 1? 


so 02 =5 (x; — u)2pi 


We can show that these formulae are also true in the general case. 





Suppose a random variable has n possible values 1, x2, %3, ...... 1h 
with frequencies f, fo, f3, dy 
and probabilities pi, po, D3, 5 Dn: 

o ida 
The population mean u = x: (mean for tabled values) 


— Jul fato + Jada docs + fnZn 


N letting 3) f=N) 
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= 1 (5) + 2x2 (5) + 23 (5) Essa + Zn (5) 


= %p1 + Xopa + X3p3 +... + EYnPn 





= mpi 
(ro 2 
The variance o? = 2 filai — mo 
Edh 
film? folxo— un) fa(ma — wu)? alia 
A + DONO + E resenês ate N 
=p(m—u)? +po(za— nu)? +pa(zs— nu)? +... E Pn(za — mo)? 
= 5(x; — u)2p; 
If a discrete random variable has n possible values 1x4, 1x2, %3, ....., En 
with probabilities p1, p2, P3, -...., Pn Of occurring, 


then e the population meanis u=5 zip; 


e the population varianceis 02? =5 (x; — u)2pi 
e the population standard deviation is o = v>/(x; — u)2pi. 


The population mean of a discrete random variable is often referred to as the “expected value 
of x” or sometimes as the “average value of x in the long run”. 


In practice, we can define: 


e the mean as E(X)=n=5S &;p; and 


e thevarianceas Var(X)= 0? =5S (x; — u)2p; = E(X — u)?2. 





Find the mean and standard deviation of the data of Example 2. 


The probability table is: »/0[1]2]3/4 [5] 








EEE ooo nes aa qo oo) 


Now u= Dc, 
= 0(0.00) + (0.23) + 2(0.38) + 3(0.21) + 4(0.13) + 5(0.05) 
=2 "39 


so in the long run, the average number of magazines purchased per customer 
is 2.39. 


The standard deviation 


(SR 


o 





= /(1-2.392x0.23+(2-2.392x 0.38+..... + (5— 2.392 x 0.05 
1.122 


Q 
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An alternative formula for the population standard deviation is 


o = vp. 
This formula is often easier to use than the first one. For example, for a die: 
u=5 ep =) +59) +35) +45) +5(5) + 6(5) = 3.5 
and 2 =5 ip; — p= (5) +29) +35) + (5) +55) +6%(5) — (8.5)? 
x 2.92 








Consequently, ocx=1.71. 


These results can be checked using your calculator by generating 800 random O Ss 
digits from 1 to 6. Then find the mean and standard deviation. You should o) 
get a good approximation to the theoretical values obtained above. 


THE MEDIAN AND MODE 


In Chapter 17 we also found two other measures for the centre of a distribution or data set: 
e the median of a data set is the middle score 


e the mode is the most frequently occurring score. 





Example 8 
















Find the median and mode of the data from Example 2. 





The probability table is: 


So, in 100 trials the expected 
frequencies f; are: 








2+92 
middle score = mi — —— - 


median = 2 


The mode is the most frequently occurring score, which should be the score with 
highest probability. 
mode = 2 
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EXERCISE 28D.1 


1 A country exports crayfish to overseas markets. 
The buyers are prepared to pay high prices when 
the crayfish arrive still alive. 


If X is the number of deaths per dozen crayfish, 
the probability distribution for X is given by: 























a Find k. 
b Over a long period, what is the mean number of deaths per dozen crayfish? 
ce Findo, the standard deviation for the probability distribution. 


2 A random variable X has probability distribution given by 
2 
P(x) = E = 2? fo q- 1,2, 3. Calculate yu and o for this distribution. 


3 A random variable X has probability distribution given by 
Po O Dar(oo)* fx 2=0,1,2,3. 


a Find P(x) for « =0, 1,2 and 3 and display the results in table form. 
b Find the mean and standard deviation for the distribution. 





4 Using 02=5(x;— w)p; showthat 02 =5 a2p; — vê. 


5 A random variable X has the probability 


distribution shown. probability 


a Copy and complete: 


ERR 









b Find the mean ju and standard 
deviation o for the distribution. 


c Determine i P(u-o<z<u+o) E Pu-20<2<pn+20). 





6 An insurance policy covers a $20000 sapphire ring against theft and loss. Tf it is stolen 
then the insurance company will pay the policy owner in full. If it is lost then they 
will pay the owner $8000. From past experience, the insurance company knows that the 
probability of theft is 0.0025 and of being lost is 0.03. How much should the company 
charge to cover the ring if they want a $100 expected return? 


7 A pair of dice is rolled and the random variable M is the larger of the two numbers that 
are shown uppermost. 
a In table form, obtain the probability distribution of M. 
b Find the mean and standard deviation of the M-distribution. 


8 A uniform distribution has P(x1) = P(x3) = P(xg) =... Give two examples of a 
uniform distribution. 


9 Find the median and mode of the discrete random variables given in questions 1, 2, 3, 
5, 7 above. 
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PROPERTIES OF E(X) 


If E(X) is the expected value of random variable X then: 
e E(k)=k for any constant k 
e E(kX) = kE(X) for any constant k 
e EF(A(X)+ B(X)) = E(A(X)) + E(B(X)) for functions 4 and B 
ie., the expectation of a sum is the sum of the individual expectations. 


These properties enable us to deduce that: 


E(5)=5,  E(3X)=3E(X) and  E(X2+2X+4+3) = EX?) +2E(X)+3 


PROPERTY OF Var(X) 
Var(X) = E(X?) —-fEGOP o  Var(X)= E(X?) — qu? 


Proof: Var(X) = E 


(X — w)? 

(X2 — 24X + pu?) 

(X2) — 2uE(X) + 2 (properties of E(X)) 
( 

( 


X — 
X 


XxX?) — pl +? 
X2) — 


E 
E 
E 
E 


Example 9 


X has probability distribution 
a 


a the mean of X b the variance of X ce the standard deviation of X. 





a E(X)=5 ap, = 1(0.1) + 2(0.3) + 3(0.4) + 4(0.2) 
EN OT FOR 

b EX)=5 22p, = 12(0.1) +22(0.3) + 32(0.4) + 42(0.2) = 8.1 
Var(X) = E(X?) — (EGOR 


=81-2.7º 
= (9.81 


E q=, Vit 09 





EXERCISE 28D.2 
1 X has probability distribution: = E 
E 03 /03/0. : : 
Find: - 





a the mean of X b the variance of X c the standard deviation of X. 
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X has probability distribution: 


ENS |6|7|8 
Find: 


a the value of k b the mean of X c the variance of X. 


X has probability distribution: 

E 
a E(X) b F(X?) c Var(X) d o 
e E(X+1) f  Var(X+1) g E(2X24+3X —7) 











X has probability distribution: 
a Finda and b given that E(X) = 2.8. 
b Hence show that Var(X) = 1.26. 








Suppose X is the number of marsupials entering a 
park at night. It is suspected that X has a probability 
distribution of the form 


P(X=2)=a(x? —- 8x) where X=0,1,2,3,.... 8. 
a Find the constant a. 


b Find the expected number of marsupials entering 
the park on a given night. 


c Find the standard deviation of X. 





An unbiased coin is tossed four times. X is the number of heads which could appear. 
a Find the probability distribution of X. 
b Find: i the mean of X ii the standard deviation of X. 

A box contains 10 almonds, two of which are bitter and the remainder are normal. Brit 


randomly selects three almonds without replacement. Let X be the random variable for 
the number of bitter almonds Brit selects. 


a Find the probability distribution of X. 
b Find: i the mean of X il the standard deviation of X. 


The probability distribution of a discrete random variable Y is illustrated in the table 
below. 





a Given E(Y) = 0.9, find the values of a and b. 
b Calculate Var(Y). 


The score X obtained by rolling a biased pentagonal die has the following probability 
distribution: 





Find a and hence find E(X) and Var(X). 


800 | STATISTICAL DISTRIBUTIONS OF DISCRETE RANDOM VARIABLES (Chapter 28) 


MST io 


<“ The purpose of this investigation is to discover a relationship between 


Sm E(aX +b) and E(X) andalso Var(aX +b) and Var(X). 
What to do: 


1 Consider the X-distribution: 1,2,3,4,5, each occurring with equal probability. 
a Find E(X) and Var(X). 
b If Y = 2X+483, findtheY-distribution. 
Hence find E(2X+3) and Var(2X+ 3). 
GER epeatibilon= Ra d Repeatbfor Y=-2X+45. 
EN 
pra 


2 Make up your own sample distribution for a random variable X and repeat 1. 


e Repeatb for Y = 


3 Record all your results in table form for both distributions. 
4 From 3, what is the relationship between: e E(X) and E(aX +) 
e Var(X) and Var(aX +b)? 


From the investigation you should have discovered that 
E(aX +b) = aE(X) +b and Var(aX +b) = a2Var(X). 
These results will be formally proved in the exercise which follows. 


Example 10 


X is distributed with mean 8.1 and standard deviation 2.37. If Y=4X -T, 
find the mean and standard deviation of the Y-distribution. 


E(X) = 8 ando Var(X) 237 E(4X — 7) Var(4X — 7) 


=4E(X) —7 = 42Var(X) 
=4(8.1) 7 =42x2.37 
DR 


For the Y distribution, 
the mean is 25.4 and the standard deviationis 4x 2.37 = 9.48. 





EXERCISE 28D.3 


1 Xis distributed with mean 6 and standard deviation 2. If Y = 2X +45, find the mean 
and standard deviation of the Y-distribution. 
2 a Usethe properties of E(X) to prove that E(aX +b) = aE(X) +». 
b The mean of an X-distribution is 3. Find the mean of the Y -distribution where: 
4X — 2 
3 





| Y=3X+4 ii Y=-2X+41 il Y = 
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3 Xis a random variable with mean 5 and standard deviation 2. 
Find à E(Y) il Var(Y) for: 


X- 
a Y=2X+83 b Y=-2X+3 c y=*o 
4 Suppose Y=2X+3 where X is a random variable. 
Find in terms of E(X) and E(X2): 
a E(Y) b E(Y?) c Var(Y) 


5 Using Var(X) = E(X?) — (E(X)P, prove that Var(aX +b) = a2Var(X). 


Thus far in the chapter we have considered the general properties of discrete random 
variables. 







RIBUTION 


We now examine a special discrete random variable which is applied to sampling with 
replacement. The probability distribution associated with this variable is the binomial 
probability distribution. 


Note that for sampling without replacement the hypergeometric probability distribution 
is the model used. It is not part of this core course, but questions involving sampling of this 
type can be tackled using combinations. 


BINOMIAL EXPERIMENTS 


Consider an experiment for which there are two possible results: success if some event 
occurs, or failure if the event does not occur. 


If we repeat this experiment in a number of independent trials, we call it a binomial 
experiment. 


The probability of a success p must be constant for all trials. 
If q is the probability of a failure, then q=1-—-p (since p+q=ãh1). 
The random variable X is the total number of successes in n trials. 


THE BINOMIAL PROBABILITY DISTRIBUTION 


Suppose a spinner has three blue edges and one white edge. 
Clearly, for each spin we will get either a blue or a white. 


The chance of finishing on blue is & and on white is z 


If we call a blue result a “success” and a white result a “failure”, then we have a binomial 
experiment. 


We let p be the probability of getting a blue and q be the probability of getting a white 
p= É and q= +. 
Consider twirling the spinner n = 3 times. 
Let the random variable X be the number of “successes” or blue results, so x = 0,1,20r3. 
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P(0) = P(all 3 are white) 
= + x : x + 1 ond grd 
13 spin spin spin 
= (4) 


P(1) = P(1 blue and 2 white) 


= P(BWW or WBW or WWB) é 
= (5) (4)? x3 (the 3 branches / 3 E É 
4 


P(2) = P(2 blue and 1 white) 
= P(BBW or BWB or WBB) 


=(D(9)x3 : 
P(3) = P(3 blues) 


= (8 


jo) 


Jo 
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jo 
o 

lo e|- ju fo 
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The coloured factor 3 is the number of ways of getting one success in three trials, which is 
combination CÊ or (4). 


We note that 







PO = =0015% mea 
PM) =3( (8)! = 8 (8)! (4)! 01406 

Pi) =3( (8) = 3 (BH)! m0421s 

P(3) = (3º =03 (9) (1) =04219 Do 





number of blues 


This suggests that: P(x) = É where x=0,1,2,83. 


e 
— 
Hajto 
no 

8 
a. 


1 
q 
In general: 


Consider a binomial experiment for which p is the probability of a success 
and q is the probability of a failure. 


If there are n trials then the probability that there are 7 successes and 
n—r failures is given by 
DE AC pq! Enero Gp ande oia 


P(X =r) is the binomial probability distribution function. 





Note: e If X is the random variable 
of a binomial experiment with 


parameters n and p, then we ; , = 
É B(n, p) is a useful notation. It indicates 
write X — B(n, p). that the distribution is binomial and 
» reads “is distributed as” gives the values of mn, the number of 
independent trials, and 7, the probability 


& CRS (1) of success in each trial. 
x 
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e We can quickly calculate binomial probabilities using a graphics calculator. 


» To find the probability P(X =) that the variable takes the value r, we 
use the function binompdf(n, p, 1). 
binompdf stands for “binomial probability distribution function”. 


» To find the probability P(X <r) that the variable takes a value which 
is at most r, we use the function binomcdf(n, p, 7). 
binomcdf stands for “binomial cumulative distribution function”. 


Example 11 


72% of union members are in favour of a certain change to their conditions of 
employment. A random sample of five members is taken. Find the probability that: 


a three members are in favour of the change in conditions 
b at least three members are in favour of the changed conditions. 


Let X denote the number of members in favour of the changes. O SS, 
= so xe O ID RS ori anda) OZ B 
X = B(5, 0.72). Es 
B(m = 5) bd PG>3 
= Co (0 vo) (028) = 1= P(u< 2) 


or binompdf(5, 0.72, 3) = 1— binomcdf(5, 0.72, 2) 
= 0.293 = 0.862 





SUMMARY OF BINOMIAL DISTRIBUTIONS: 


e The probability distribution is discrete. 
e There are two outcomes which we usually call success and failure. 
e The trials are independent, so the probability of success in a particular trial is not 


affected by the success or failure of previous trials. In other words, the probability 
of success is a constant for each trial of the experiment. 


EXERCISE 28E.1 


1 For which of these probability experiments does the binomial distribution apply? Justify 
your answers, using a full sentence. 

a A coin is thrown 100 times. The variable is the number of heads. 

b One hundred coins are each thrown once. The variable is the number of heads. 

e A box contains 5 blue and 3 red marbles. I draw out 5 marbles, replacing the marble 
each time. The variable is the number of red marbles drawn. 

d A box contains 5 blue and 3 red marbles. T draw 5 marbles without replacement. 
The variable is the number of red marbles drawn. 

e A large bin contains ten thousand bolts, 1% of which are faulty. I draw a sample 
of 10 bolts from the bin. The variable is the number of faulty bolts. 
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2 Ata manufacturing plant, 35% of the employees work night-shift. If 7 employees were 
selected at random, find the probability that: 
a exactly 3 of them work night-shift 
b less than 4 of them work night-shift 
c at least 4 of them work night-shift. 


3 Records show that 6% of the items assembled on a production line are faulty. 
A random sample of 12 items is selected at random (with replacement). 
Find the probability that: 
a none will be faulty b at most one will be faulty 
c at least two will be faulty d less than 4 will be faulty. 


4 The local bus service does not have a good reputation. It is known that the 8 am bus 
will run late on average two days out of every five. For any week of the year taken at 
random, find the probability of the 8 am bus being on time: 


a allY7 days b only on Monday 
c onany 6 days d onatleast 4 days. 


5 An infectious flu virus is spreading through a school. 
The probability of a randomly selected student having 
the flu next week is 0.3. 

a Calculate the probability that out of a class of 25 
students, 2 or more will have the flu next week. 

b If more than 20% of the students are away with 
the flu next week, a class test will have to be 
cancelled. What is the probability that the test 
will be cancelled? 





MEAN AND STANDARD DEVIATION OF A BINOMIAL RANDOM 
VARIABLE 


Suppose we toss a coin n = 20 times. For each toss, the probability of it falling “heads” is 


p= õ so for the 20 trials we expect it to fall “heads” np = 10 times. 


Now suppose we roll a die mn = 30 times. For each roll, the probability of it finishing as a 
1 


4is p=, So for the 30 trials we expect to obtain a 4on np = 5 occasions. 


So, in the general case: 


If a binomial experiment is repeated n times and a particular variable has probability 
p of occurring each time, then our expectation is that the mean ju will be yu = np. 


Finding the standard deviation is not so simple. We will start with a theoretical approach, 
after which we verify the generalised result by simulation. 


ONE TRIAL (n =1) 


In the case of n = 1 where p is the probability of success and q is the probability of 
failure, the number of successes x could be O or 1. 
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Now u => pit; and 02 =5S vip; — 
= q(0) + p(1) = [(0)2g + (1)2p] — pº 
=p ie 
= p(1 —p) 
=pq tas q=1-p) 
o =P 


TWO TRIALS (n =2) 
P(0) = Og pºa? = q? 
Inthe case wheren=2, P(1)=C2plgl=2pg as w=0,10r2 
P(2) = Cip'g" =p? 


So, the table of probabilities is 








p= pit and 02=5) q2p; — qu? 
= q"(0) + 2pa(1) + pº(2) =[02xq9º + 12 x2pg + 22 xp?) — (27)? 
= 2pq + 2p? = 2pq + 4p2 — 4p? 
= 2p(g +) = 2pq 
=2p (as p+qg=1) o c=+v2pq 


The case n=3 produces u=3p and o =+v3pg [see the following exercise). 
The case m=4 produces u=4p and o = 4pg. 


These results suggest that in general: 


If X is a binomial random variable with parameters n and p i.e, X — B(n, p) 
then the mean of X is u=mnp and the standard deviation of x is o = npq. 


A general proof of this statement is beyond the scope of this course. However, the following 
investigation should help you appreciate the truth of the statement. 





In this investigation we will examine STATISTICS 
binomial | distributions | randomly PACKAGE SIMULATION 


generated by a sorting simulation. 


What to do: 
1 Obtain experimental binomial distribution results for 1000 repetitions with 
a n=4, p=0.5 O m=8 n= 06 Cn 6 p= 0 


2 For each of the distributions obtained in 1, find the mean ju and standard deviation o 
from the statistics package. 
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3 Use u=np and o = ./npqg to see how your experimental values for yu and o in 
2 agree with the theoretical expectation. 


4 Finally, comment on the shape of a distribution for different values of p. For the fixed 
value of n = 50, consider the distribution with p = 0.2, 0.35, 0.5, 0.68, 0.85. 





Example 12 


5% of a batch of batteries are defective. A random sample of 80 is taken with 
replacement. Find the mean and standard deviation of the number of defectives in 
the sample. 


This is a binomial sampling situation with mn = 80, p= 5% = 5º 


If X is the random variable for the number of defectives then X is B(80, 55). 
So, u=np= 80x m=4 andamos EN SOR 5 X 5 = 1.95 
We expect to find 4 defective batteries with standard deviation 1.95. 





EXERCISE 28E.2 


1 Suppose X is B(6, p). For each of the following cases: 
i find the mean and standard deviation of the X-distribution 
ii graph the distribution using a histogram 
iii comment on the shape of the distribution 


a when p=0.5 b when p= 0.2 c when p=0.8 


2 A coin is tossed 10 times and X is the number of heads which occur. Find the mean 
and standard deviation of the X-distribution. 
3 Suppose X is B(3, p). 
a Find P(0), P(1), P(2) and P(3) using 
P(a)= Cp" q" 


and display your results in a table: 








b Use u=5pix; toshowthat u=3p. 
c Use 02=5) xp; — wu” toshowthat o=+3pq. 


4 Bolts produced by a machine vary in quality. The probability that a given bolt is defective 
is 0.04. A random sample of 30 bolts is taken from the weeks production. If X denotes 
the number of defectives in the sample, find the mean and standard deviation of the 
X-distribution. 


5 A city restaurant knows that 13% of reservations are not honoured, which means the 
group does not come. Suppose the restaurant receives five reservations and X is the 
random variable on the number of groups that do not come. Find the mean and standard 
deviation of the X-distribution. 
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The Poisson random variable was first introduced by the French mathematician PROOF 
Siméon-Denis Poisson (1781 - 1840). He discovered it as a limit of the binomial 
distribution as the number of trials n — oo. 





Whereas the binomial distribution B(n, p) is used to determine the probability of obtaining a 
certain number of successes in a given number of independent trials, the Poisson distribution 
is used to determine the probability of obtaining a certain number of successes that can take 
place in a certain interval (of time or space). 


Examples are: e the number of incoming telephone calls to a given phone per hour 
e the number of misprints on a typical page of a book 

e the number of fish caught in a large lake per day 

e the number of car accidents on a given road per month. 


The probability distribution function for the discrete Poisson random variable is: 


me 


x! 


-—m 


D- P(X=r)- To oo = O TO RS 


where m is called the parameter of the distribution. 


AT LO AS 





AL . . . . . . 
= In this investigation you should discover the mean and variance of the 


Sm Poisson distribution. 


What to do: 





1 Prove by solving the differential equation that there is only one solution of the 
differential equation f(x) = f(x) where f(0) = 1, and that this solution is 


flo) = er. 
o 


2 n 
2 Consider f(x) = 1+ 7 + x + 3 +... + A +... which is an infinite power series. 


a Checkthat f(0) = 1 and find f(x). What do you notice? 
b From the result of question 1, what can be deduced about f(x)? 


€ Let « = 1 in your discovered result in b, and calculate the sum of the first 12 


terms of the power series. 
2 








32 El JR 20; É 2 dx? A Z 
yo serving that US MTE = oi Dam Clem 
2x 3x 4x a 
show that TR ape = el Ex). 
ode 
E É pp=PX=r)- ] fon QU SE showathat: 
E 


a Sn b E(X)=m c Var(X)=m 
z=0 
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From the investigation, you should have discovered that the Poisson distribution has mean m 
and variance m. 


2 — 


Thus u=m and o m. 


2 


Since u=0oº=m, we can describe a Poisson distribution using the single parameter m. 


We can therefore denote the distribution simply by Po(m.). 


If X is a Poisson random variable then we write X — Po(m) where m=u=o2. 
Conditions for a distribution to be Poisson: 


1 The average number of occurrences qu is constant for each interval. This means it should 
be equally likely that the event occurs in one specific interval as in any other. 


2 The probability of more than one occurrence in a given interval is very small. The typical 
number of occurrences in a given interval should be much less than is theoretically 
possible, say about 10% or less. 


3 The number of occurrences in disjoint intervals are independent of each other. 


Consider the following example: 


When Sandra proof read 80 pages of a text book she observed the following distribution for 
X, the number of errors per page: 


























» fi Di 257 


— — = 3.2125. 
fi 80 


Using the Poisson model with m = 3.2125 the expected frequencies are: 





The mean for this data is u= 














The expected frequencies are close to the observed frequencies, which suggests the Poisson 
model is a good model for representing this distribution. 


Further evidence is that 
sie Sup? — qu 
= 0235) + 1 (G0) + 22(55) + + 102(55) — 3.21252 
= 3.367 
which is fairly close to m = 3.2125. 


Note that there is a formal statistic test for establishing whether a Poisson distribution is 
appropriate. This test is covered in the Statistics Option Topic. 
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EXERCISE 28F 


1 Sven's Florist Shop receives the X 
distribution of phone calls shown between 
9.00 am and 9.15 am on Fridays. 

a Find the mean of the X sado, O mo 
b Compare the actual data with that generated by a Poisson model. 1» 














2 a A Poisson distribution has a standard deviation of 2.67. 
i What is its mean? ii What is its probability generating function? 
b For the distribution in a, find: 
i PM(X=2) di P(X<3) di PX>5) div PMX>23)|X2>1) 


3 One gram of radioactive substance is positioned so that cach emission of an alpha-particle 
will flash on a screen. The emissions over 500 periods of 10 second duration are given 
in the following table: 


E O je eae je]r 





[or [156 [132 [rs [o [o pao] 
a Find the mean of the distribution. 


b Fita Poisson model to the data and compare the actual data to that from the model. 
ce Find the standard deviation of the distribution. How close is it to 4/m found in a? 


4 Top Cars rent cars to tourists. They have four cars which are hired out on a daily basis. 
The number of requests each day is distributed according to the Poisson model with a 
mean of 3. Determine the probability that: 

a none of its cars are rented b at least 3 of its cars are rented 
€ some requests will have to be refused 
d all are hired out given that at least two are. 


5 Consider a random variable X = Po(m). 
a Findmgiventhat PM(X=D)+P(X=)=P(X=3). 
b Ifm=27, find i PX>3) à MX<4|X>2) 


6 Wind tunnel experiments on a new aerofoil produced data showing there was a 98% 
chance of the aerofoil not disintegrating at maximum airspeed. In a sample of 100 
aerofoils, use the Poisson distribution to determine the probability that: 


a only one b only two c at most 2 aerofoils will disintegrate. 


7 Road safety figures for a large city show that any driver has a 0.02% chance of being 
killed each time he or she drives a car. 
a Use the Poisson approximation to the binomial distribution to find the probability 
that a driver can use a car 10 times a week for a year and survive. 
b Tf this data does not change, how many years can you drive in Los Angeles and 
still have a better than even chance of surviving? 
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8 A supplier of clothing materials looks for flaws before selling it to customers. The 
number of flaws follows a Poisson distribution with a mean of 1.7 flaws per metre. 


a Find the probability that there are exactly 3 flaws in 1 metre of material. 
b Determine the probability that there is at least one flaw in 2 metres of material. 
ce Find the modal value of this Poisson distribution. 


9 The random variable Y is Poisson with mean m and satisfies 
P(Y=3)=P(Y=1)4 2P(Y =2) 
a Find the value of m correct to 4 decimal places. 
b Using the value of m found in a above, find P(I<Y<5). 
c Calculate P(2<Y<6|Y>4). 
10 The random variable U has a Poisson distribution with mean x. Let y be the probability 
that U takes one of the values 0, 1 or 2. 


a Write down an expression for y as a function of x. 
b Sketch the graphofyfor O<x<3. 
ce Use calculus to show that as the mean increases, P(U < 2) decreases. 


REVIEW SET 28A 


Do ant 2 =0,1,2,3 isa probability distribution function. 
x 
a Finda. b Hence find Bl 


2 A random variable X has probability distribution function P(x) = Cá (3)º E 


fora RIR SO 
a Find P(x) for 2x=0,1,2,3,4 b Findp ando for this distribution. 


3 A manufacturer finds that 18% of the items produced from its assembly lines are 
defective. During a floor inspection, the manufacturer randomly selects ten items. 
Find the probability that the manufacturer finds: 


a one defective b two defective € at least two defective items. 


4 A random sample of 120 toothbrushes is made with replacement from a very large 
batch where 4% are known to be defective. Find: 


a themean b the standard deviation of the number of defectives in the sample. 


5 Ata social club function, a dice game is played where on a single roll of a six-sided 
die the following payouts are made: 
$2 for an odd number, $3fora2, S$6fora4, and S$9fora 6. 
a What is the expected return for a single roll of the die? 
b If the club charges $5 for each roll, how much money would the club expect to 
make if 75 people played the game once each? 


10 
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A biased tetrahedral die has the numbers 6, 12 and 24 clearly indicated on 3 of its 
faces. The fourth number is unknown. The table below indicates the probability of 
each of these numbers occurring if the die is rolled once. 





If the die is rolled once: Number 6 


12/21/24 
a Find the probability of obtaining the Probability 
number 24. E Ro 


b Find the fourth number if the average result when rolling the die once is 14. 





Find the median and modal score for this die. 


The probability distribution for the discrete random variable X is given by the 


probability distribution function: P(X =x)=a (5)" Lo DO PR 


Find the value of a. 


A hot water unit relies on 20 solar components for its power and will operate provided 
at least one of its 20 components is working. The probability that an individual solar 
component will fail in a year is 0.85, and the components” failure or otherwise are 
independent of each other. 
a Find the probability that this hot water unit will fail within one year. 
b Find the smallest number of solar components required to ensure that the hot 
water service is operating at the end of one year with a probability of at least 
0.98. 


For a given binomial random variable X with 7 independent trials, we know that 
ROO Sn 0226897 


a Find the smallest possible value of p, the probability of obtaining a success im 
one trial. 


b Hence calculate the probability of getting at most 4 successes in 10 trials. 


During peak period, customers arrive at random at a fish and chip shop at the rate of 
20 customers every 15 minutes. 
a Find the probability that during peak period, 15 customers will arrive in the 
next quarter of an hour. 
b Ifthe probability that more than 10 customers will arrive at the fish and chip shop 
in a 10 minute period during peak period is greater than 80%, the manager will 
employ an extra shop assistant. Will the manager hire an extra shop assistant? 


A Poisson random variable X is such that P(X=1)=P(2<X<4). 


Exec 
a Find the mean and standard deviation of: Ia VIRA — =. 


b Find P(X>2). 
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REVIEW SET 28B 


10 


A discrete random variable X has probability distribution function 


tn (E)º (E where «x=0,1,2,3 and k isa constant. 


a Find k. b Find P(x=>1). 
An X-ray has probability of 0.96 of showing a fracture in the arm. If four different 
X-rays are taken of a particular fracture, find the probability that: 


a all four show the fracture b the fracture does not show up 
€ at least three X-rays show the fracture d only one X-ray shows the fracture. 





A random variable X has probability 
distribution function given by: 


dh 0 1 2 3 4 
a Find k. 


b Find the mean q and standard deviation o for the distribution of X. 





From data over the last fifteen years it is known that the chance of a netballer with a 
knee injury needing major knee surgery in any one season is 0.0132. In 2007 there 
were 487 cases of knee injuries. Find the mean and standard deviation of the number 
of major knee surgeries. 


An author was known to make one mistake in 200 pages of her work. A second 
author was known to make 3 mistakes in 200 pages of her work. During one writing 
period, the first author produced 20 pages and the second author produced 40 pages. 
Assuming independent work of the authors, use the Poisson distribution to find the 
probability that the authors made 2 or more mistakes between them. 


A die is biased such that the probability of obtaining a 6 is ê. The die is rolled 1200 
times. Let X be the number of sixes obtained. Find: 
a the mean of X b the standard deviation of X. 


A discrete random variable has its probability distribution given by 
BOX hr a) ubere e = 152 3/40 Eind; 
a theexactvalucofk b E(X) and Var(X) «e the median and mode of X. 


A Poisson random variable X satisfies the rule 5Var(X) = 2 [E(X)P — 12. 
a Find the mean of X. b Find P(X <3) 


The random variable X has a binomial distribution for which P(X > 2) = 0.070 198 
for 10 independent trials. Find P(X < 2). 


The random variable Y has a Poisson distribution with P(Y > 3) = 0.033 76897. 
Find B(Y/ < 3): 
The random variable X has mean yu and standard deviation o. 


Prove that the random variable Y = aX+b hasmean au+-b and standard deviation 
oo: 





Statistical distributions 
of continuous 
random variables 


Contents: A Continuous probability density 
functions 

Normal distributions 

The standard normal 
distribution (Z-distribution) 
Applications of the normal 
distribution 


Review set 294 
Review set 29B 
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PN 





In the previous chapter we looked at discrete random variables and examined some 
probability distributions where the random variable X could take the non-negative integer 
values 7x=>0,1,2,3,4,..... 


For a continuous random variable X, x can 
take any real value. 


Consequently, a function is used to specify 
the probability distribution, and that function is 
called the probability density function. 





Probabilities are found by finding areas under * 


the probability density function. 





A continuous probability density function (pdf) is a function f(x) such that 


b 
f(x) >0 ona given interval [a,b] and H ig 


For a continuous probability density function: 


e The mode is the value of q: at the maximum value of f(x) on [a, b]. 
e The median m is the solution for m of the equation / f(x) da = 5. 


b 
e The mean y or E(X) is definedas u= / Epa 


b 
e The variance Var(X) = E(X?) — (E(N)P = j g2 f(x) dr — pu? 


a 


56) (A 


O elsewhere 


-Joro [0,2]. RE 
no | is a probability density function. 


Check that the above statement is true. 
Find | the mode ii the median ill the mean of the distribution. 
Find Var(X) and o. 





Agea =" 02501 = / 





2 
or / lede = [122],=1 Vá 
0 
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b à f(x) isa maximum when x =2 
the mode = 2. 


il The median is the solution of 


m 
a 
j audy = 5 
0 


1 
2 
1 
E 


2 
m=2 fas mel0,2]) 


2 
c E? = | zº f(x) dz 2 NanX) 
0 


2 
= ! 54º de 
0 





ax(x — 4), O<r<4 . = j À 
It= is a continuous probability density function. 


0 elsewhere 
a Finda. b Sketch the graph of y=f(a). 
c Find: i the mean il the mode ill the median iv the variance. 


is a probability density function. 


—O.2x(x —b), 0O<r<b 
f(x) = 
0 elsewhere 


a Find b. b Find: i the mean il the variance. 


he”, apso . ida 
Fla) = is a probability density function. 
0 elsewhere 


a Find k to 4 decimal places. b Find the median. 


hello 6), 0S7S5 = 
firi= is a probability density function. Find: 


“lo elsewhere 


a k b the mode c themedian d the mean e the variance. 


The probability density function of the random variable Y is given by 


5—12y, O<y<k 
a=[ 


0 elsewhere. 
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a Under what conditions can Y be a continuous random variable”? 
b Without using calculus, find k. 


d 


2 
c Notice that / (5 — 12y) dy = 1. Explain why k 5 despite this result. 
0 
d Find the mean and median value of Y. 


6 The probability density function for the random variable X is f(r)=k, a<r<b. 
a Find k in terms of a and b. 
b Calculate the mean, median and mode of X. 
c Calculate Var(X) and the standard deviation of X. 


7 The continuous random variable X has the probability density function f(x) = 2e"”, 
x >o. 


a Calculate the median of X. b Calculate the mode of X. 


8 A continuous random variable X has probability density function f(x) = 6cos3x for 
U<rx<a. 


a Finda. b Find the mean of X. ce Find the 20th percentile of X. 
d Find the standard deviation of X. 


9 The continuous random variable X has the probability density function f(x) = ax”, 


0O<r<k. 





Given that P(A = 3) = 53 find a and k. 
10 The time taken in hours to perform a 12592 
particular task has the probability density me Sucos 
function: e 9 
Ho)=4 a 16<2<09 
otherwise. 


a Sketch the graph of this function. 

b Show that f(x) is a well defined probability density function for the random 
variable X, the time taken to perform the task. 

c Find the mean, median and mode of X. 

d Find the variance and standard deviation of X. 

e Find P(0.3< X<0.7) and interpret your answer. 


SUMMARY 
Discrete random variable Continuous random variable 
e u=HX)=5ep e u=KHX)= [zvf(x)dr 
e o = Var(X) = E(X — u) e = Va(X) = EX uu) 
= 52 — ups = J(z — wu)? f(x) da 
EM o o = fe ploldo o 


= E(X?) — (EQOP = E(X?) — (EQOP 
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The normal distribution is the most important distribution for a continuous random variable. 
Many naturally occurring phenomena have a distribution that is normal, or approximately 
normal. Some examples are: 





e physical attributes of a population such as height, weight, and arm length 
e crop yields 
e scores for tests taken by a large population 


If X is normally distributed then its probability density function is given by 


LES 
o) == [C E for -co<x<oo 
O om 
where u is the mean and o? is the variance of the distribution. 

Each member of the family is specified by the parameters |; and o2, and we 
can write X - N(u, 02). 


This probability density function for the normal distribution represents a family of bell-shaped 
normal curves. 


These curves are all symmetrical about 
the vertical line x =. 






(si) 





A typical normal curve is illustrated 
alongside. 








Notice that f(u) = 


“y 


HOW THE NORMAL DISTRIBUTION ARISES 


Consider the oranges picked from an orange tree. They do not all have the same weight. The 
variation may be due to several factors, including: 

e genetics 

e different times when the flowers were fertilised 

e different amounts of sunlight reaching the leaves and fruit 

e different weather conditions such as the prevailing winds. 
The result is that most of the fruit will have weights close to the mean, while there are 
far fewer oranges that are much heavier or much lighter. This results in the bell-shaped 
distribution. 


Once a normal model has been established, we can use it to make predictions about a 
distribution and to answer other relevant questions. 
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CHARACTERISTICS OF THE NORMAL PROBABILITY 
DENSITY FUNCTION 


e The curve is symmetrical about the vertical line a =. 
e As |x| > oo the normal curve approaches its asymptote, the x-axis. 
e flo) > O for all x; 


oo 
e The area under the curve is one unit?, and so / aa — 
— oo 


e More scores are distributed closer to the mean than further away. This results in 
the typical bell shape. 


A TYPICAL NORMAL DISTRIBUTION 


A large sample of cockle shells was collected and the maximum 

distance across each shell was measured. Click on the video clip 

icon to see how a histogram of the data is built up. Now click on DEMO 
the demo icon to observe the effect of changing the class interval 

lengths for normally distributed data. 


VIDEO CLIP 


THE GEOMETRICAL SIGNIFICANCE OF u AND o 














1(Z>U 2 a2 

nd = — —-1/ EH 

Fort f(x) = , e ( we can obtain lies = Ela ( E 
ov'27 o2v'2x 


f(x) =0 only when v=y. 


This corresponds to the point on the graph when f(x) is a maximum. 
















Differentiati : tada Ut) =. (258) 1 (vn)? 
ifferentiating again, we can obtain T) = e —— + 
rn o2v'27 o 03 
2 
g— 1 
“(x)=0 when So = 
12) o 
(x— nu)? =o? 
q—u=+o 
t=uto 
So, the points of inflection are at 
v=ut+o and v=u-—o. point of point of 


inflection inflection 


p=5 uu nto 


For a given normal curve, the standard deviation is uniquely determined as 
the horizontal distance from the vertical line x = yu to a point of inflection. 
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For a normal distribution with mean | and standard deviation o, the proportional breakdown 
of where the random variable could lie is given below. 









Normal distribution curve 





343% À 3413% 


0.13% 2.15% 2.15% 0.13% 





13.59% É 13.59% 
u-30 u—20 u—o u u+o u+20 u+30 





Notice that: e = 68.26% of values lie between u—o and u+o 
e = 95.44% of values lie between u—20 and u+20 
e =99.74% of values lie between u—30 and u+3o. 


AS NLO 


AL, . . . . . . 
89 The purpose of this investigation is to check the proportions of normal 
Sm distribution data which lie within o, 20 and 30 of the mean. 


What to do: qua 

1 Click on the icon to start the demonstration in Microsoft? Excel. 
2 Take a random sample of size mn = 1000 from a normal distribution. 
3 Find: a zands b zx-s,zTZ+s € T-2s, T4+2s d T-3s, T+35 
& Count all values between: 

a T—-s and T+s b zx-2s and T+2s ce T-3s and T+3s 
5 Determine the percentage of data values in these intervals. Do these confirm the 

theoretical percentages given above? 


6 Repeat the procedure several times. 


Example 2 


The chest measurements of 18 year old male footballers is normally distributed with 
a mean of 95 cm and a standard deviation of 8 em. 
a Find the percentage of footballers with chest measurements between: 
i 87 cm and 103 em il 103 cm and 111 em 
b Find the probability that the chest measurement of a randomly chosen footballer 
is between 87 cm and 111 cm. 





a i We need the percentage between 
u—o and u+o. This is = 68.3%. 







34.13% 34.13% 


ii We need the percentage between 
u+o and u+20. 


This is = 13.6%. 


13.59% 









Co Vo 


SOS OS 
mel CHAR LU PU cds O Luca 





o 
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b This is between y — o and u+ 20. 


The percentage is  68.26% + 13.59% 
a 81.9%. 


So, the probability is = 0.819. 











EXERCISE 29B.1 


1 Draw each of the following normal distributions accurately on one set of axes. 





2 Explaim why it is likely that the distributions of the following variables will be normal: 
a the volume of soft drink in cans 
b the diameter of bolts immediately after manufacture. 


3 Itis known that when a specific type of radish is grown without fertiliser, the weights 
of the radishes produced are normally distributed with a mean of 40 g and a standard 
deviation of 10 g. When the same type of radish is grown in the same way except for the 
inclusion of fertiliser, the weights of the radishes produced are also normally distributed, 
but with a mean of 140 g and a standard deviation of 40 g. Determine the proportion of 
radishes grown: 

a without fertiliser with weights less than 50 grams 
b with fertiliser with weights less than 60 grams 
c i withand ii without fertiliser with weights between 20 and 60 g inclusive 


d à withand ii without fertiliser with weights greater than or equal to 60 g. 


4 The height of male students is normally distributed with a mean of 170 cm and a standard 
deviation of 8 em. 
a Find the percentage of male students whose height is: 
i between 162 cm and 170 em il between 170 cm and 186 cm. 
b Find the probability that a randomly chosen student from this group has a height: 
i between 178 cm and 186 cm ii less than 162 cm 
ill less than 154 cm iu greater than 162 cm. 


5 A bottle filling machine fills an average of 20 000 bottles a day 
with a standard deviation of 2000. Assuming that production 
is normally distributed and the year comprises 260 working 
days, calculate the approximate number of working days that: 

a under 18000 bottles are filled 
b over 16000 bottles are filled 
€ between 18000 and 24000 bottles (inclusive) are filled. 
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PROBABILITIES BY GRAPHICS CALCULATOR 


We can use a graphics calculator to quickly 
find probabilities for a normal distribution. 







Suppose X = N(10, 22), so X is normally 
distributed with mean 10 and standard 
deviation 2. 


How do we find P(8<X<11)? ê Eli 

How do we find a if P(X >a) = 0.479? 

Click on the icon for your graphics calculator to obtain instructions pr 
for answering these questions. [C] 


EXERCISE 29B.2 


Use a calculator to find these probabilities: 
1 X is a random variable that is distributed normally with mean 70 and standard 
deviation 4. Find: 
a P((0O<XX<T74) b P(68<X< 72) c P(X<65) 
2 X is a random variable that is distributed normally with mean 60 and standard 
deviation 5. Find: 
a P(60< X< 65) b P(62 


É 4) 
d P(X<68) e P(X 


X<67) c PX>6 
5<X<625) 


< 
< 61) ft P(57 


3 Given that X = N(23, 52), find a if 
a MX<a)=0.378 b P(X>a)=0.592 
c P(23-a<X<234+4) = 0.427 





Every normal X distribution can be transformed into the standard normal distribution or 
X — u 
E 


Z-distribution using the transformation Z = 


In the following investigation we determine the mean and standard deviation of this 
Z-distribution. 


AE icT (o 


«A 89 Suppose a random variable X is normally distributed with mean yu and 


standard deviation o. 
For each value of X we can calculate a Z-value using the algebraic 


Xu 
RR 





transformation Z = 
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What to do: 
TE ConsidemnihePXevalues IPS SS AAA A 15 9 0 1616 
a Draw a graph of the distribution to check that it is approximately normal. 


b Find the mean | and standard deviation o for the distribution of X-values. 


sea to convert each X-value into a Z-value. 





c Use the transformation Z = 


d Find the mean and standard deviation for the distribution of Z-values. 


2 Click on the icon to load a large sample drawn from 
a normal population. By clicking appropriately we can 
repeat the four steps of question 1. 


DEMO 


3 Write a brief report of your findings. 


You should have discovered that for a Z-distribution the mean is O and the standard deviation 
is 1. This is true for a// Z-distributions generated by transformation of a normal distribution, 
and this is why we call it the standard normal distribution. 


For a normal X-distribution we know f(a) 1 ele? 


the probability density function is: 0/27 





Substituting x=z, u=0 and oc =1, we find 


the probability density function for the Z-distribution is f(z) = CT e”, —00<2<00. 


Notice that the normal distribution function f(x) has two parameters js and o, whereas the 
standard normal distribution function f(z) has no parameters. 


This means that a unique table of values can be constructed for f(z), and we can use this 
table to compare normal distributions. 


Before graphics calculators and computer packages the standard normal distribution was used 
exclusively for normal probability calculations such as those which follow. 


CALCULATING PROBABILITIES USING THE Z-DISTRIBUTION 








Since z is continuous, y 
P(Z <a)=P(Z <a) this area is 
P(Z<a) 
d P(Z<a) / Lg 
an <a)= e 2 
-so V27 


The table of curve areas on page 824 
enables us to find P(Z < a). 


USING A GRAPHICS CALCULATOR TO FIND PROBABILITIES 


Fora TI-83: Tofind P(Z< 
To find P(Z > 
To find P(a< 


a) or P(Z <a) use normalcdf(— E99, a). 
a) or P(Z>a) use normalcdf(a, E99). 
Z<b) or P(a<Z<b) use normalcdf(a, b). 
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Example 3 


If Z is a standard normal variable, find: 
a P(Z< 15) b P(Z > 0.84) c P(-0.41< Z< 0.67) 


P(Z< 1.5) P(Z <1.5) 
= 0.933 = normaledf(—E99, 1.5) 
a 0.933 


P(Z > 0.84) P(Z > 0.84) 
= BZ 08) = normalcdf(0.84, E99) 
= 1— 0.79954 x 0.200 
= 0.200 


P(-0.41 < Z < 0.67) P(-0.41< Z < 0.67) 
= P(Z < 0.67) — P(Z < —0.41) = normaledf(— 0.41, 0.67) 
a 0.7486 — 0.3409 a 0.408 


= 0.408 
Eq 10.67 





WHAT DO Z-VALUES TELL US? 


e If 2 =1.84 then 2, is 1.84 standard deviations to the right of the mean. 
e If 2)=-0.273 then 25 is 0.273 standard deviations to the left of the mean. 


So, Z-values are useful when comparing results from two or more different distributions. 





Example 4 


Kelly scored 73% in History where the class mean was 68% and the standard 
deviation was 10.2%. In Mathematics she scored 66%, the class mean was 62%, 
and the standard deviation was 6.8%. 


In which subject did Kelly perform better compared with the rest of her class? 
Assume the scores for both subjects were normally distributed. 
73 — 68 


Kelly's Z-score for History = 102 = 0.490 


02 
Kelly's Z-score for Maths = = É a 0.588 


So, Kelly's result in Maths was 0.588 standard deviations above the mean, 
whereas her result in History was 0.490 standard deviations above the mean. 


Kelly's result in Maths was better, even though it was a lower score. 





STATISTICAL DISTRIBUTIONS OF CONTINUOUS RANDOM VARIABLES (Chapter 29) 


824 

















86660 Z6660 260660 Z6660 26060 26060 26660 26660 26660 26660 | p'€ 
LOBO 9660 9660 9660 9660 9660 96660 GOO S6660 660 | E" 
6660 “6660 S6660 VO660 VOGBOO VOGOO TOGO TOG6O E6660 €C6660 | Z'E 
6660 €6660 6660 6660 6660 6060 TO660 To660 T6660 06660 | L'€ 
06660 06660 68660 68660 68060 88060 88060 78660 78660 28660 | 0'€ 
98660 98660 S8660 S8660 vB06O VB060 EB660 8060 T8660 TS660 | 6% 
T8660 08660 6/1660 61660 8/0660 2/0660 11660 9660 47660 1/660 | 8'€ 
vL660 €/660 <L660 T/660 0/0660 69060 89660 79660 99660 9660 | Z'z 
vOo0 60 cH60 TIO 09060 64060 75060 95660 SGO0 EGO | E 
cão TS$560 67660 87660 97660 SiO6O ErO6O TOGO 0660 8660 | G'z 
9660 VvE6OO cE66O Te66O 6060 12060 GCO60 ZLO60 0660 81660 | p'z 
9T660 ETOOO TIGOO 60660 9660 OG TOGO 6860 96860 €COB60 | E'Z 
06860 288600 v8860 Te800 8/8600 4/8600 T/860 89860 19860 T9860 | Z'z 
[59860 vS860 05860 97860 cr860 Se800 VEBOO 0€860 90860 TCB60 | L'z 
LT860 cIS60 80860 €OBOO 96/60 €6/60 88/60 €8/60 8/60 2/60 | 0'% 
/9/60 T960 95/60 04460 vrLGO 8E/60 cEL60 9160 61/60 EIZ6O | 6'L 
90/60 66960 EO 9960 87960 T/960 19960 9960 6960 Th960 | 8'L 
960 Sc9%60 90 80960 66560 TOGO TB ELGOO VIGO VEGO | 2º L 
SvGo0 SeGO0 ScGOO SIGO GOO SOMOO VBV6O VLVOO ECNPOO CShOO | 9'L 
Trv6O 6cr60 SIv60 90760 vOc6O cCBe60 0/€60 /SE60 SHE6O cEC6O | GL 
6TE60 9060 cC6C60 61060 GOO Tac6O VEC6O CLco0 Z0C60 COT6O | p'L 
LT6O CITOO ZYTGO TETOO SILGO 66060 cB060 99060 67060 <E060 | EL 
SI0O60 26680 08680 ZMBO VrOSO ScoB0 Z0680 88880 60880 61880 | Z'L 
0880 OT880 06/80 0//80 6/80 6/80 80/80 9880 DBO 980 | LL 
Tco80 665480 2/80 vSSBO Tes8O S0S80 SBBO TIBO SEBO ETHSO | O'L 
6880 BO OveB0 STEBO 6BC80 POCO SECHO TICGO OBTSO GSTSO | 60 
ceTSO TO 8/7080 TIMBO ECOBO SOLO Z906/0 6E6L0 OLOLO TBSLO | 8'0 
csLo ELO VOLLO VILLO VELLO VOLLO ELO GOLO TIO 08540 | 20 
67520 LISO 98PLO VSPLO CCvLO 68/00 ZSELO VELO TOCO [SO | 90 
veclo O6U0 /SIZO ECILO 8800 VSOLO 6TOLO S8690 0G690 STO9O | Gº0 
62890 vr89O 80890 190 9/90 00/90 19090 820 TOGO TEDO | p'O 
LIDO 08/90 EVIO 990 BIO TECTO COCO SSCDO ZICIO GLTIO | EO 
TYIZO COT9O TID00 9090 18650 SHOGO OTOGO T/850 cESGO E6/SO | 70 
ESSO VILSO S49G0 HIGO MSGO LSSGO LISO 814G0 SEGO BOCGO | LO 
6GeGO 6TEGO G/CGO GECSO GOTSO O9TSO OCISO 08040 OhOGO 00050 | 0'0 
60º 80” 20 90" 90 vo” €0 co to" 00" & 


z 10 WDIP [euidop puooss ou 

















TrovO TS9VO TUhvO T9VO TOBVO OverOo OBBrO OcorO Oo6ro 00050 | 0'o 
LvcvO 980 SeerO voerO VOO EvivO esmo cesro coGbo c09vO | L'o- 
680 Z68€0 %6EO V/6CO ETOVO cSOVO 060V0 GcTvO STO ZOCVO |T'o- 
esveO OcSeO /SS0 vOSCO COCO 6900 Z0/€0 SGhlEO EB/EO TcB8€O |€'0- 
TClcO 9GTEO COTEO SCCO VICCO 00ECO FEEO ECO GOMEO 9eO | p'o- 
MICO OTSCO EvcO LLSCO CIOCO 96cO TBoco SIDEO OMDEO S80€O |S'0- 
Tico esco VIGO 9HAcO B/SCO TINTO COCO ACO COCO EMLCO |9'0- 
SVICO MICO MCLO MELLO GMCCO MO LECO SECO GBECO Oeico |2º0- 
Z98TO VOSTO CLOLO GOLO ZZ6TO SOOCO CCOCO TIOCO OO0CO GTIZO | 8'0- 
TINTO SESTO O99TO SENTO TIZTO 9ELTO CITO B8LTO VISTO TheTo |6'0- 
6LTO TOTO ECYTO QNTO GOTO COPTO GISTO GESTO COGTO Z84TO |0'L- 
OZTTO O6ITO OLCTO CECTO TSCTO TZCO coco VIELO SeETO ZSETO | V'L- 
“8000 OTTO OCOTO SEOTO 9GOTO SZOTO C60TO CILILO TELLO TSITO | c't- 
Ec800 SeB00 ESSOO 69800 S8B00 TOGDO SL60OO TEGOO TS600 8900 |€'L- 
T8900 VOO 80/00 TOO SE/0O 6r00 VIL00 87/00 ECGL0O 80800 | p'L- 
6sG00O T/S00 c8500 vOGDO 9000 STO 0E900 900 SS900 89900 |S'L- 
Soo SO SLrOO S80O Ser0O SOGOO ITGDO GCGDO LEGO BHO | 9'L- 
1900 SZ€00 v8E00 c6E0O TOVOO COP0O STHOO ZOO VEPOO 900 | 2'L- 
voc)O TOCO Z0€00 YIEOO CLEOO GOO VECOO VOO TSEDO 6Se00 | 8'L- 
cECOO 6ECDO ViCOO OGC0O IDO CICOO BICOO TLCOO TSCOO 18000 |6'L- 
estOO SETOO COLOO ZLOTOO COCOO ZOC00 CICOO ZICOO CLCOO Bcc0O |o'c- 
eVIOO 9100 OGTOO YATOO SATOO CITOO 9OTOO OLTOO VLTOO G/TOO | L'T- 
OLTOO ETIOO 9TITOO GITOO ZLTIOO ScrOO GcIDO cETOO SETOO GETOO | Z'a- 
v8000 18000 68000 T600O 6000 96000 66000 COTOO VOLOO ZOTOO |€'z- 
vI0OO 99000 8900 69000 TZ000 €Z000 52000 87000 08000 Z8000 | p'z- 
87000 67000 TSO0O cS00O vS0DO SS0DO 25000 69000 09000 Z9000 | S'T- 
9000 ZE000 SEO0O 6E00O OH0DO TODO EHODO VHODO SHODO ZH000 | 9'T- 
9000 L2000 Sc0DO 6000 0E000 TEODO ZEDOO CE00O VEOOO SEDOO | Z'T- 
6T000 0000 TCODO TCODO ZLODO ECODO ECODO VCODO Se00O 9000 | 8'a- 
VIOOO YIOOO STODO STOOO 9TODO 9TODO ZTODO STOOO BTOOO 6TO0O | 6'T- 
OTOOO OTOOO TIOOO TIOOO TIODO cIODO ZTOOO ETODO ETODO ETOOO |0'€- 
L0000 20000 80000 80000 80000 80000 60000 60000 60000 OTODO | L'E- 
0000 S0000 SO000 90000 90000 90000 90000 90000 20000 20000 | Z'E- 
0000 +ODOO VOD0O +OD0O 0000 0000 0000 SOD0O SO00O SO000 | E'E- 
co00O ED00O E000O EO00O E0000 E000O EO000 E0000 E0000 0000 | p'e- 
60" 80 Lo" 90” 50º +40 eo co to" 00" = 


z Jo HIP jeuloop puooss ou] 








D Jo Wa] SU) 0) vore 


“on[ea-z porgtoods 
OU] JO Wo] OU] 0) vole 
OU) SI ONJLa age) ye 


(0 <2) SVIUV JANND TVWION CUVANVIS 


(2)/ 





D JO Wa] SW 0) voxe 


“on[Ba-z porgtoods 
SU) JO 19] OU) 0) pole 
ou) SI Onjea oJqe) ora 


(0 32) SVIAV IJAINID TVWION GUVANVIS 





STATISTICAL DISTRIBUTIONS OF CONTINUOUS RANDOM VARIABLES (Chapter 29) 825 


EXERCISE 29€.1 


1 For a random variable X the mean is yu and standard deviation is o. 








X — X — 
Using properties of E(X) and Var(X) find: a e( E 2) b Var( E 2), 


2 If Z has standard normal distribution, find using tables and a sketch: 


a P(Z< 1.2) b P(Z >0.86) c P(Z< —0.52) 
d P(Z>-1.62) e P(-0.86<2Z< 0.32) 

3 If Z has standard normal distribution, find using technology: 
a P(Z > 0.837) b P(Z< 0.0614) c P(Z >-0.876) 
d P(-0.3862 < Z < 0.2506) e P(-2.367< Z < —0.6503) 


b If Z has standard normal distribution, find: 
a P(-0.5<2Z<0.5) b P(-1.960< Z < 1.960) 


5 Find a if Z has standard normal distribution and: 
a P(Z<a)=0.95 b P(Z>a)=0.90 


6 The table alongside shows Sergio”s results 
in his mid-year examinations, along with 
the class means and standard deviations. 





Physics 
Chemistry | 77% | 72% | 11.6% 
Mathematics | 84% | 74% |10.1% 

German 91% | 86% | 9.6% 
Biology | 72% | 62% | 12.2% 


a Find Sergio's Z-value for cach subject. 


b Arrange Sergios performances in each 
subject in order from “best” to “worst”. 





7 Pedro is studying Algebra and Geometry. He 
sits for the mid-year exams in each subject. 
He is told that his Algebra mark is 56%, 
whereas the class mean and standard devia- 
tion are 50.2% and 15.8% respectively. 

In Geometry he is told that the class mean 
and standard deviation are 58.7% and 18.7% 
respectively. 





What percentage does Pedro need to have 
scored in Geometry to have an equivalent 
result to his Algebra mark? 


STANDARDISING ANY NORMAL DISTRIBUTION 
To find probabilities for a normally distributed random variable X: 
RS 

pero 





Step 1: Convert X-values to Z using Z= 


Step 2: Sketch a standard normal curve and shade the required region. 


Step 3: Use the standard normal tables or a graphics calculator to find the probability. 
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Example 5 


Given that X is a normal variable with mean 62 and standard deviation 7, find: 
a P(X<69) b P(585<X <718) 





a PX<69) 


(EE e] 














E Y 
Piz - > 
x 0.841 
This means that there is an 84.1% chance that a randomly selected X-value is 
69 or less. 


b P(585<X<T18) 
- (858 Ro = 





7 ad E 
= Ss AS) 
x 0.9192 — 0.3085 -050 14 
x 0.611 


This means that there is a 61.1% chance that a randomly selected X-value is 
between 58.5 and 71.8 inclusive. 





actually converting to standard normal Z-scores. Click on the icon for 


These probabilities can also be found using a graphics calculator without [TI] B 
your calculator for instructions, and hence check the answers above. (cs) 


EXERCISE 29€.2 


1 A random variable X is normally distributed with mean 70 and standard deviation 4. By 
converting to the standard variable Z and then using the tabled probability values for Z, 
find: 


a P(X>T4) b P(X<68) c P(60.6< X < 68.4) 


2 A random variable X is normally distributed with mean 58.3 and standard deviation 
8.96. By converting to the standard variable Z and then using your graphics calculator, 
find: 


a P(X>61.8) b P(X<542) c P(50.67< X < 68.92) 


3 The length L of a nail is normally distributed with mean 50.2 mm and standard deviation 
0.93 mm. Find, by first converting to Z-values: 


a P(L>50) b P(L<51) c P(49<L<50.5) 
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FINDING QUANTILES OR k VALUES 


Consider a population of crabs where the length of a shell, 
X mm, is normally distributed with mean 70 mm and standard 
deviation 10 mm. 


A biologist wants to protect the population by allowing only 
the largest 5% of crabs to be harvested. He therefore asks the 
question: “95% of the crabs have lengths less than what?”. 


To answer this question we need to find the value of k such 
that P(X <k) = 0.95. 





Example 6 


Find k for which P(X <k)=0.95 giventhat X = N(70, 102) and X is 
measured in mm. 


BONS = 00 Using technology: 
= = E = 
7 X — 70 E OND 0.95 TE BI < k) 0.95 
10 10 then k = invNorm(0.95, 70, 10) 
E) REP =AS 09) 
Piz = 00 
E) 


Searching amongst the standard normal Ê 
tables or using your graphics calculator: 1h 


Renas qo rã 
k — 70 GE. SIC SEZE 


Es LA 
10 645 


RAR 005) 


So, approximately 95% of the values 
are expected to be 86.5 mm or less. 





EXERCISE 29€.3 
1 Z has a standard normal distribution. Find k using tabled values if: 
a P(Z<k)=0.81 b P(Z<k)=0.58 é P(Z<k)j=017 


2 Z has a standard normal distribution. Find k using technology 1f: 
a P(Z<k) = 0.384 b P(Z<k)= 0.878 é P(Z<k)=0.,1384 


3 a Showthat P(-k<Z<k)=2P(Z<k)-1. 
Suppose Z has a standard normal distribution. Find k 1f: 
i P(-k<Z<k)=0.238 ii P(-k<Z<k) = 0.7004 


) 
) 


9 and X = N(56, 182). 
8 and X » N(8.7, 8.82). 


4 a Findkif PM(X <k)=0. 
b Findkif P(X >k)=0. 
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Example 7 


In 1972 the heights of rugby players were found to be normally distributed with 
mean 179 cm and standard deviation 7 cm. Find the probability that a randomly 
selected player in 1972 was: 


a at least 175 cm tall b between 170 cm and 190 em. 


If X is the height of a player then X is normally distributed with yu = 179, o =T. 
a PÇS > 175) b P(I7O<X<ãI190) 

= normalcdf (175, E99, 179, 7) = normaledf (170, 190, 179, 7) 

= 0.716 (graphics calculator) = 0.843 (graphics calculator) 


Example 8 


A university professor determines that 80% of this year's History candidates should 
pass the final examination. The examination results are expected to be normally 
distributed with mean 62 and standard deviation 13. Find the expected lowest score 
necessary to pass the examination. 


Let the random variable X denote the final examination result, so X = N(62, 132). 
We need to find k such that Bic RI OS 
P(X <k) = 0.2 
k = invNorm(0.2, 62, 13) 
PR 


So, the minimum pass mark is more than 51%. If the final marks are given as 
integer percentages then the pass mark will be 52%. 


Example 9 


Find the mean and standard deviation of a normally distributed random variable X 
dt B(X = 50) = 02º and MAX <S20)-03. 





P(X < 20) = 0.3 P( 


Eq 
X 


5 E) 
20 — FERE: 50 .8 
pes a 
o E 
n pego e 
Eta invNorm(0.3) UR 
= = 
a —(0.5244 e Ri 0.8416 


20 — uu (1) c 50-— | = 0.84160 ..... (2) 
Solving (1) and (2) simultaneously we get u= 31.5, o = 22.0. 





STATISTICAL DISTRIBUTIONS OF CONTINUOUS RANDOM VARIABLES (Chapter 29) 829 


Note: e In Example 9 we must convert to Z-scores to answer the question. We always 


need to convert to Z-scores if we are trying to find an unknown mean u or 
standard deviation o. 


e Z-scores are also useful when trying to compare two scores from different 
normal distributions. 


e Ifpossible, it is good practice to verify your results using an alternative method. 


EXERCISE 29D 


1 


5 


6 


A machine produces metal bolts. The 
lengths of these bolts have a normal 
distribution with mean 19.8 cm and 
standard deviation 0.3 em. 


If a bolt is selected at random from 
the machine, find the probability that 
it will have a length between 19.7 cm 
and 20 cm. 





Maxºs customers put money for charity in a collection box on the front counter of his 
shop. Assume that the average weekly collection is approximately normally distributed 
with a mean of 840 and a standard deviation of 86. What proportion of weeks would he 
expect to collect: a between $30.00 and $50.00 b at least 850.002 


The students of Class X sat a Physics test. The average score was 46 with a standard 
deviation of 25. The teacher decided to award an A to the top 7% of the students in the 
class. Assuming that the scores were normally distributed, find the lowest score that a 
student needed to obtain in order to achieve an A. 


Eels are washed onto a beach after a storm. Their 
lengths have a normal distribution with a mean 
of 41 cm and a variance of 11 cm?, 
a If an eel is randomly selected, find the 
probability that it is at least 50 cm long. 
b Find the proportion of eels measuring 
between 40 cm and 50 cm long. 
c How many eels from a sample of 200 would 


you expect to measure at least 45 cm in 
length? 





Find the mean and standard deviation of a normally distributed random variable X if 
P(X > 35) =0.32 and P(X<s 8) = 0.26. 


a A random variable X is normally distributed. Find the mean and the standard 
deviation of X, given that P(X >80)=0.1 and P(X<30)=0.15. 


b In the Mathematics examination at the end of the year, it was found that 10% of 
the students scored at least 80 marks, and no more than 15% scored less than 30 
marks. Assuming the marks are normally distributed, what proportion of students 
scored more than 50 marks? 
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7 Circular metal tokens are used to operate a 
washing machine in a laundromat. The SQEERY CLEAN 
diameters of the tokens are normally distributed, LuNDE ONA 
and only tokens with diameters between 1.94 
and 2.06 cm will operate the machine. 


a Find the mean and standard deviation of the 
distribution given that 2% of the tokens are 
too small, and 3% are too large. 


b Find the probability that at most one token out of a randomly selected sample of 20 
will not operate the machine. 


REVIEW SET 294 


1 The arm lengths of 18 year old females are normally distributed with mean 64 em 
and standard deviation 4 cm. 





a Find the percentage of 18 year old females whose arm lengths are: 
i between 60 cm and 72 em ii greater than 60 cm. 


b Find the probability that a randomly chosen 18 year old female has an arm length 
in the range 56 cm to 68 cm. 


2 The length of steel rods produced by a machine is normally distributed with a standard 
deviation of 3 mm. It is found that 2% of all rods are less than 25 mm long. Find 
the mean length of rods produced by the machine. 


Mi) ES ra o 
3 fo is a continuous probability distribution function. 
0 elsewhere 
a Find a. b Sketch the graph of y= f(x). 
c Find: i the mean ii themode iii themedian iv the variance. 


d Find P(1<2<2). 


& A factory has a machine designed to fill bottles of drink with a volume of 375 mL. It 
is found that the average amount of drink in each bottle is 376 mL, and that 2.3% of 
the drink bottles have a volume smaller than 375 mL. Assuming that the amount of 
drink in each bottle is distributed normally, find the standard deviation. 


5 The continuous random variable Z is distributed such that Z = N(0, 1). 
Find the value of k if P(|Z|>k) = 0.376. 


6 X isa continuous random variable where X = N(u, 22). Find P(|X — u|< 0.524). 
7 The marks of 2376 candidates in an IB examination are normally distributed with a 


mean of 49 marks and variance 225. 


a If the pass mark is 45, estimate the number of candidates who passed the 
examination. 


b If 7% of the candidates scored scored a “7”, find the minimum mark required to 
obtained a “7”. 


c Find the interquartile range of the distribution of marks obtained. 


STATISTICAL DISTRIBUTIONS OF CONTINUOUS RANDOM VARIABLES (Chapter29) 831 


8 The lengths of metal rods produced in a manufacturing process are distributed normally 
with mean yu cm and standard deviation 6 cm. It is known that 5.63% of the rods 
have length greater than 89.52 cm. Find the mean, median, and modal length of these 
metal rods. 


9 The continuous random variable X ei for 0<r<hk. 


has probability density function f(x) = ( 0 e 


a Find the exact value of k, writing your answer in the form Ina where a € Z. 
b What is the probability that X lies between + and 5? 
€ Find the exact values of the mean and variance of X. 


10 The random variable X is distributed 
normally with mean 50 and 
P(X < 90) = 0.975. 


Find the shaded area in the given 
diagram which illustrates the prob- 
ability density function for the random 
variable X. E 80 sie 





REVIEW SET 29B 


1 The contents of a certain brand of soft drink can is normally distributed with mean 
377 mL and standard deviation 4.2 mL. 


a Find the percentage of cans with contents: 





i less than 368.6 mL ii between 372.8 mL and 389.6 mL 
b Find the probability that a randomly selected can has contents between 364.4 mL 
and 381.2 mL. 


2 The life of a Xenon battery is known to be normally distributed with a mean of 
33.2 weeks and a standard deviation of 2.8 weeks. 
a Find the probability that a randomly selected battery will last at least 35 weeks. 


b Find the maximum number of weeks for which the manufacturer can expect that 
not more than 8% of batteries will fail. 


3 The edible part of a batch of Coffin Bay oysters 
is normally distributed with mean 38.6 grams and 
standard deviation 6.3 grams. If the random variable E 
X is the mass of a Coffin Bay oyster: 
a findaif P(38.6-a< X<38.6-+a) = 0.6826 


b findbif P(X >b) = 0.8413. 


4 A random variable X has probability density function f(x) = ax?(2 — x) for 


(Era 
a Showthat a= 4. b Find the mode of X. 
€ Find the median of X. d Find P(0.6< X < 1.2). 


832 
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10 


The random variable T' represents the lifetime in ycars of a component of a solar cell. 
Its probability density function is F(t) = 0.4e 04, t>0. 


a Find the probability that this component of the solar cell fails within 1 year. 
Give your answer correct to 5 decimal places. 


b Each solar cell has 5 of these components which operate independently of cach 
other. The cell will work provided at least 3 of the components continue to work. 
Find the probability that a solar cell will still operate after 1 year. 


I is claimed that the continuous random 4 
variable X has probability density function f(a) = ER 


toe (0) <p = il 
a Show that this is not possible. É Oiherwise. 
Use your working from a to find an exact value of k for which F(x) = kf(a) 
would be a well-defined probability density function. 
€ Hence, find the exact values of the mean and variance of X. 
p 
1 


x 
Hint. ———— =1--——. 
a 1+72 1+2x2 


A continuous random variable X has probability density function 


ant ns) 
f(x) = 
0 elsewhere. 


a Find the exact value of a. 

b Find the exact value of the mode of X. 
e Calculate the median value of X. 

d Find the exact value of the mean of X. 


The heights of 18 year old boys are normally distributed with a mean of 187 cm. 
Fifteen percent of all these boys have heights greater than 193 cm. Find the probability 
that two 18 year old boys chosen at random will have heights greater than 185 cm. 


The random variable X is normally distributed with P(X < 30) = 0.0832 and 
P(X = 90) = 0101: 

a Find the mean yu and standard deviation o for X, correct to 3 decimal places. 

b Hence find P(|JX —-u|>7). 


The continuous random variable X has a probability density function defined on the 
interval [0, k] by E 
on UE 


a Find the value of k. 
b Find the exact value of the median of X. 
€ Find the mean and variance of X. 





Miscellaneous 
questions 
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EXERCISE 30 


1 a Simplify (142). 
b Write 5+iv2 in the form ajcis 0 stating the exact values of a and 0. 
c Find the exact solutions of 2) =5+iv2. 
v2 =: = 
d Hence, show that arctan (2) + 27 = 3arccos ( A). 
2 a Find the cube roots of —2 — 2i. 
b Display the cube roots of —2 — 2; on an Argand diagram. 
c Ifthe cube roots are o4, «o and as, show that ay+as+as =0. 
d Using an algebraic argument, prove that if 3 is any complex number then the sum 
ofthe zerosof 2” = 5 is0. 
3 a Evaluate (1 —i)2 and simplify (1 — 5)”. 
b Hence, evaluate (1 — i)!º. 
c Use your answers above to find two solutions of 218 — 256. Give clear reasons 
for your answers. 
—1l + 2+iv2 
4 Let a and read 


a Write z and w in the form r(cos0+isind) where O<0<rT. 


= al 117 e õas TIA 
Show that zw = 4 (costiT +isin HT). 


c Evaluate zw in the form a-+ib and hence find the exact values of 
117 


lim : 
cos and sin. 


5 The sum of the first n terms of a series is given by S,=nº+2n-—1. 
Find un, the nth term of the series. 


6 The tangent to the curve y = f(x) at the point A(x, y) meets the x:-axis at the point 
B(x — > 0). The curve meets the y-axis at the point C(0, 5). Find the equation of the 

















curve. 
7 The diagram shows a sector POR of a P 
circle of radius 1 unit and centre O. The P, 
angle POR = 6, and the line segments p 
[PQ], [P1Q4], [P>Q5], [P3Q3], ...... are 2 
all perpendicular to [OR]. 
Calculate, in terms of 6, the sum to 
infinity of the lengths 
PQ + PQ, + P5Q5 + P3Q3 + ....... G 
a Q Q OQ R 


8 Use the method of integration by parts to find J x arctang da. 
Check that your answer is correct using differentiation. 


9 Solve the following equations: 
a log;(72-22+1)=1+logo(2—1)  b 32H =5(37)+2 


1 
12 
13 


14 


15 


16 


17 


18 


19 


23 


24 


25 
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3x — 1 
E: 
[x +1|] 





Solve exactly for x: 


Find the exact values of x for which sin?x+sinz-2=0 and -n<r<27. 


HW f:iv-lnz and g:x3+2 find: a fi(D)xg (2) b (fog) (2). 


Given an angle O where sin0 = É and —S <0<0, find the exact values of: 
a cos0 b tang c sin20 d sec26. 
Solve v3coszcesex+1=0 for O<r<27m. 


The number of snails in a garden plot follows a Poisson distribution with standard 
deviation d. Find d if the chance of finding exactly 8 snails is half that of finding 
exactly 7 snails in this plot. 


Find the coordinates of the point on the line L that is nearest to the origin if the equation 
ofLis r=2-3+k+A(-i+j-k), AeR. 


The function f(x) satisfies the following criteria: f(x) >0 and f”(x) <O for all x, 
fuj=1, and SS o=2 

a Find the equation of the tangentto f(x) at «=2 and sketch it on a graph. 

b Hence, sketch a graph of f(x) on the same axes. 

c Explain why f(x) has exactly one zero. 

d Estimate an interval in which the zero of f(x) lies. 


H ne Z, n>-2, prove by induction that 2nº-3n24+n+312>0. 


Prove by induction that = r3” = S[(2n-1)3º"+1] foral ne Z”. 


r=1 


Prove by induction that for all ne Z*, 
E 1 E 1 E 1 cn 
a(a+1) (a+1l)(a+2) (a+2)(a+3) 


(a+n-1(a+n) a(a+n) 


n 


Prove by induction that a” —-y” hasafactorof z —y forall ne Z*. 


Prove that 3 (52"+1) + 2804 is divisible by 17 for alln e Z*. 





Assuming Pascal's rule (7) + o) = Nas ) , 


a provethat (1+2)"=1+(Dz+(G)2+... +(D)a” foralneZ+. 
b 

b Establish the binomial expansion for (a+b)” byletting v=-— ina. 
a 


1 1 
Prove that + Fe + 


—>—  =cotr-cot(2"z) foral neZ+. 
sin2r  sin4z sin(2"a) cotz — cot(2"x) forall n 








1 
Show thatif y=max-+c isatangentto y? = 4x then c= — and the coordinates 


1 2 
of the point of contact are (= 2) ; 
mm 
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x? 2 


26 The illustrated ellipse has equation — + = =. 
a 
a Show that the shaded region has area given by 


b a 
E) va? — q2 de. 
alo 





b Find the area of the ellipse in terms of a and 5. 
e An ellipsoid is obtained by rotating the ellipse about the x-axis through 360º. 
Prove that the volume of the ellipsoid is given by V = amab?. 


27 Consider the following quadratic function where a;,b; ER: 
F(a) = (ayx — by)? + (asa — bo)? + (agx — ba)? +... + (anã — bn)2. 
Use quadratic theory to prove the “Cauchy-Schwartz inequality”: 


28 Show that the equation of the tangent to the ellipse with equation 


pe y? . . X1 y1 
q + = 1 atthe point P(x4, y1) is (=) x + (5) y=l. 





29 Prove that in any triangle with angles 4, B and C: 
a sin24+sin2B +sin2C = 4sin Asin BsinC 
b tanA+tanB+tanC =tan AtanBtanC. 


30 a A circle has radius r and the acute angled triangle ABC has vertices on the circle. 
b 
Show that the area of the triangle is given by o 
e 


b In triangle ABC it is known that sin 4 =cosB+cosC. 
Show that the triangle is right angled. 


31 [AB] is a thin metal rod of fixed length 
and P is its centre. A is free to move on 
the x-axis and B is free to move on the 
y-axis. 

What path or locus is traced out by point 
P as the rod moves to all possible places? 





32 a Show that /14-— 4,6 cannot be written in the form a + b/6 where a, be Z. 
b Can V14- 4/6 be written in the form am +byn where a,b,m, ne Z? 
3 Orr=()+(De+(D)r+()r+...+(D)z” foral neZ*. 























Prove that: 

a (+20) 43(5) eoten(E) = nro 

db (ADAM) + (mA 1) (E) = (ns para 
E ZA ih 1 . Dur 

e (o) + (D) +50) +. aba Ra 


34 


35 


36 


37 


38 


39 


40 


41 


42 
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q+5 Ax+B C 
alf S———— = ——, find4, Band C. 
(2 +5)(1l—- 2)  q2+5 E == didi 
4 
b Hence, find the exact value of / pa a 
2 (+52) 
1 1 1 1 
ider th j SS + + +... ——. 
Consider the series Ra A PERO E) 
a 1 ; A B 
a By writing ——— inthe form — + » find the values of 4 and B. 
n(n + 2) n n+2 
1 1 
b a to show that th ftheseriesis 5--—— — 
Use a to show that the sum of the series is 5 O Gai 
— 1 

ce Find EO) d Check b using mathematical induction. 

: z l+x 1 
Find: >> dz b [5 da c [== 

[vês em E 

A flagpole is erected at A and its top is B. At C, due west of A, the angle of elevation 


to Bisa. At D, due south of A, the angle of elevation to B is /. 
Point E is due south of C and due west of D. Show that at E, the angle of elevation to 
Bis arccot ( cot? a + cot? 6). 

4tan0 — 4tan? O 
1-Gtan?0 + tan?g' 
b Hence, find the roots of the equation x!+4xº - 6x? -42+41=0. 


a Use complex number methods to show that tan40 = 


Find the sum of the series: 
a 1+acos0+a?cos20 + a? cos30 + ....... + a” cosnb 
b asin0+a?sin20+a?sin30+...... +a”sinn0 for neZr. 


x 


Suppose e” can be written as the infinite series e” = ao+ax+agr?+...... +an x” +... 
Show that ao=1, a =1, as= x 03 = 37 cum 
b Hence conjecture an infinite geometric series representation for e”. 


ce Check your answer to b using the substitution x = 1. 

















1 P 
a By considering — 7 = + Q » find Pand Q. 
alt — x a—gz ata 
1 
b Use a to show that / —— de= > E a 
at— 1 2a — 








e Check b using differentiation. 


a Assuming that 
cos S+cos D = 2 cos (2) cos (2) and sin S+sin D = 2sin (2) cos (2), 


E 6) ci [ 6 
prove that cis 0 + cis É = 2 cos — ) cis (=). 
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b From a, what is the modulus and argument of cis0 + cis q? 
ce Show that your answers in b are correct using a geometrical argument. 


+ k 
d Prove that the solutions of (=) =1 are z= —icot (E). k=1,2,3,4. 
4=— 


1 
43 a If z+- isreal, prove that either |2|=1 or z is real. 
z 


b If |z+w|=|z —w| prove that arg 2 and argw differ by 5. 


: E 1 . : ua 
c If 2z=rcis0, write 2!, = and iz* in a similar form. 
2 2 z 


44 zx2+azx+be=0 and x2+br4ca=0 wherea£0,b5£0, c£o0, have a single 
common root. Prove that the other roots satisfy x? +cx+ab= 0. 

45 If v=a”*+b”, showthat «2º =3(ab)fz+(a+b). 
Hence, find all real solutions of the equation 1º = 6x +46. 


46 Solve simultaneously: v=16y and log, x-—log,y= 5. 


47 Find all values of m for which the quartic equation 7! -(3m+2)x2 +m? =0 
has 4 real roots in arithmetic progression. 

48 a and Baretwooftherootsof xº+ar?+br+c=0. 
Prove thatafisarootof xº-br2+acx-—- cl = 0. 


49 x and y satisfy the equations 22+37y+9=0 and y)4+x-1=0. 
Solve these equations simultaneously for x given that x is real. 


50 a Find the value 1 1 1 1 


+t>= += + +=. 
of the sum: 1+v2 v2+v3 v3+v4 V'99 + 100 


b Can you make any generalizations from a? 





51 The three numbers x, y and z are such that v>y>z>D)0. 
. 1 il 15 . . . . 
Show that if +, 5 and > are in arithmetic progression, then x — z, yand 1 — y+z 


are the lengths of the sides of a right angled triangle. 


52 Each summer, 10% of the trees on a certain plantation die out, and each winter, workmen 
plant 100 new trees. At the end of the winter in 1980 there were 1200 trees in the 
plantation. 

a How many living trees were there at the end of winter in 1970? 


b What will happen to the number of trees in the plantation during the 21st century 
providing the conditions remain unchanged? 


53 a Iwishto borrow $20000 for 10 years at 12% p.a. where the interest is compounded 
quarterly. 1 intend to pay off the loan in quarterly instalments. How much do I need 
to pay back each quarter? 


b Find a formula for calculating the repayments R if the total amount borrowed is 
$P, for n years, at r% p.a., and there are to be m equal payments at equal intervals 
each year. 


54 


55 


56 


57 


58 


59 


60 


61 


62 


63 


64 


65 
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A rectangle is divided by m lines parallel to one pair of opposite sides and n lines 
parallel to the other pair. How many rectangles are there in the figure obtained? 


a Schools 4 and B each preselect 11 members for a team to be sent interstate. 
However, circumstances allow only a combined team of 11 to be sent away. 
In how many ways can a team of 11 be selected and a captain be chosen if the 
captain must come from A? 


b Useato show that: 1 poe +92 CSA +3 E E aiái +n (ei =n [oh 
Two different numbers are randomly chosen out of the set (1,2,3,4,5, ...... RA 
where n is a multiple of four. Determine the probability that one of the numbers is four 
times larger than the other. 


A hundred seeds are planted in ten rows of ten seeds per row. Assuming that each seed 
independently germinates with probability > find the probability that the row with the 
maximum number of germinations contains at least 8 seedlings. 


Consider a randomly chosen n child family, where n > 1. Let 4 be the event that the 
family has at most one boy, and B be the event that every child in the family is of the 
same sex. For what values of n are the events 4 and B independent? 


Two marksmen, A and B, fire simultaneously at a target. If A is twice as likely to hit 
the target as B, and if the probability that the target does get hit is > find the probability 
of 4 hitting the target. 


A quadratic equation ax? +br+c=0 iscopiedby a typist. However, the numbers 
standing for a, b and c are blurred and she can only see that they are integers of one 
digit. What is the probability that the equation she types has real roots? 


Two people agree to meet cach other at the corner of two city streets between 1 pm and 
2 pm, but neither will wait for the other for more than 30 minutes. If each person is 
equally likely to arrive at any time during the one hour period, determine the probability 
that they will in fact meet. 


14:4/5 


Use the figure alongside to show that cos36º = A 





Find a: 





B 


For 4, B, C not necessarily the angles of a triangle, what can be deduced about 
A+B+4+C if tanA+tanB+tanC =tanAtanBtanC ? 


Without using a calculator, show how to find arctan(>) + 2arctan(5). 
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66 A mountain is perfectly conical in shape. The base is 
a circle of radius 2 km, and the steepest slopes 
leading up to the top are 3 km long. 


From the southernmost point A on the base, a path 
leads up on the side of the mountain to B, a point on 
the northemn slope which is 1.5 km up the slope from 
C. A and C are diametrically opposite. 

Ifthe path leading from A to B is the shortest possible 


distance from A to B along the mountainside, find the 
length of this path. 





Cc 


+—Okm — 


67 An 4 em by B cm rectangular refrigerator leans 
Bem X at an angle of 6 to the floor against a wall. 
a Find H in terms of 4, B and 0. 

wall 4 em b Explain how the figure can be used to prove 
that Asin0+ Bcos6 < vA2+4 B2, with 

A 

Ai equality when tan6 ==. 

floor B 


68 Over 2000 years ago, Heron or Hero discovered a formula for finding the area of a 
triangle with sides a, bandc. Itis A=/s(s—a)(s— b)(s— c) where 2s = a+b+ec. 
Prove that this formula is correct. 

d 
69 a Given that y — In(tanx), x €l0, 5 [, show that a = kesc(2x) for some 
LT 
constant k. 


b The graph of y = csc(2x) is illustrated 
on the interval JO, 5 |. 


Find the area of the shaded region. 


Give your answer in the form alnb 
where ace Q and be Z+. 
70 Pisa point and line I, with direction vector v, passes 
through points A and Q. 
AB xv | 
a Prove that PQ = tara 


b Hence, find the shortest distance from (2, —1, 3) 


x —1 3 
to the line y |= 1 |+4+A[-1). 
É 2 1 


Find a given that the shaded region has 
area 57 units? 
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dy ; 
If dg — TCSCu and y(2)=0, findy as a function of x. 
o 
ni d 3 E 
By considering ag (tam z), find [secêxda. 
x 


What can be deduced if ANB and AUB are independent events? 


For a continuous function defined on the interval [a, b], the length of the curve can be 


b 
found using L= / V1+[f'(ae))? de. Find the length of. 


a y=x? on the interval [0, 1] b y=sina on the interval [0, 7]. 


a Simplify: | (AUB)NA ii (ANB)JU(A'NB). 
b Verify that (ANBJUC=(AVUOIN(BUC). 
ce Prove that if 4 and B are independent events then so are: 
i A and B' ii Aand B'. 
Write (3-iv2)* inthe form x +yv2i where x, ye Z. 


Solve the equation singcos0 = 4 for theinterval 0€ [-7, 7]. 


z and w are two complex numbers such that 2z+w=i and z-—-3w=T- 10. 
Find z+w inthe form a+bi, where a and be Z. 


Solve the differential equation (a + nest =2ry, v>-l giventhat y(l)=4. 
E 


f is defined by vz In(a(ax-—2)). 
a State the domain of f. b Find f(x). 
ce Find the equation of the tangent to f at the point where x = 3. 


Hat 1 contains three green and four blue tickets. Hat 2 contains four green and three 
blue tickets. One ticket is randomly selected from each hat. 
a What is the probability that the tickets are the same colour? 
b Given that the tickets are different colours, what is the probability that the green 
ticket came from Hat 29 


If A$=A, whatcanbesaid about: a |A| b ATI? 
If P(x) isdividedby (x—a)2, prove that the remainderis P'(a)(x—a)+P(a) where 
P'(x) is the derivative of P(ax). 


A lampshade is a truncated cone open 
20 em—— 
at the bottom. 


Find the pattern needed to make this 
lampshade from a flat sheet of material. 
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86 [AB] represents a painting on a wall. A 





AB=2mandBC=1Im. na t 
. . side view 2m 
The angle of view observed by a girl 
between the top and bottom of the B ! 
painting is 30º. 1 = 
How far is the girl from the wall? G C | eyelevel 
87 A circle is centred at the origin O. A 


second circle has half the diameter of the 
original circle and touches it internally. P 
is a fixed point on the smaller circle as 
Pp shown, and lies on the x-axis. 

The smaller circle now rolls around the 
inside of the larger one without slipping. 
Show that for all positions of the smaller 
circle, P remains on the x-axis. 


88 Write —8i in polar form. 

Hence find the three cube roots of —8%, calling them 24, 22 and 23. 
Ilustrate the roots from b on an Argand diagram. 

Show that 2/2 = 2923 where z; is any one of the three cube roots. 


Find the product of the three cube roots. 


o Da co 


89 


Complex number z has an argument of 0. Show that iz has an argument of 0 + 5. 


o 


In an Argand plane, points P, Q and R represent the complex numbers 24, z2 and z3 
respectively. If i(2z3 — 229) = 21 — zo, what can be deduced about triangle PQR? 


. 1 É 
90 2z=re'?,r>0, is a non-zero complex number such that z+>=a+bi, a,bER. 
z 
a Find expressions for a and b in terms of r and 6. 


1 
b Hence, find all complex numbers z such that z+-— is real. 


z 
91 The diagram shows a simple electrical network. = 
Each symbol —“.— represents a switch. AO B 
All four switches operate independently, and the —+ 
probability of each one of them being closed is p. 


a In terms of p, find the probability that the current flows from A to B. 
b Find the least value of p for which the probability of current flow is more than 0.5. 


92 E A- (o nú 


a find A? and Aº. 


n n—l 
b prove using mathematical induction that A” = É Es ) for all ne Z*. 


93 By considering the identity (1 +)" =(1+)2(1+1)"-2, deduce that 


=): 
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While driving, Bernard passes through n intersections which are independently controlled 
by traffic lights. Each set of lights has probability p of stopping him. 
a What is the probability that Bernard will be stopped at least once. 
b Suppose 4, is the event that Bernard is stopped at exactly k intersections and Bj. 
is the event that Bernard is stopped at at least k intersections. 
Write down the conditional probability P(A, | By). 
c If 4; and B, are independent, find p. 
Find p if P(A, | B5) = P(A41) and n = 2. 


A club has n female members and n male members. A committee of three members is 
to be randomly chosen, and must contain more females than males, 

How many committees consist of 2 females and 1 male? 

How many committees consist of 3 females? 


Use a and b to deduce that n(4) + (5) = + (1). 


Suppose the club consists of 12 people, and that Mr and Mrs Jones are both members. 
Find the probability that a randomly selected committee contains: 
i Mrs Jones ii Mr Jones given that it contains Mrs Jones. 


2a co 


In triangle ABC, the angle at A is double the angle at B. 
If AC = 5 em and BC = 6 cm, find: 


a the cosine of the angle at B b the length of [AB] using the cosine rule. 
ce Are both solutions in b valid? 


z +bx+c=0 and 22 +4box 4 co =0 are two quadratic equations where 
biba — 2(c1 + co). 
Prove that at least one of the equations has real roots. 


Suppose that for aln ce Z+, (2-V3)” = an — bnv'3 where a, and b, are integers. 
a Show that an41 — 2an + 3b, and bay1 = Gn + 2b. 
Calculate a,2 —3b,2 for n=1,2 and 3. 


b 
ce What do you propose from b? 
d Prove your proposition from c. 


A sequence u, is defined by uy =u2=1 and un42 = Uns +Un foralneZ”. 
Prove by induction that u, <2” foralneZ”*. 





Use the Principle of mathematical induction to prove that, ifn > 2, ne Z”, 
1 1 1 1 n+1 
th 1-5SJd-5S)1—- SS)... 1-S)= : 


a Graph y=«xº— 1272 445x and on the graph mark the coordinates of its turning 
points. 


b If «x? — 12x? + 45% = k has three real roots, what values can k have? 


a Use complex number methods to prove that cos? 0 = & cos0 + z cos 30. 
Solve the equation 7º —- 3x +1=0 by letting y = mz. 
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Triangle ABC has perimeter 20 cm. B 
a Find y2 in terms of x and 0 and hence x em 
find cos 0 in terms of x only. sda 
b Tfthe triangle has area 4, show that Cc 
A? = —90(x2 — 12x +20). a 8 em 


c Hence, without calculus, find the maximum area of the triangle and comment on 
the triangle's shape when its area is a maximum. 


a If A= E predict the form of A”. 


b Use mathematical induction to prove your conjecture in a correct. 
c WS, -A+A4 AS+...4+A”, findS, in simplest form and hence find Soo. 


If o f(n) =mê +3m, find f(n). 
n=1 


ABC is an equilateral triangle with sides 10 cm long. P is a point within the triangle 
which is 5 cm from A and 6 cm from B. How far is it from C? 


A normally distributed random variable X has a mean of 90. Given that the probability 
P(X < 85) = 0.16: 

a find the proportion of scores between 90 and 95, i.e., find P(90< X < 95) 

b find an estimate of the standard deviation for the random variable X. 


A normally distributed random variable X has a mean of 90. Given that the probability 
P(X < 88) = 0.28925, find the: 

a standard deviation of X to 5 decimal places 

b probability that a randomly chosen score is either greater than 91 or less than 89. 


In an International school there are 78 students preparing for the IB Diploma. Of these 
students, 38 are male and 17 of these males are studying Mathematics at the higher level. 
Of the female students, 25 are not studying Mathematics at the higher level. 

A student is selected at random and found to be studying Mathematics at the higher 
level. Find the probability that this student is male. 


A company manufactures computer chips, and 1t is known that 3% of them are faulty. In 
a batch of 500 such chips, find the probability that between 1 and 2 percent (inclusive) 
of the chips are faulty. 


A factory manufactures rope, and the rope has an average of 0.7 flaws per metre. It is 
known that the number of flaws produced in the rope follows a Poisson distribution. 

a Determine the probability that there will be exactly 2 flaws in 2 metres of rope. 

b Find the probability that there will be at least 2 flaws in 4 metres of rope. 


A random variable X is known to be distributed normally with standard deviation 2.83. 
Find the probability that a randomly selected score from X will differ from the mean by 
less than 4. 


A discrete random variable X has a probability function given by the rule 


PiX=0=0 (2)8, = 0, 1,2,.3, uu: Find the value of a. 
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Given that events 4 and B are independent with P(A|B)=4 and P(B|4) 
find P(AU B”. 


Il 
co 


o 








In a game, a player rolls a biased tetrahedral 
(four-faced) die. The probability of each possible 
score is shown alongside in the table. 

a Find the value of k. 


b Let the random variable X denote the number of 2s that occur when the die is rolled 
2400 times. Calculate the exact mean and standard deviation of X. 














The lifetime n (in years) of a particular component of a solar cell is given by the 


= . : 0,6 n>0D 

probability density function f(n)= ( que 

a What is the chance that a randomly chosen component will last for at least one 
year? 

b A solar cell has 8 components, each of which operates independently of each other. 
The solar cell will continue to operate provided at least one of the components are 
operating. Find the probability that a randomly chosen solar cell fails within one 
year. 


The random variable X has a Poisson distribution with standard deviation o such that 
P(X=2) -P(X=1)=3P(X =0). Find the exact value of o in surd form. 


A machine produces soft drink in bottles. The volumes in millilitres (mL) of a sample 
of drinks chosen at random are shown below. 





DP rrequenç | 6 [12 [15 [16 [9 [1 [8 [3 


Find unbiased estimates of: 
a the mean of the population from which this sample is taken 
b the variance of the population from which this sample is taken. 


In a particular year, a randomly chosen Year 12 group completed a calculus test with the 
following results: 
25 25 


3x = 1650 and 3 o? = 115492, where x; denotes the percentage result of the 
i=1 i=1 
ith student in the class. Calculate an unbiased estimate of: 

a the mean percentage result of all Year 12 students in the calculus test 

b the variance of the percentage result of all Year 12 students in the calculus test. 


a Using integration by parts, find J Ing dx. Show how to check that your answer 
is correct. 
b The continuous random variable X has probability density function defined by 


nx, I<r<k 
HOR 


0, otherwise. 
ce Write down an equation that you would need to solve to find the median value of 
the random variable X. Do not attempt to solve this equation. 


Find the exact value of k. 
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Use the cosine rule and the given kite 122 Show that tanô = 3tana. 
to show that sin?0 = 1 — 1 cos20 
and cos26 = 5 + 5 cos26. D 





Points P and Q are free to move on the coordinate axes. 
N is the foot of the perpendicular from the origin to the 


line segment [PQ]. [PQ] makes an angle of O with the P W 
y-axis. Ds 

a Show that N is at (3sinf cos? 6, 3sin? 0 cos 0). 

b Use technology to sketch the graph of the curve 


defined by: x = 3sinfcos20, y = 3sin?0cos0. 





a Find the general term u, of the sequence: 





1 s ; 1 

— —sginÔ, cos0, sm6, —— — 

sin 0 cos 0 

b Find an equation connecting consecutive terms of the sequence: 
1, cos 0, cos? 0, cos” 0, cos! 8, ...... 


E k, k2+1 where k E Q are the 3rd, 4th and 6th terms of an arithmetic sequence 
respectively. 


a Find k. b Find the general term u,. 


ABC is an equilateral triangle with sides of length 2k. P is any point within the triangle. 
[PX], [PY] and [PZ] are altitudes from P to the sides [AB], [BC] and [CA] respectively. 
a By letting PCZ be 0, find PX + PY + PZ in terms of 0, and hence show that 

PX + PY + PZ is constant for all positions of P. 
b Check that your solution to a is correct when P is at A, 
ce Prove that the result in a is true using areas of triangles only. 


R and Q are two fixed points on either side of line 
segment [AB]. P is free to move on the line segment 
so that the angles O and à vary. a and b are the 
distances of Q and R respectively from [AB]. 


a Show that for all positions of P, 











À B 
dy  —acos? q 
do bcos20 ' 
b A particle moves from R to P with constant speed 
v, and from P to Q with constant speed vs. Q 
snÔ wu 





Deduce that the time taken to go from R to P to Q is a minimum when — j =—, 
sin va 
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At À on the surface of the Earth, a rocket is 
launched vertically upwards. After t hours it is 
at R, h km above the surface. B is the horizon 
seen from R. 
Suppose BOR is 6 and arc AB is y km long. 
a Ifthe Earth's radius is 7 km, show that 
dy cost0dh 
dt sinô dt' 
b Ifthe velocity of the rocket after t hours is 
givenby rsint forany te [0,7], find the height of the rocket at t — 5 hours. 


ce Ifr = 6000, find the rate at which arc AB is changing at the instant when t = 5. 








Prove that the roots of (m-—1)x2+ax—-m =0 are always real and positive for 
O<m<al. 





a Showthat sinl5º = v8.2 using sin45º = 5 and sin30º = > together 


with a suitable trigonometric formula. 
b Hence, find the exact value of cos? 165º + cos? 285º. 


For -—-r<x<7, find the exact solutions to 3sec2x = cot2x + 3tan2z. 
Solve exactly for x if 4sinx = v3cscx +2-—- 2/3 where 0<r<27m. 


The first 3 terms of a geometric sequence have a sum of 39. If the middle term is 
increased by 665%, the first three terms now form an arithmetic sequence. Find the 
smallest possible value of the first term. 


Show algebraically that the equation logs (x — k) +logs(x +2) = 1 has a real solution 
for every real value of k. 


Solve the following equations, giving exact answers: 


a gU+3 = 4/2 b gt 4 8(37) =3 
e n(hiaj=1 d log; az =log5 


Solve the following inequalities, giving exact answers: 


à (05 > 0125 b (GG) >(5 c 424 27tê <48 


HH 22 +79? = 522y, show that log (=58) = (loga + log 2y). 


IH z=cos0+isind where 0O<60< q, find the modulus and argument of 1 — Re 


58 
Find z inthe form a+bi if *=1+Hitoao 
243 


Solve the following equations simultaneously: 47” = 8” and 9! = o 
Given w= Ed 
2+1 
in the form x + yi. Hence determine the conditions under which w is purely imaginary. 


where z= a-bi and z* is the complex conjugate of z, write w 
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Given that x = logs y2, express log, 81 im terms of x. 





An infinite number of circles are 
drawn in a sector of a circle of radius 


10 cm and angle a = % as shown. 


a What is the total area of this 
infinite series of circles? 


b Find an expression for the total 
area of all circles for a general 
angle a such that 0O<a< os. 





The ratio of the zeros of 7x2 +azx-+b is2:1. Find a relationship between a and b. 
Find real numbers a and b ifthe polynomial 2º+az2+bz4+15=0 hasaroot 2+i. 


If a” +ax? — 6 leaves a remainder of —3 when divided by (x — 1) and a remainder 
of —15 when divided by (a + 3), find the values of a and n. 


When a cubic polynomial P(x) is divided by «(2x — 3), the remainder is ax -+b 
where a and b are real. 
a Ifthe quotient is the same as the remainder, write down an expression for P(ax). 
b Provethat (2x — 1) and (x —1) are both factors of P(x). 
c Find the equation of P(x) given that it has a y-intercept (0, 7) and passes through 
the point (2, 39). 


Factorise f(x) = 21º -72-8x—5, and hence find the values of x for which f(x) > 0. 


The graph of a quartic polynomial y = f(x) cuts the x-axisat « = —3 andat x = —, 


and touches it at « = 5. The y-intercept is 9. Find f(x). 


The polynomial p(x)=xº+(5+4a)x+5a wherea isreal, hasa zero —2+1. 
a Find a real quadratic factor of p(x). 
b Hence, find the value of a and the real zero of p(a:). 


Let h(x) = «º — 6tr? + 11x — 6tº | where t is real. 
a Show that t is a zero of A(x). 
b Factorise h(x) as a product of linear factors. 
«e Hence or otherwise, find the coordinates of the points where the graphs of 
yv=z)46x? and y=-—6 — 11x meet. 


A real polynomial P(x) =x! +axº + br? + cr — 10 has two integer zeros p and q. 
a If P(x) also has a complex zero 1 + ki, where k is an integer: 
i use this zero to write an expression for a real quadratic factor of P(x) 
il state all possible values of k. 
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b Using p and q, write another expression for a real quadratic factor of P(x). Hence 
list all possible values of pq. 


ce Given that p+ q = —1, show that there is only one possible value for pg. Hence 
find all zeros of P(a). 


The real polynomial P(z) of degree 4 has one complex zero of the form 1 — 2%, and 
another of the form ai, where a £ O and a is real. 

Find P(z) if P(0) = 10 and the coefficient of 2? is 1. Leave the answer in factorised 
form. 


The point A(—2, 3) lies on the graphof y=f(a). 
that A moves to under the following transformations: 


Give the coordinates of the point 





a yv=f(v-2)+4+1 b y=2f(x—2) ce y=—| f(x) | —-2 
À = 
d y=f(22-3) e v= 76) f y=f"'(2) 


The points A(—1, 0), B(1, 0) and C(0, —0.5) are 
the x- and y-intercepts of y = f (a). 

On the same set of axes, sketch the following 
graphs. For each case, explain what happens to 
the points A, Band C. 


a v=fierD-l 
ce y=Ifa) 

















b vy=-2f(x—1) 











1 
“ T() 


The real quadratic function f (x) has a zero of 3 + 2i, and a y-intercept of —13. Write 
the function in the form: 


a f(x)=axl+ba+c 


























b f(x)=a(x—-h)2+hk. 


Find a trigonometric equation of the form y=asin(b(x+c))-+d that represents the 
following graph with the information given below. 
You may assume that (3, —5) is a minimum point and (6, —1) lies on the principal axis. 


(6,1) 
(3,—5) 
v+3y—z=15 
Solve the system using an inverse matrix: 2x +y+z=7 
t—oy—2z=0 


The ferris wheel at the Royal Show turns one full circle every minute. The lowest point 
is 1 metre from the ground, whilst the highest point is 25 metres above the ground. 

a The height of the ferris wheel above ground level after t seconds is given by the 
model h(t) = a + bsin(c(t — d)). Find the values of a, b, c and d given that you 
start your ride after entering your seat at the lowest point. 

b If the motor driving the ferris wheel breaks down after 91 seconds, how high up 
would you be while waiting to be rescued? 
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The equations of two lines are: 


—4 3 — —z-—1 
h: e-(2)e(i) lei bias =D 
q E 2 2 


Determine the point of intersection of ly and the plane 2x +y—- z=2. 





Clearly explain why | and Il, are not parallel. 
Find the point of intersection of 1, and ls. 


2a co 


Find the equation of the plane that contains l, and lo. 


Find the acute angle between the plane 27 + 2y—- z=3 and the line 
t=A-1, y=-2A+4+4, 2z=-)+8. 





Consider the following system of c—-2y+32=1 
linear equations in which p and q c+py+2z=0 
are constants: —-2r+p'y—- dz =q. 


a Write this system of equations in augmented matrix form. 
b Show, using clearly defined row operations, that f =9 3 


this augmented matrix can be reduced to: : e a 
p 





1 
=], . 
p+q 


e What values can p and q take when the system has 
i a unique solution ii no solutions il | infinite solutions? 
d Specify the infinite solutions in parametric form. 


a Show that the plane 2x +y+z=5 contains the line lj: vx=-U+2, y=t, 
z=3t+1, teR. 
b For what values of k does the plane v+ky+z=3 contain 14? 


e Without using row operations, find the values of p and q 2x +ty+z=5 
for which the following system of equations has an infinite t—-ytz=83 
number of solutions. Clearly explain your reasoning. 2x +py+2z2=q 





d Check your result using row operations. 


2 1 -—1 4 7 =3 
For A=[-1 2/1 and B=|[-1 -2 1 ), calculate AB and 
0 6 1 6 12 —5 


4a +7Tb— 3c=—8 
hence solve the system of equations —a—-2b+c=83 
6a + 12b — 5c = —15. 


Use vector methods to prove that joining the midpoints of the sides of a rhombus gives 
a rectangle. 


a Given a=i+j-3k and b=j+2k, findaxb. 
b Find a vector of length 5 units which is perpendicular to both a and b. 





Let r=2i -2)+k s=3 +j+2k and t=i+ 2; — k be the position 
vectors of the points R, S, and T respectively. Find the area of the triangle RST. 
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In the given figure, ABCD is a parallelogram. 
X is the midpoint of [BC], and Y is on [AX] 
such that AY: YX = 2:1. The coordinates 
of A, B and C are (1, 3, —4), (4,4, —2) and 
(10, 2, 0) respectively. 

a Find the coordinates of D, X and Y. 

b Prove that B, D and Y are collinear. 


X Cc 


A 


Let a=35+2;j-k b=i+j-k and c=2i-j+k 
a Showthat bx c=-3j-3k. 
b Verify for the given vectors that ax(bxc)=b(acc)-—-c(aeb). 


1 -t 
Given the vectors p= 2 and q = [ ) , find t such that: 
2 2% 


a Pp and q are perpendicular b pand q are parallel. 


Suppose 4 and Bare events such P(A) =0.3+x, P(B)=0.2+x and 
RANBj=2 
a Find x if À and B are mutually exclusive events. 


b Calculate the possible values of x if 4 and B are independent events. 
Find exact solutions for the following: 
T—2 
a |1-4 1 Dp= À b ————s< 
sp p=] 6=5r— 2? 


The average number of amoebas in 50 mL of pond water is 20. 

a Assuming that the number of amoebas in pond water follows a Poisson distribution, 
find the probability that no more than 5 amoebas are present in 10 mL of randomly 
sampled pond water. 

b Ifa researcher collected 10 mL of pond water each weekday over 4 weeks (20 days 
in all), find the probability that the researcher collected no more than 5 amoebas on 
more than 10) occasions in that 4 week period. 


d 
Solve a =cos?a giventhat y(0) =4. 


d 
Solve the differential equation ay =1+yº giventhat y=0 when x=2. 


A current of 1 amperes flows through a coil of inductance L henrys and resistance 
dT 
R ohms with electromotive force E = bar RI volts. 


Assuming that E, L and R are constants, show by separating the variables that 


E 
[= (1 = et), given that 1 = O when t = 0. 


A pair of guinea pigs was released onto an island in early January. Infrared scans of the 
island in early May showed the guinea pig population to be 180. Given that the rate of 
increase in such a population is proportional to the population at that time, estimate the 
island”s guinea pig population in early October. 


852 — MISCELLANEOUS QUESTIONS (Chapter 30) 


1 1 P 
178 a Show algebraically that —-+->—— = >—-D—. 
Ê q P=y nP=u) 


b Using part a, solve the differential equation wy' =ky (1 = 5) 
given that P= 624, y=2whent=0, andthat y=12whent=1. 


c The differential equation above describes how a rumour is spread at Beijing College 
by 2 people starting at 12 noon. 12 people have heard the rumour by 1 pm. 
i/ Find the number of people at Beijing College, giving a reason for your answer. 
ii How many people have heard the rumour by 2 pm? 
ili At what time have 90% of the people heard the rumour? 


179 a Express 1+i and V3-i intheform re”. 


in the form re, 





; —l-—i 
Hence write z= 
v3-i 
b What is the smallest positive integer n such that z” is a real number? 
180 There are 12 students in a school's Hungarian class. Being well-mannered, they line up 
in a single file to enter the class. 
a How many orders are possible? 
b How many orders are there if: 
i Irena and Eva are among the last four in the line 
ii Istvan is between Paul and Laszlo and they are all together 
ii Istvan is between Paul and Laszlo but they are not necessarily together 
vw there are exactly three students between Annabelle and Holly? 


ce Once inside, the class is split into 3 groups of four students each for a vocabulary 
quiz. How many ways can this be done: 
i if there are no restrictions 
il if Ben and Marton must be in the same group? 


181 The velocity of a particle travelling in a straight line is given by v = cos(at) cms. 


Find the distance travelled by this particle in the first 107 seconds of motion. 


182 Year 12 students at a government school can choose from 16 subjects for their Certificate. 
Seven of these subjects are in group I, six are in group II, and the other three are in 
group II. Students must study six subjects to qualify for the Certificate. How many 
combinations of subjects are possible if: 

a there are no restrictions 

b students must choose 2 subjects from groups I and II and the remaining subjects 
could be from any group 

e French (a group I subject) is compulsory, and they must choose at least one subject 
from group II? 


183 Solve the equation: (3) =3(5)-("5D. 
184 Find the coefficient of: i 
1 
a «!2 in the expansion of (20º - 3) b x2 in the expansionof (1+27)º(2—x)º 
e 


3 


c x in the expansionof (1+2x-—3x?)!. 
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193 


194 
195 


196 


197 


198 
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The function f is defined by f: vem, zvel0,7). 
a Use calculus to find the exact value(s) of «x for which f (x) has a maximum value. 
b Find f” (x) and write down an equation that will enable you to find any points of 
inflection in the given domain. 
c Find the point(s) of inflection in the given domain. 


Solve for x: log, 4+logox =3 


x 


dr = 3. 
q2 +1 E 





Find the exact value of a if a > O and / 
0 


Given that 4 is an acute angle and tan24 = > find the exact value of tan 4. 


The scores a, b, 6, 13 and 7 where b > a have a mean and variance of 8. Find the 
values of a and b. 


The graph of y = f(x) for -9< x <9 
is shown alongside. 

















The function has vertical asymptotes at 
x =2andax=-—3 and a horizontal 
asymptote at y = 2. ET TT o dm 











Copy and sketch the graph of 








indicating clearly the axes 








1 
Y= Ena 
f(x) —4 
intercepts and all asymptotes. vii 




































































z—l —2 5 
For what values of x is the matrix A = -4 3-2 à) singular? 
—2 5 —8 


Find a and bif the matrix A= (5 5] is its own inverse. Hence find All, 


If z=2+2i and u=3+iy wherex, ye, find the smallest positive value of x 


for which 





+u.. : : 
is purely imaginary. 
— U 


If 1-2 isazeroof P(x) =x! + 11x? — 10x +50, find all the other zeros. 


Find the exact value of the volume of the solid formed when the region enclosed by 
y= ger”, the x-axis, and the line « = 1, is rotated through 360º about the x-axis. 


Determine the sequence of transformations which transform the function 
f(x) = 322 -122+5 to g(x) = 322 + 18x — 10. 


Find the area of the region bounded by the curve y = tan? x + 2sin? x, the x-axis, and 


the line x = 7. 


1 


Simplify sin(2arcsinx) and hence find / sin(2 arcsin x) de. 
0 
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202 


203 


204 


205 


206 


207 


208 


209 
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22—-y+3Z=4 
For the system of linear equations: 2v+y+(a+3)z=10-a 
4x + 6y + (a2 + 6)z = a2, 
find the value(s) of a for which the system has: 
a no solutions 





b infinitely many solutions, and find the form of these solutions 
ce a unique solution, and find the solution in the case where a = 2. 
5 ; 12 +1 
A function f is defined by f(x) = Er 
Write down the equations of the asymptotes of the graph of y= f(a). 
Find f'(x) and hence find the position and nature of any stationary points. 
Find f”(x) and hence find the coordinates of all points of inflection. 


2a co 


Sketch the graph of y= f(x) showing all the above features. 


A particle moves in a straight line such that its displacement from point O is s. 
The acceleration of the particle is a and its velocity is v where a= zu? 
a Find v(t) given that v(0) = —1. 


b Find the distance travelled in the first 2 seconds of motion. 


Determine the domain of f(x) =arccos(1 + x — «2), and find f(x). 


t ; 
Find the area of the region enclosed by the graph of wy = a the x-axis, and 
cos(21) + 1 

the line x = 5. 

. ; : tanga 
Find the equations of all asymptotes of the graph of the function y = -————— 
where -r<r<T. sin(2x) + 1 

: : : : sin a 
Find the exact coordinates of the stationary points on the curve y= — 

tanz+1 


where —-T<ITS 5. 


The sum of an infinite geometric series is 49 and the second term of the series is 10. 
Find the possible values for the sum of the first three terms of the series. 


1 
IH fivo2r+1 and gem Ts, find: a (foglx) b g(a). 


d 
a Find a fx -Syty =T. 
dx 
b Hence find the coordinates of all points on the curve for which the gradient is 5. 


A and B are two events such that P(A) = 5 and P(B) = 4. 


a Find P(AUB) ifA and Bare: à mutually exclusive ii independent. 
b Find P(A|B) if P(AUB) = é. 
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213 
214 
215 


216 


217 


219 


220 
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a Find the coordinates of A, the point of intersection of |, and lo, where lj is given 


e Ê 1 - —-1 
by r=[-13)]+A| —5 and lo is given by GR, E yoT = E 
-3 -9 6 —5 —5 





Find the coordinates of B, where l; meets the plane 3x +2y — z = —2, 
c The point C(p, 0, q) lies on the plane in b. 


Find the possible values of p if the area of triangle ABC is vs units2, 
Find x in termsofaif a>1 and log, (x +2) = log, x + 2. 


dy 
Solve for y: 2+D= = 
olve for y (1º + Da 


y+1 giventhat y=2 when x =0. 
Find [ax2sinadz. 
IE f(22x+3)=5r—7, find foi(a). 


Find, to 3 significant figures, the area of the region enclosed by the graphs of 
y=zenz and y=7º-47+46. 


d 
Find pa if ev try) -siny=2. 
dx 


22x—-1143 
Solve for x: + 
x 
Find —— dt. 
/ 1l+v7+2 


d 
Find if sin(xy) + yº = 2. 
da 








: é —4 2 
The lines r = (3) +A (1) and À =1-y= — intersect at point P. 
2 2 
a Find the value of a and hence find the coordinates of P. 
b Find the acute angle between the two lines. 
€ Find the equation of the plane which contains the two lines. 


For what values of a does the graphof y = ax+2 cutthegraphof y=312-2x+5 in 
two distinct points? 


The height of a cone is always twice the radius of its base. The volume of the cone is 
increasing at a constant rate of 5 cmês!. Find the rate of change in the radius when 
the height is 20 cm. 


Find the value of a if the line passing through the points A(O, 5, 6) and B(4, 1, —2) 


a 2 
and the line r= (3) +s (+) are coplanar. 
2 1 
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224 Let f(x)=vtanvl-z?, -I<xae<l. 


a 
b 

225 Let 
a 
b 
Ç 
d 
e 
f 

226 a 
b 
Ç 
d 
e 

227 

228 

229 


fa 
a 
b 
c 
d 


Sketch the graph of y = f(a). 
Write down an expression for V, the volume of the solid formed by rotating the 
region bounded by y= f(x), z=0 and «=1 through 360º about the x-axis. 


fiz) = gel-2" 

Find f(x) and f(x). 

Find the exact coordinates of the stationary points of the function and determine 
their nature. 

Find the exact values of the x-cordinates of the points of inflexion of the function. 
Discuss the behaviour of the function as x — +oo. 

Sketch the graph of the function. 

Find the exact value of k if k > O and the region bounded by the y = f (x), the 
y-axis, and the line a = k has area equal to i(e — 1) units?. 





1 1 
Find a and k if the line |; given by r= (1) +A a lies on the plane P, 
2 —1 


with equation 37x — ky+ 2 =83. 
Show that the plane P> with equation 2x — y — 42 = 9 is perpendicular to P,. 
Find the equation of /5, the line of intersection of P, and P». 

Find the point of intersection of lj and 15. 

Find the angle between the lines ly and 15. 


Construct a quartic polynomial f(x) with integer coefficients such that f(x) <0O for 
all ax e R. Write your polynomial in expanded form. 


P(z)=2º+az2+bz+c wherea, band ce R. 
Two of the roots of P(z) are —2 and —3 + 21. 
Find a, b and c and also find possible values of z when P(z) > 0. 


)=2tan(3(x— 1))+4 for xe [-1,1]. Find: 

the period of y = f(x) 

the equations of any asymptotes 

the transformations that transform y=tana into y=f(a). 
the domain and range of y= f(a). 


EXERCISE 14 


1tade2Z2abceg 3 No,eg, 


2=1 


4 y=+V5-52 





EXERCISE 1B.1 

















1a2zbsc-1d-Igei 
2azboc-16ad 6 e 
3 aY7-3a brY+3a c-Za-2d 10-53 e1l-3z 
f 7-32x-3h 
4 a 2224192443 b 272 -1l2x4+13 € 272-37-1 
d 2x!4372-1 e 27! - 22-92 
f 272442h+2h243243h-1 ua 
. 7 us 3 ums 4 o x + a) 
ai-si-s dis baz-4 d r=5 


6 fis the function which converts x into f(x) whereas f(x) is 
the value of the function at any value of x. 


7 a 6210 Euros valucafter 4 years b 


photocopier to reach a value of 5780 Euros. 


8 y 


(2, 1) 


t = 4.5, the time for the 


€ 9650 Euros 


9 Fa)=-22+5 
10 a=3,b=-1, 
(5,3) c=-4, 


T(x)=322 -2-—4 


EXERCISE 1B.2 





1 a Domain (1,2,3), Range (3,5, 7) 
b Domain (—1,0, 2), Range (3, 5) 
€ Domain (—3, —2, —1, 3), Range (1) 
d Domain (—2, —1,0, 1,2), Range (0, 3, 2) 
2 a Domain(x| -1<xv<5), Range(ly| 1I<y<3) 
b Domain (z | 242), Rangefy| y-—l) 
€ Domain (x | vz ER) Rangefy| O<y<2) 
d Domain (x | vz ER), Range fy| y>-—1) 
e Domain (x | x > —4) Range (y: y> —3) 
f Domain fz | x4+2), Rangefy: y<-1Iory>0 
3 a Domain (x | visinR), Range (y | yisin R) 
b Domain (x | xisinR), Range (3) 
€ Domain (x | xvisin RJ, Range (y |y > 2) 
d Domain (x | xisin RJ, Range (y | y> 2) 
e Domain fx —2, v>2), Range fy|y>0) 
f Domainfz | x a 2), Range (y | y £ 0) 
9 Domain (x | v< 2), Range (y|y>0) 
h Domain (z | v> 5) Range (y |y>0) 
i Domain fz | 2x5), Range (y |y 2) 
4 a Domain (x | x > 0), Range (y | y> 0) 
b Domain (x | x 0), Range fy |y> 0) 


Domain (a | 
Domain (x 


Domain (x: 


Domain fa 


€ 

d 

e 

f Domain (z | 
g 

h Domain fx 
I 


i Domain fz | x Z-—1lor2), Range (y |y < 5 or y> 


2) 


ij Domain (z | 
k Domain fz 





u<4 


+ Range ty | y > 0) 


aq E Rk Range fy |y > —24) 
v E Rj, Range (y |y< 25) 
a + 0) Range fy |y< —20ry> 2) 


x 2), Range ty | y £ 1) 
a E Rk, Range fy | ye R! 


2 03, Range (y |y > 


x + 0), Range (y | y 
| Domain (x | v E Rj Range (y | y 


< 
2 


3) 


—Z2ory>2) 


a 5-2 b 
Fax) = 


—-2zx—-2 ce 11 


ANSWERS 


EXERCISE 1€ 


(2— x)2, Domain (a | x isin RJ, Range (y |y > 0) 


g(f(x)) =2 — 22, Domain fx | visin Rj, Range fy |y<2) 


a x2-6r+10 b 2-q2 


a fog=t(0,1)(1,0), (2,3), (3, 29) 
b go f=((0, 1), (1,0), (2. 3), (3, 2)) 
e fof=(0,0),(1, 1). (2,2), (3, 3)) 
fog =t(0,0), (1, 1), (2, 2), (3, 3)) 

a fog=(27.5,2),(7, 5) (9,9) 


b go f=((0,2), (1,0), (2. 1). (3,3)) 
2 





€ v=+ 


Domain fa | x > | 





St 


3 or 1) 


Domain (a | x £ —2) 
Domain (x | x £ 1) 


4x — 
a = j di; 
Vogyl)=5. cf 
b (fog)(z)=22+5, v%-2, 
ce (gogla)=2, v1, 
a Let 2x=0, c. b=d andso 
ax+b = cx+b 
à q = ce foralla 
Let m=1, 5 q =€ 
b (fog)(z)=[2ajx+[2b+3]=1z+0 foralla 
+ 2a = 1 and 25+3 =0 
Sto CGU õ and b = -—ê 
€ Yes, ((go f(x) = Baja + [3a + b]) 


EXERCISE 1D HM 


a = E! b 
+———— 1 
2 
c o = + d 
ato 
0 2 
e e E f 
1 
=2 
g — à + h 
a 1 
0 
Í ou SE ds ) 
LL LOL» 
-3 0 4 
k sig de I 
oi 
-1 0 3 
a a + b 
a 1 
—4 2 
€ + = + d 
a 1 
—2 0 
e a: = f 
at 1 
- 3 
h 
9 + e + 
a 1 
—3 3 
Í . + - ] 
ay 
0 5 
ko 4 I 
a Ly 
—1 1 
2 2 
m J de = n 
«ato 
-3 + 
o Es 4 = 
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+ + b + + 
so sa — 1 
—2 3 
E = d = = 
=: 4 
+ + f = — 
a 1 «a——— Loop 
1 2 
+ e h e = 
a ar A 
+ —3 
e = 
3 
2 
a = up b de= + 
«ado io a 1 
—2 1 —3 0 
= + i- = 0 + o i- 
E DS d DR 
o 4 E 2 
+ = dk f a = doe 
ato ia ati 
0 2 0 3 
i++ " E 
0 ] =] 0 
+ — +j-— ) + — +ij- 
dy ads 
-2 1 3 0 1/2 
, I E a 
+,-i+ +i-i+,- 
-2. 0. 2 — 2 3 
É n 
= pis ap = + 
ao 
—/3 —1 3 0 
— + Pp +i — — 
> Io 
= —3 3 
+ — —i+ , - + + 
a o Lo Ly 
=2. 0 5 1 3 
+= + t =. do de 
ai Ly ato ip 
= 1 — Ja -—3 
2 3 
o sia o 


gli 
283 0. 2 


EXERCISE 1E 


1 a 
d 


a O) 


s qo 


“537706 


ve[-3,2] b nosolutions € zxe]-5.3] 
z€]-c0,0] or [1,00] € z€E]-c0,0] or [3,00] 
ze]-2.0[ 9 ve]-2,2] 

x €]-co, -v2] or [V2,00[ | w%-2 
z€E]-co,-—1] or [3.00[ k no solutions 


vel-S.2lm z€]-c,-S[ or ]400[ 


5 n zzZ1 


ze[5,4] p z€]-c0,-E[ or ]1,00[ 

z€]-oc,-4] or [3,00] r ze]-o, &|[ or ]3,00[ 
z€]-co,-4[ or ]5,00] b zE]-c0,-1[ or ]4,00] 
z€]-c0,-3] or ]-3,00[ d «1€]-c0,-3] or ]3,00[ 
z€]-c,4] or] oo[ f z€]-c0,3[ 9 zelo, | 
veli.2] ixel-c,-1[or]-g,00[ jxe]-7,5 


ze]-3,0[or]200[ | zxe[-5,-2[ or [0,2] 
z€]-co,-2[ or ]-1,0[ or ]2,00[ 

ze]-20[or]200] O zEe[-1,0[ or [1,00] 
ze[-1,0] or [1,00 q ve]-2, £ 


»a [or ]2,0c0[ 
z€]-o, &[ or [1,2] 





EXERCISE 1F.1 
gi hs5 ias 


2asbocõé 


h 





a2b3c6d6cesf- 


4k 2 12 
d 03 ano ob 























1, v>0 
e y= 4 undefined, zx=0 
—1, v<o0 











y=*-2]+| 

y=|zl+|z-2] h y=|z|-|2-1] 
22-2, 2>2 I 2>1 

v=42, 0O<xz<2 v=422-1, 0O<zx<l 
2-2x, 2x<0 -1, << 0 


v=|x|-|x-1] 





y=|22+1] i 
y=22+1 foral 





k 


y=|22-—22| 
o 2-2, 2>2, 2<0 y 
“À-zx, 0<u<2 


Ys x2-2x 





y=|22+37+2] 


o 22 +30 +2, v>2-1, e<-—2 
“À-s-32-2, —2<e<- 


y=2+3x+2] 





2 + * 


EXERCISE 1F.2 


1 


h 


“eos zoo 





g=+3 b nosolution € zx=0 d z=40r-2 
1 





v=-lor7 f nosoluton g z=1ors 

ev=00r3 i v=-2or É 

v=Sorã b v=-2or-é € x=-lor7 
v=5 b v=5 c v=-Sorá d v=-Gor-—& 
v=+5 f v=-Gor é 

v=1 b c=-—& or 4 € v=5 or 5 


EXERCISE 1F.3 TN 


1 


asvraagaoc-=“tiwça 


zel-4,4[ b ze]-c,-3] o [3,00] 
ze[-4,2] d ze]-c0,-6] or [-2,00] 
ze]-1,2[ f ve]-c, il or ]JÊ,o0[ 
vel-5,5lh ze[-1,3] à ve)J-51[ 
z€]-c0,-3] or [1,00[ k ze [5,2] | ze [-2,8] 
zel-1,7] b ve([-1,2] 

z€]-co,-1[ or ze], c0| 
zEe]-co,-1] or ze [6,00] e ze [1,00[ 
2e[-1, É g velZ,2l or 2€)2,3] 
vel-S1[o v€]1,00[ 

zelL,3/ b xe]-c,3[ 
z€E]-c,-1l[o zE]Z0| d zE[3,00] 
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b ii Anywhere between O and Q, min. length of cable is 10 km. 
il) At O, minimum length of cable is 17 km. 
6 a True b True 


EXERCISE 16 HD 





EXERCISE 1H HR 


b 


i vertical asymptote x =2, horizontal asymptote y = 0 
il as v>27, 
as 2>2+, 


as 200, y>0t 
as vz>—o0, y> 07 


y> —o0 
y> 00 





ix=2 


iv Function does not cross its asymptotes. 


i vertical asymptote x = —1, horizontal asymptote y = 2 
ii as z>-17, y>oo as L>00, y>27 
as z>-lt, y->—oc as z>—oc, y>2+ 





iv Function does not cross its asymptotes. 


i vertical asymptotes x=—1, 2=2, 
horizontal asymptote y = O 


ii as z>-17, y>o as > 00, y> 0+ 
as z>-lt, y->-oc as zo, y>0 
as 1>27, y>—oo 
as 2>2+t, y>00 

iii y 

: x+3 ; 
foJ=-— A 
(x+1)(x—2) 





iv Function crosses the horizontal asymptote at (—3, 0). 
i vertical asymptote x =3, oblique asymptote y= 
las v>37, 

as 1>3+, 


y > —oo as vx>00, y>a+t 


y— 00 as T>-—0, yv>5>7TO 
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iii » i i vert. asymptotes x =—1, x =5, horiz. asymptote y=0 
ii asz>-17, y>-c0 as tz>00, y>0+t 
as zx>-1t, y>o0o0 as z> —oc, y> OT 
as 1557, y>—oo 


as 2x>5+t, y->00 









x=—1) 


x= 


iv Function does not cross its asymptotes. 
e i horizontal asymptote y=1 


iiasz>0o, y>17 as 2>—o, y>1- 


iv Function crosses the horizontal asymptote at (0, 0). 
j À verticalasymptote x = 0, parabolic asymptote y — x? 
il as 2507, y>00 as 2>00, y> (22)- 


as 2>0f, y>-o as z>-o, y> (x2)t 





iv Function does not cross its asymptote. 














f i vert asymptotes vz =-—2, x =2, horiz. asymptote y — 2 
las z>-27, y>00 as vx->00, y>2t 
asrv>-2+, y>-oc aszg>-oc, y>2* 
iii : : : 
iv Function does not cross its asymptotes. 
EXERCISE 11 
tai 
NE . é -1 
iv Function does not cross its asymptotes. f 
9 À vertical asymptote a = —1, oblique asymptote y=z+3 
ii as z>-—17, y>o00 as v>0o, yv>(z+3” | 
as z>-lt, y>—oco as z->-o, y>(z+3)+ HE 


f(x) = 47 — 2 


i fm) =-20+5 








iv Function does not cross its asymptotes. < 
h i obligue asymptote y = 2x 
ii as 2z>00, y> (27)7 

as 2> oco, y—> (2x)+ 





iv Function crosses the oblique asymptote at (0, 0). 





ANSWERS 861 





b No €c Yes, itisy=vz2+4 
EXERCISE 1) 
1 a ((2,1),(4,2), (5,3), b not invertible 
e ((O, —1), (1,2), (2,0), (3, 1)) d (1, 1), (0,0), (1, 1)) 
2atf:rxm E a & O satisfies both the vertical and 
seia tests and .:. has an inverse function. 
b fr Ha)= - and f(x) = - ie, f=f— 


f is a self-inverse function 











dx — 8 
3 a y= E is symmetrical about wy = x, 

ne 

f is a self-inverse function. 
de — 8 3x —8 

br()=-D and f(0)=D 
E=—3 L—3 
Le, f=f-1 f is a selfinverse function 


4 b iisthe only one 
c ii Domain(z|x<1) ili Domain(x|x>1) 


5a ftMa)=-vz b 





A horizontal line above the 
vertex cuts the graph twice. 
So, it does not have an 
inverse. 


b For z>2, all horizontal 
lines cut O or once only, 
has an inverse. 








Hint: Inverseis v=y2-4y+3 for y>2 
d i Domainis(z |x>2), Rangeisfy|y>—1) 
ii Domainis (x | x > —1), Rangeis (y |y> 2) 
e Hint: Find (fo f(x) and (fto f)(x) and show 
that they both equal x. 
7atft!a)-vz-3-1, w>3 
€c i Domain (x |x>-—1) 
Range (y | y > 3) 
il Domain (x |x>3) 
Range (y | y > —1) 





8aio baxz=-39ai2ds iii6baxz=1 
10 (og K)= TO and (go Ma) = ES 
11 a Isnot bb Is c Is d IselIs 

3 a Bis(f(x),2) db v=[Hy(a)=(1 lo f(x) 


€ Start with B first and repeat the process used in a and b. 


REVIEW SET 1A 
1aob-1is c- 


5 
4 
2 a i Range=(y|y>-5), Domain = fa |xzisinR) 


il x-int. —1,5; yint. — ij is a function iv no 
i Range=(y|y=1lor-3+ Domain = (ax |xisinR) 


ii no x-intercepts; y-intercept 1 dii isa function iv no 





o 





3 a a=1,b6=-6, c=5 
DA dd =ilega 
een o ic id 
5 a 27241 b 442 -12741 
6 a ze]-c,-5]or]-22] b we]-s,-1[or ]1,o0[ 
7 bd s= 25 





8 a «x=1ow7 b zel-o, 


vertical asymptotes v=—3, 2 =2 
horizontal asymptote y = O 


—&] or [5,00[ 


o 
“ 


bas z=>-37,y->-o 
as 2>-3t, y—>00 
as +27, | =06 
as 2>2*, y->0o0 


as 200, y— 0+ 
a T+ =00, 4 — 07 


x=—3: 





10 (flohD(x)=z—-2 and (ho) 1a)=-r-—2 


REVIEW SET 1B HM 
1azx2-z-z b at-Trr2 +10 








7 = ne 
tati(M=DÍ b fHa)= = . 
3 a Domainfa | x ER), Range (y|y> —4) 
b Domain (x |2%0,2), Range(y|y<-lory>0) 


862 ANSWERS 








4 a 
5a 
6 a ze[-3,2] b xe]-2,-1[ or ]4,00[ 
= 
7a Ho)=VEM=1-22 b ga), fo)= E 
x 
8 a=-10r3 b axe —00, — 5] or [5,00] 
9 a vertical asymptotes x = +2, horizontal asymptote y = 3 
bas z5>-2",y>-0 a z>500, y>3+ 
as 2>-2*t, y—> oo as v>—oc, y>37 
as 1T>27, y— —oo 
as 2>2*, y>00 
€ 
d Function crosses horizontal asymptote at (3. 3). 
10 a nMxg)=44+V2-3 
REVIEW SET 1€ 
1 ai0o-6 b x=2 
2 a Domain(fa|x>-3) Range(y|-3<y<5) 
b Domain (x |2x 1) Rangefy|y<-—3 y>5) 
3aii-2ãli via 
b For fog, Domain (x | x > 0) Range fy|y<1) 
For go f, Domain fx | x < õ Range (y | y > 0) 


k 
4 a ze]-00,2[ b ve]-2,-5] o ]1,00[ 








€ 
6 a 
b 
x 1 1 
RE for E [5,00[ 
7a = doi E b ze]-c,-2[ or ]1,3[ 
o E 
= 1 3 


8 a vertical asymptote x = 1, oblique asymptote y=a —2 
as 12>00, y>(x—2)+ 
as z>-—oc0, y> (x —2)+ 


b asz>17",y>00 
as 2>1+, y>o0o 











v—2 
4 

3— 4x 
5 





a ra)= 





b Hax)= 


If «<-—3, we have 
the graph to the left of 
e =-—3 and any 
horizontal line cuts 

it at most once. 


c yv=-3-y2+2 


e Rangeofg (y|y>-2), Domainofg! fr |z>-2) 
Rangeofg"! (y|y<—3) 


EXERCISE 2A 


1a 413,22,31,... b 45,39,33,927,.. 
Cc 2,6,18,54,... d 96,48,24,12,... 


2 a Starts at 8 and each term is 8 more than the previous term. 
Next two terms 40, 48. 


Starts at 2, each term is 3 more than the previous term; 14, 17. 
Starts at 36, each term is 5 less than the previous term; 16, 11. 
Starts at 96, each term is 7 less than the previous term; 68, 61. 
Starts at 1, each term is 4 times the previous term; 256, 1024. 
Starts at 2, each term is 3 times the previous term; 162, 486. 
Starts at 480, each term is half the previous term; 30, 15. 


Starts at 243, each term is 3 of the previous term; 3, 1. 


"we no 


Starts at 50 000, each term is : of the previous term; 80, 16. 


Each term is the square of the term number; 25, 36, 49. 
Each term is the cube of the term number; 125, 216, 343. 
Each term is n(n + 1) where n is the term number; 30, 42, 56. 


EXERCISE 28 


1az2,4,6,8,10 b 4,6,8,10,12 € 1,3,5,7,9 
d -1,1,3,5,7 e 5,7,9,11,13 f 13,15, 17,19,21 


ago 


9 47,10,13,16 h 1,5,9,13,17 
2 a 2,48,16,32 b 6,12, 24,48,96 
133 3 
c314,2,5,% d -2,4,-8,16,-32 
3 17,11,23,-1,47 


EXERCISE 2€ HR o 


1a w=6d=11 bun=lIn-5 c 545 
d yes uso € no 

2aw=sr,d=-4, b un=91-4n ce —-69 d no 

3 baua=l,d=3 ce 169 d us;=45 

4 bu=32d=-S e -27 dn>68 

Sa k=I77 bkhk=4 €Chk=3k=-1 

6 a u-6n-1 b un=-;n+ E €C un=-5n+36 
d un=-;n+5 


1 1 3 5 3 1 6 4 2 
7a 647%8 b 32,85, 135, 175,225,275 
8 a w=36d=-3 b 100 9 100006 
EXERCISE 2D.1 DI 








Tab=18c=5 bb=25,c=11 €b=3,c 15 
2aw=5,r=2 bun=5x2"" us=81920 
3 a wm=127r=-5 bun=i2x(-DLws= 
4 a u=8 "=, u1o = —0.60067749 

1 Tn 
5a u=8 "= Un =27" 7 





6 a k=+14 b k=2 € Pe 
7a un=3x2" bun=32x(-5)rl 

Cc un=3x(v2r li d um = 10x (V3)l-" 
8 a uy9=13122 b us = 2916/3 = 5050.66 


€ uis = 0.00009155 

EXERCISE 2D.2 

1 a $3993.00 b $993.00 2 €11470.39 

3 a 43923Yen b 13923Yen 4 $23602.32 

5 14802443 Yen 6 £51249.06 7 $14976.01 

8 £11477.02 9 €19712.33 10 1952247 Yen 

EXERCISE 2D.3 

1 a i 1550ants ii 4820ants b 12.2 wecks 

2 a 278animals b Year 2044 

EXERCISE 2E.1 

1 ai s=3+11+19+27+..+(8n—5) di 95 
bi S,=42+4374+32+..+(47-5n) di 160 

| Sn=12+6+3+13 +... +12(5)"01 di 234 


Ç 
di S=2+3+4+6Z+..+25)-1 di 265 








1 
: 1 al 1 HH 15 
ei n=1+5 ++ tt iaib 


fi sS-iI+8+27464+...+nº di 225 


20 

2a1io b25cã16 dãa310 3 S(3n-1)=610 
n=1 

EXERCISE 2E.2 DI 

a 820 b 3087.5 € —1460 d —740 

a 1749 b 2115 € 14105 

a 160 b -630 ce 135 4 203 

-115.5 6 18 7 a 65 b 1914 c 47850 

a 14025 b 71071 € 3367 

10 a u=2n-1 € S=1, S=4, 8=9, 4 =16 

11 56,49 12 10,4,-2 or —2,4,10 

13 2,5,8,11,14 or 14,11,8,5,2 


EXERCISE 2E.3 
1 a 23.9766=240 b =189134 € =4.000 d =0.5852 
Rs A 
((v3r -1) b Sn=24(1-(5)") 
c sei dSn=20-(-D") 
3 a 3069 b 08 =3.999 € 134217732 


4 € 5$26361.59 


RO TO 
2* 4º 8* 16º 32 ma on 


cw tw ND = 





2a sSn= 








€ = dps? as n> 00, Sn>1 
EXERCISE 2E.4 


1 ai wu = ii r=01 b Soo = & 


ZasgbbDciãhnas bislrss ai bai 
9 99 333 


6 a convergent, sum = 12 b not convergent, n = 10 


7 u=9r=2 8 w=8r=landum=2r=é 
3 5 5 


9 b s,=1+18(1-(0.9)"-1) € 19 seconds 
EXERCISE 2F 


1 34th week (total sold = 2057) 
2 After 85 months its value is $501.88 and after 86 months its 
value is $491.84, during the 86th month its value is $500. 


3 54 or é 4 TOcm 


5 The 20th terms are: arithmetic 39, geometric 31º 
or arithmetic 13 geometric (5)19 


6 a 420 b 2231.868211 7 a n=37 b n=11 


8 «zx=1 9a w=7, u2=10, b 64 


ANSWERS 863 


10 a As = $8000(1.03)3 — (1.03)22R — 1.03R — R 
b As = $8000(1.03)8 — (1.03)7R — (1.03)6R — (1.03) R 
—(1.03)4R — (1.03)3 R — (1.03)2R — (1.03)R — R 
=0 R = $1139.65 


REVIEW SET 2A 





1a ii39 bi é locãõs-535 65 
2 b wm=6,d=-5 € 117 d uss=-202 
3 a wm=3r=4 b un=3x4"1 ug= 196608 
4 h=-"E 5 un=73-6n, uss=-131 
6 bw =6, r=5 € 0.000183 
7 un=33-5, Sn=E(61-5) 8 k=+2/8 
9 un=Px2ml o -dxarl 
10 a 0 =064 b 65 11 v>-5 
12 a wm=5,r=> and u=l5o, r=-—& 
b |r|<1 inboth cases. 

For u=54, r=3, S=162 

For w =150, r=-&, S= 1075 
13 a=b=c 
14 2v=3, y=-1, 2=5 or 2=35, =-1, 2=3 


REVIEW SET 2B HI 
1asi b-is c 46 2 21,19,17,,15,13,11 


2n+1 
PH e un = 100(0.9)"-1 
n+3 


4a aa 
b 5+4 +++ D+ 





3 a un=89-3n bb un= 


5a Sr -3) b 3) yYH 6a 1587 barãsaa4T99 
r=1 r=1 


7 avo b242 8 us =10240 
9 a €8415.31 b €8488.67 € €8505.75 


10 a 105 b 16+8v2 


1 v= 5 (x = —5 gives a divergent series) 
1 


Bar 
64 = 

12 q; 4 5-5 

Aa | 

REVIEW SET 2€ HD 

= (jar a 49152 b 2457525 2 12 


511 É 
um = 98g; = 0.000406 4 a 17 b 255ÉlL = 256.0 


a $18726.65 b $18885.74 6 $13972.28 
a 3470 b Year 2014 8 18 metres 
a 0O<z<i b 352 10 a u=3n+1 


EXERCISE 3A HD 


Ou Ow m—a 




















7ad=2,2=4 28=8, 22=16, 25 =32, 28=64 
b 931=3,32=9, 38 =27, 3*=81, 3º = 243, 38 = 729 
c 41=442=16, 4 = 64, 4º = 256, 4º = 1024, 48 = 4096 
2a 5l=5,52=25, 55 =125, 5! = 625 
b 6/=6, 62=36, 6º = 216, 6! = 1296 
ce Ti=7,72=49, 78=343, 7º = 2401 


EXERCISE 3; E 
tairbicidc1ei1tf-1ig-l hos 
i-sjsk —-o25 1125 





2 as5s12 b-3125 € -243 d 16807 e 512 f 6561 
g —-6561 h 5.117264691 | —0.764479956 
| —20.36158496 

3 a 0142857 b 0.142857 € 01 d 01 e 0.015625 
f 0.015625 g 1 h1 43 5 7 


864 ANSWERS 


6 1 Yesn=28 


2 289 =»5.5x 1011 3 


264 1x 1.8x 101º 


EXERCISE 3€.1 








1a b2o2 cd eg tao ga 
h 21 i 28 j 26 k 27 1 27 
2azZ bag? cg dg3egtgz1 ga 
ha i3º0 j3 ko3% 
3 act bot co d om+ q om-l f 2e-2 
g g2m h gn+1 i 91 i 932—1 
ha 3rt2 b 330 c artl d 33 d 3+2 Ff 9u-1 
g gi—y h 92-3t i g3a—1 i 93 
1 4a2 b2 2 2,2 
5 a a b a d 9 e a f aíc 
b2 a2b2 b2 a4 bc2 b 
b3 2 
3 i 3 
g a” h 1 E j 12am 
6 aa” bm csr2 da” ea? 
EXERCISE 3€.2 
1 asi 3 5 sas 4 3 
1a2zº bo) co der! tao! ga 
3 -4 =i8 
ho i2º3 jo? 
2ass ba3ecgTd gs eg 
1 3 4 5 2 E! “3 
avg ba c2s d23 erTtfrasgaT 
h 25 ij 23 jr? 
4 a 228 b 1.83 € 0.794 d 0.435 
5 as b168 c193 d 0523 
1 1 1 
6Gasbas2csdisestigãsh 
ilLil 
81 25 
EXERCISE 3D.1 
1axvis+omtrar bo, cCxyil der42er 


e 237)-1 f 2242743 g 14+5(27) h 572+1 
3 A 
izisa”4i 
2 as -2+243 bo +7(37)4+10 € 257-6(57)+8 
d 4 +6(27)+9 e 92-37) +1 f 1674 14(47) 449 





a : 4 
gr-4s h 4-9 | roxo 2 +4+ 5 
x 
k ez -24e-27 | 25-10(277) 447 


EXERCISE 3D.2 
1as7(5241) b10(3”) ce(i+er) d 5(5"-1) 
o(6rti-1) f 16(4"-1) g 5(27) h 7(27) à 16(39-1) 
(32 +2)(37—-2) b (27 +5)(27—-5) € (4437)(4-37) 
(5+27)(5-27) e (32 +27)(3º -27) f (2743) 
(32 +52 h (27-72 à (57-22 
(2º +3)(2º +6) b (2º +4)(27—5) « 
(37 +5)(3?—-1) e (52 +2)(52—1) f 


(3? + 2)(37 +7) 
(12-4)(7e 3) 


a“was” q 


1 
» bic es des f(G gs hs 


5Sasr41 bi46m 


1 
g 5h 


1 
2 
6 an2t b 


cs, do esmtoa 


s 1 
i 15 
-gr"l 7azx=lwr2bar=lcr=loa? 
daz=i egx=2 fx=0 


EXERCISE 3E 









































1az-1bz-2ecrx-3darz-0e xr 1fz=-1 
gr 3har=2izx=0jz=-4kzx=51I2=1 
2az=2) bz & ces 2 da= iez= 15 
1 1 5 1 é 
f x 59] 53 hs 3 dz=-; |r—s 





krz=-2l2zx=-4mz=0 n 1=5 Oo zv—-2 
Pp zx=--6 

3 a => b hasno solutions c v=25 

4 azx=-3bar-3cr-2drx-2er 2fa 2 











EXERCISE 3F HE 
tais bireuzs dos e27tfos 








6 a y=367 b y=-0.665 € y=3.38 d yx2.62 
7 aaszx->o00, y>o00 
as x—> —oo, y-— 1 (above) HAis y=1 
basz>00, y--o 
as x—> —oco, y-—> 2 (below) HA is y=2 
€Casz>00, y—>3 (above) 
as > —o0, y> 00 HAis y=3 
das z>00, y->3 (below) 
as 2>—00, y—>-—oo HAis y=3 


EXERCISE 36.1 


1 a 100grams « 






































. W, (grams) 
b iiszs É 
ii 200 g W,= 100x2º!! 
ill 528g 
f10, 200) 
100 t (hours) 
2 as c 
b it 
ii 141 
iii 400 
t (years) 
3 a VW b 2% €c 100% d 183% increase, percentage 
increase at 50ºC compared with 20ºC 
4 a 12bears b 146bears € 248% increase 
EXERCISE 36.2 
1a 20g biiiZgiisO4g ii 226g 
c d = 346 years 
250 
od W(t) = 250 x (0.998) 
150 (400, 112) 
100 (800, 50.4) 
(1200, 22.6) 
t 
2 a 100ºC c o 
10 TAC) T,= 100x2700% 
b i 812% 
il 75.8ºC (20, 75.8) 
il 33.9ºC 
(78,339) 
(15,8123) 
t (min) 
«dá 
Y 
3 a 1000g c W, (grams) 
b i si2g 1000 tio 
ii 125 (10, 
ii 931x 1077 g W, = 1000x2 70% 
(100, 125) 
Y t (years) 
4 a Wo b 129% 


EXERCISE 3H 


x 











1 cl=2718281828.... 2 VA aut 
The graphof y=e” lies between y=2” and y=3”, 
3 One is the other 
reflected in 
the y-axis. 
4 a 
5 a e” >0 foralz b i 0.00000000412 ii 970000000 














ANSWERS 865 
6a x7.39 b =201 € =2.01 d =1.65 e =0.368 
1 3 Eu 
7ae bel ce? de? 
8 a OI b €0.004 E 20.005 qd we 0.167 
9 a 10.074 b 0.099261 € 125.09 d 0.0079945 
e 41.914 f 42429 g 35403 h 0.0063424 

10 

Domain of f, gandhis (r|x e R) 

Range of fis (yly>0k Rangeofgis (yl|y> O) 

Rangeofhis (yly>3) 
11 y y=e4 

Domain of f, gand his (zu [xe R) 

Range of fis (yly>0) Rangeofgis (yly<O 

Range of his (y|y< 10) 
12 ai2gii2sTg iii 423g dv 402g 

b W 

2 W(g)=2e 
t 

-« , - 

13 a À 646amps 14 a fHMa)-logr 
ll 16.7 amps y fo y= 
b Ay Ea 











€ 28.8 sec 


REVIEW SET3A HMM 
asbec?lLaayr bd 2 


a 23 b 27 


a zx=-2 
a 228 b 


vê 
3 3x 5 
c 22 4 a E b — c 5 


bz=;6a4 bos 


0.517 c 316 8 a 3 b 24 c é 


a y=2” hasy- 
intercept 1 and 
horizontal asymp- 
tote y = O 

b y=-27-4 hasy- 
intercept —3 and 
horizontal asymp- 
tote y= —4 





866 ANSWERS 







10 a sor c 
E 80 
b i 26.8ºC 
ii 9.00ºC T = 80x (0.913)! 
il 3.02ºC 


d =12.8min 
t (minutes) 


REVIEW SET 35 E 


4b 
Tasb-igaal bot cS 
a3 

a 1 2 2a 

—4 +2 22—3 o, — 

2 b 27 q. 25% has db = c = 


v=4 b v=-& 


BD 
34 b 3º cgs3dg3g57agãZa ba”: 


o au wu 





bas z>00,y--00; as x oco, y— —5 (above) 


d y=-5 








Domain of f, gandhis (r|xeR) 
Range of fis (yly>0) Rangeofgis (yl|y> 0) 
Range ofhis fyly<3) 


REVIEW SET 3€ 
4 


n+2 =6 3 — 95 2 2x 
1asz b 7 3% doa 2a288-2x3 b2 
3 
3 asso b5” cs? d 52+6 
3 
4a 4 b E c E 
4a6 27 
5Salrer b2272,10(27)+25 € v—49 
6 ag9-62)4+222 b x-4 € 2741 
7azx=5 barz=-a4 
8 a 1500g c W (grams) 
b i 9032 1500 
H 54g W =1500x (0.993) 
d 386 years (years) 
i 
9? 
10 a 





b asz=>00, y>1 (above); as 2x -—o, y-— oo 
d y=1 





3a2bic3sdisSe-2tf- 


9 
e 





EXERCISE 4A HM 
a 
1 a 104=10000 b 101 =01 ec 107 =v10 
d 2=s e 22=1 f 315=v27 
2 a log,g4=2 b loga(5)=—3 € logro(0.01) = —2 
d l0g,549=2 e 10g,64=6 f logs(E)=-—3 
3asb-> cid3secf7g2hsic-s js 
1 1 1 3 
k2 L5m5 nã on Ps q-lrssoti 
4 a =218 b =140 € =1.87 d =-0.0969 


Sa zx=8 bz=2 Cc xrx=3 d x=14 
6 a Let loga” =v va” = a” 2=n 
: dos Cai ua do gi a TD a É 
bi2ziizii-a iv 5 v = vi 5 vil —3 vim E 


EXERCISE 4B HM 


tas bo>os ci does fig- 


jiskaisl3ssmnna+2 o 


2 a |log|10000 ENTER]. 4 b | log |0.001 ENTER], -3 
e [log] [2nd] [NV] 10 [D] D] [ENTER 0.5 

d [l0g[10 [2] [() 1/5] 3 D] DI [ENTER 0.3 

e [log[ 100/42] [()1 Es D] DI (ENTER). 0.6 
t [log] 10 [x] [2nd] |V | 10 DJ] DI ENTER, 1.5 

























































































s [log] 1 [=] [2na] [7] 10 [)] [D] [ENTER]. -0.5 
h [log] 1 [5J10 [2] 0.25 [DD] [ENTER], -0.25 
3 a 109-7782 b 101-7782 c 103-7782 d 1070-2218 e 1072-2218 
f 1091-1761 g 1903-1761 h 1090-1761 i 10-9-8239 i 1073-8239 
4 a i 0477 di 2477 b 10g300= log(3 x 102) 
a i 0.699 ii -1.301 b 10g0.05 = log(5 x 102) 
a 2=100 b 2=10 € v=1 d 2=4 e 2 =102 


TO 
=d 
f z=10 2 g 7=x6.84 h 7=0.000631 


EXERCISE 4€.1 DD 

1 a l0gl6 b log4 € log8 d 10g20 e log? f l10g24 
9 log30 h Jl10g0.4 i log10 j 10g200 K l0g0.4 
| loglor0 m 10g0.005 n l0g20 O 10g28 


2 a 10g96 b log72 € logs d a) e log6 


f log à 9 l0g20 h l0g25 i 1 


tolo 


3 
a ptg b 29434 € 247 d r+5q-p e r-5p fp-2q 





6aa+z bz+2y € x+z-y d 22 + 5y e 3y— 32 


f 2+5y-3 7a 0.86 b 215 € 1.075 


EXERCISE 4€.2 E 


1 a logy=zlog2 b logyx= 1.301+3logb 
€ logM =loga+4logd d logT a 0.6990 + 2 logd 
e log R = logb + Llogl f logQ = loga — nlogb 
9 logy=loga+zxlogb h logF x 1.301 — à logn 
i logL =loga+logb-—loge À log N = S loga — 5logb 
k logS =2.301+0.301t | logy=mloga — nlogb 
D=-2e b p=: cP-yz d M=be 


3 1 1 
es-Z tN=LgP=10m hq=1 
n Yp x 


3 


EXERCISE 


b 
f 


x 
x 


x 
x 


9 20r4 € 2=25/5 d 2=200 
5 3 
DD TT 


1 as bocid-s 


3 
h 
5 


9 eg, fora, 


10 a D-ex b F-= 


«x does not exist such that 


-“a LUçÇDO-a su 


3 
e?=-20r0 


aba+r+1i car+bd abea-b 
el.7918 b e4.0943 € e8.6995 d e 9.5108 
e2:7081 h e9.4055 i e 1.8971 
2x201 b 7z=x2.72 € x=1 d 7=0.368 

27 0.00674 f 2=x2.30 9 2=x8.54 h xx 0.0370 
ln45 b n5 ec n4 dm e n1=0 f m30 
In4e h In (É) i n20 j Inte? k In (28) [| m1=0 


n972 b m200 € n1=0 d h16 e In6 
In (3) g In(5) h mn2 i m16 


In27=n3º=31n3 
2 


e e 51160 


g e7-3132 i e 8-8049 


À cPp=yzdM=y 
p 
l 
B=D ff N=— g Q=8663 h Dx 0.518nº4 
e Yg 


EXERCISE 4E HR. 


1 


ro vç! -qu 


1x3.32 Db 7r=x2.73 € 4x3.32 d 7x=37.9 
zx-36 farmx-T5 g xx7.64 h 2=320 
xe 1150 

t= 6.340 b 1=74.86 € t=8.384 d t=132.9 
tx 121.5 f t=3474 

2=x2.303 bb 7z=6.908 € =x -4754 d 7x3.219 
cm 15.18 f 2x -40.85 g 2=x-1463 

2x137.2 | xx 4.868 


EXERCISE 4&F HR 


1 
2 
3 
h 


22.26 b =-10.3 € =-246 d 
x-429 Db 7=3.87 € 7=0.139 
z=0.683 bb z=-1.89 
z=16 b z=1.71 5 


x 5.42 


log 8 
zT= 
log 25 





or logos 8 


EXERCISE 46.1 


1 








i ze]-1,00 |, iii 
yeR 
ii VAis z=-1, 
a and y-intercepts O 
: E: 
Wo zx——s 
v fti(r)=3"-1 
i ze]-1,00 |, iii 
veR 
ii VAis z=-1], 
a-intercept 2, 
y-intercept 1 
iu v=8 
v tMa=3i-2-1 
i 2x€])]2,00 |, iii 
vEeR 


ii VAis v=2, 
a-intercept 27, 
no y-intercept 

iv 2z=7 

v fMr)=-5+7 +92 





iv 
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2 €]2,00 [, iii 
veR 

VAis v=2, 
a-intercept 7, 

no y-intercept 











== 27 
fia) = 5-0 +42 
TER TÃO, iii 
yveR 
VA is 2=0, 
a-intercepts +v2, 
no y-intercept 
l-= 
v=+2 V ife>0,fHa)=272 
l-= 
ife<0o,fMa)=-27 
gv€e]-co,-1[ iii 
or z€]4,00[ 
yeR 


VA x=4 v=-1 
a-ints. 4.19, —1.19, 
no y-intercept 

x = —1.10 and 4.10 
if f(x) = logo(22 — 30 — 4), x > 4, 





=1.18 


id Fa 
if f(x) =logo(22 — 30 — 4), x <—1, 
fx) ii 
=In(z—5) y ad 







domain of f is fl)=e+5 
(e [2 E R), 

range is ly |y > 5) 
domain of f-1 is 
trlz>5), 

rangeis (y|y Ee R> . 
fhasaHA y=5, y= O 
flhasaVA 2=5 

f(x) ii 
=In(x+3)-1 


domain of f is 


(x |zeR), 

range is fQ=e-3 

luly>—3 y=—3 
domain of flis O TseaQeeeeeeeeeeeeeorreeeestreeeeneo 
fr |lz>-3h 


range is (y |y E RJ 
fhasaHA y=-3, flhasaVA v=—3 
f(=) di 


= et+4 


domain of fis 
te |zv>o, 
range of f is 
tulye Rs 
domain of f—! is 
fe |ze RJ), . 
range is y= 
tuly>o0) 


fhasaVA zx=0, fl hasaHA y=0 
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di Sa) ii 
= +et-2 






iii domainoffis S09)=Inx-D+2 
te |v>I), 
range is 
ty ly eR) 
domain of f—1 is 
fx |v e R), 
range is (y|y>1) 
iv fhasaVA vx=1, 
fl hasaHA y=1 


y= 





3 fMa)=lne a lin(22-1) b du (5) 


4 a Aisy=lna b 
as its x-inter- 
cept is 1 

€ y=lna has 

VA p=0 
y=In(a-—2) 
has VA x =2 
y= In(a+2) 
has VA vx=—2 

5 y=In(x2) = 2Inx, so she is correct. 


This is because the y-values are twice as large for y = In(x2) 
as they are for y = Ing. 


6a fl:rzoIn(x-2D-3 
biaz<-530 iizx<-r.6 di z<-99 
iv v<-—12.2 Conjecture HA is y=2 
Casz>-o, et350 and y>2 
d vAoff-lisr=2, domainoff-lis fr|x>2) 


EXERCISE 46.2 

1az<-0703 ba<07M3 é 2<3.69 

2 Domainis x€]0, c0[, f(x)<O0 for xe ]0,1] 

3 a b Domainis 
(x|zeR, vzZ0) 
Range is 
tyulyeR) 

€ For ze]-oc, 0T 
or | 0.627, 00 [ 






2 an 
X 


3.90 h 
15.5h 
6.9h 

13.9h 


o 
co q 


see graph 
alongside 





b n=2.82 





HAis y=2 





1 2 J 3 4 
-. approximately 2.8 weeks 


EXERCISE 4H.2 
1 617 years, 
2 8.65 years, 
84% 

12 
b after 74 months 





ie., 6 years 62 days 
ie., 8 years 237 days 


3 a = 0.7% = 0.007 r=1+ 0.007 = 1.007 





> n 





4 1 €12000 2 AG =€17919.50 
3 As95 is the value after 2 years 3 months 
5 


4 7.64 years 





An+1=12000x (1.0835)" 


EXERCISE 4H.3 E o 





1 a 17.3years b 92.2 years € 115years 2 8.05 sec 
3 a 50.7min b 152min 
4 a 25years b I4l years € 166 years 
5 a 10000years b 49800 years 
6 166 seconds 7 11.6 seconds 
REVIEW SET4A HD 
1 1 Lara 
tas bs c-2d5S eof1igzh>-1isis 
2azbo-s carb+1 
3a z=7 baz=x827 € 2=0.0316 
4 a logP=log3+zlogb b logm = 3logn — 2logp 
B> 

5 a k=325x27º b Q=P3SR € RT 
6 a x=1.209 b 7=1.822 
7 a 2500g d 

b 3290 years : 

€ 423% W, = 2500 x 3 300 

xa 2.32 

In 2 
gde To as PÉ 
In 2 


REVIEW SET 4B HDD 


azb ê Catb 2 a 2x=1000 bb z=x4.70 € vx6.28 


a logli44 b log, (é) € log,80 


aTr-D b K =nvt 


y 
a zxx519 b 7x429 € vm 0.839 
a 24+2B b 4+3B € 34+5B d 48-24 
a ze]-200[|, yER e 
b VAis v=-2, 
a-intercept is 7, 
y-intercept is —1.37 


e 34-2B 


oe Ewm-a 






y 


G==2: 
: V=* 


= 1.37 





d gaj=3"t.2 8 a=%Y5 
9 a y=-2r+log3 b M=3(527) € «= 1log3-1 
10 2=5,9=3 11 2v=+3 





REVIEW SET 4C HI 
1a y b À gisthe reflection 
of f in the y-axis 
ii A is the reflection 

of g in the x-axis 
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-40m di 585m | 5 a 
2400 m 


s(t) 


y=(x-22-9 





-40 








hasbic-1isSamb24rci-z mo b xintsare —1 and 5 
-jntis — 
6 a n24 bm3 c m4 d m125 BRR 
7 a 5m2 b 3m5 c6n3 7 
8 a 2x=x5.99 b 2=0.699 € 72=x6.80 d 72=1.100r 1.39 
9 z=-2+lo0g,5 
REVIEW SET 4D HD O 
1 
9 When x =0, 
y=20=1 / 
ei 2? >0 foralla as 
the graph is always 
Each function has domain fx |x ER) above the y-axis. 
Range of fis (y|y>0O), Rangeofgis (y|y>o0) 
Range ofhis (y|y> —4) 
a 10 





EXERCISE 58.1 


1 ab Cc i Ifb>o, the function 
is translated vertically 
upwards through b units. 


ii If b<o0, the function 
is translated vertically 
downwards |b| units. 









c domainofgis (x |v ER), rangeis (y|y>—5) 


domainofg- lis fr|x > —5), rangeis (y|y E RJ 

8 a 139weeks b 41.6wecks € 138 wecks 
4 

9 a 1oy=n(H ). a=4 b f(x)= 


EXERCISE 5A HM 
1adzx brsr2cÊ2ddoar+3 


4 


et-1 








», 20 











2acãa bag) cars343A4I 
d 2:34672462-1 
3 as boT41 027243 dortiss 
1 2 2 24+1 
4a -- bo « o d Ee 
x x x g—1 
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If a>o0, the graph is translated a units right. 
ii If a<0, the graph is translated |a| units left. 








y= f(v—a) isa horizontal translation of y = f(x) through ( 
5a 















v=f(x-D+3 


' As =l 
Ê »=f(-1) 


, 


6 A translation of ( E ) ; 


a y b 








































































































7 ais? io!) ii (506) 
bic24 idi(s25) di (15.2D 
EXERCISE 58.2 


TA v=[6)=2 b »=f(9=|l 
















v=5 10) 
v=/(0)=e* 


3 paffects the vertical stretching or compressing of the graph of 


y=f(x) byafactorofp. If p> 1 stretching occurs. If 
0O<p<1 compression occurs. 
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f(x) is translated horizontally 1 unit left, then horizontally 


stretched by a factor of 2, then vertically stretched by a factor 
of 2, then translated 3 units upwards. 


7 k affects the horizontal compressing of 

y= f(x) by a factor of k. 

If k> 1 it moves closer to the y-axis. 

If 0O<k<1 itmoves further from the y-axis. 
8 a 





1 
) 
' 
! 
q 


2 y=-f(x) isthe reflectionof y= f(x) in the x-axis. 
3 a 


i M-s)=-22+1 Hd fH-n)=22-22+41 
ii f(-2) =| -2—83| 
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y=f(-x) isthe reflectionof y= f(x) in the y-axis. 
Saigo à 21) ii(-3,-2) 
bico iso ii (3,2) 
6Gaics-y) io) ii?) 
bi(cs-4 à(0,9 di (2,3) 
7 a A rotation about the origin through 180º. b (—-3,7) 
e (5,1) 
EXERCISE 5B.4 
1a b 
2 


v=/09 








«—> v=f() 
«—» y=f(x+2) 
+--»— y= f(2x) 
<-> y=2/(0) 
<> y=1f() 





«—> y=g(x) 
+—> y=g(w)+2 
«+» y=-g(x) 
+» y=9(x+1) 
ES p= (8) 










<> v=h(x) 
«— y=h60)+1 
<-> v=1h(%) 
«<-> v=h(-x) 
-— »=h8) 








: 1 
Wo y==+4 Vo y= 
x 


O +4 
2(x +3) 
b Domainis (x |zxeR, vZ-3) 
Rangeis ty |yeR, yA4) 
2 ai VAiszx=1, HAis y=2 


ii Translate ( E ) , then vertically stretch, factor õ 
bi VAisz=-1, HAisy=3 


ii Translate ( : + reflect in the x-axis, then vertically stretch, 


1 
factor 5 


ci vAisz=2 HAisy=-2 


ii Translate ( E k reflect in the x-axis, then vertically stretch, 
factor Ê. 
3 a i VAis vx=-1, HAis y=2 
ii a-interceptis —2, y-intercept is 3 


li as x — —1 (from left), y — —oo 
as vz > —1 (from right), y — 00 
as x —> —oco, y— 2 (from below) 
as v> oo, y—> 2 (from above) 








—1 
V Translate ( 2 ). 


bi VAisz=2, HAis y=0 
ii no z-intercept, y-intercept is —15 


li as x — 2 (from left), y — —oo 
as x — 2 (from right), y — oo 
as v> oo, y—> 0 (from above) 
as > —oco, y—> 0 (from below) 


iv , 





ix=2 
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2 a invariant points are (—1, —1) and (1, —1) 


V Vertically stretch with factor 3, then translate ( a ). . E : 
0 b invariant points are (0.586, 1), (2, —1) and (3.414, 1) 


ci vAisz=3, HAis y=-2 
1 


ii a-interceptis 1, y-interceptis —i EXERCISE 5D.2 HMM 
1a 


li as x —3 (from left), y — 0 
as x — 3 (from right), y — —oo 
as x — —oo, y— —2 (from above) v=|/69) 
as > 00, y— —2 (from below) 











V Vertically stretch, factor —5, then translate ( “ ) ; 
di vaisz=-4 HAis y=25 
ii x-intercept is Ê y-interceptis —1 
li as x — — (from left), y — oo 
as > — (from right), y — —oo 
as T—00, y— 25 (from below) 


as 2>—o00, y> 25 (from above) 





1 
V Vertically stretch, factor — E, then translate E ) 


4 a Y70wcedsha b 30 weedslha € 3 days 
d 





e No, the number of weeds/ha will approach 20 (from above). 





EXERCISE 5D.1. TENNNNNNNNNNNN pn 


1 a 





= 1 
G-DG-3) 


y 
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(3,0) b (5,2) ce (0,7) d (2,2) 
i (0,3) li (1,3)and(-1,3) di (7, —4) and (—7, —4) 
i (0,3) li (1,3) iii (10,-8) 
REVIEW SET5SA DI 
1 as bsc4-s das) e gzr-b6r-? 
2a-lisbs5cc-a+z+5 d5-dr-da 

e -x2-32+5 


5 a 
6 a 
b 





dy À 
? 
i 
i 
i 
/ 
í 
i 
/ 


<— f=* 
+— y=f(x+2) 
<+---> y=2f(x+2) 
<+---> y=2f(x+2)-3 







bh g(x) = 32º — 112 + 14x — 6 
5 a 6 a 


v(=1,-4) 5 

| b i true dl false 
b iland-3 ii —-3 liãi false iv true 
e V(-1,-4) 












«— fo)=—* 
«—> y=f-) 
+» v=-f09) 
+» y=f(2x) 
+—> y=f(x-2) 







(0, 1), (E, 1), all 
pointson y=—1, 
x el2,3] 

















10 a F(x)=42-1 
b i Both f(1)=3 and F(1)=3. 
ii (0, 2) — (d, 1) and (1,1) >(0,-1) 


ii F(9)=1 and F(0)=-1 
1 g(x)=-22-6x—7 


REVIEW SET 55 
8 10 — 3x 


T+2 


last nda 
x x 


2 
3 


i 11 di 0.9 


e—s y-f(0)+2 








ANSWERS 875 


20-55 
“2x2 


il For y=log,x, VAis x =0, no HA 

For y=logy(r— 1)—2, VA is «= 1, no HA 
iv For y=logyz, 

domain is (x | x > 0), rangeis (y E RJ 





7a sa) 


For y=logy(vx— 1) -—2, 
domain is (x | x > 1), rangeis (y E RJ 














1 ad 
domain of f(x) is (x |v 1) 
range of f(x) is (y | 1) 
€ Yes, since it is a one-to-one function (passes both the vertical 
and horizontal line tests). 
2x — 5 
d Yes, since f-1(x) = f(x) = a a Also, the graph of 
FERE 
f(x) is symmetrical about the line y =. b LDand(2,-1) € v= 15,5 
E e 
8 y-UD3 02 x HAisy= 3, » 4 
o 2. 5 á 5 “y= 
3x +5 (x + 3) VAisv=—5, p=f(ta) e é v=If6) 
a-intat x = ê y-intat y = —ê =11 É r = 
as x > +oo, v> é (from below) E o 
as 2 — —oo, y — & (from above) Ê = fito 
as > —ê (from the left), y — -+oo » 
as q => —3 (homi he right), y + —o0 EXERCISE 64.1 
7 1 “A Eai dd 
1 a 2=0, 4 bar=0,-5 Cx=0,5 d z=0, 5 
e 2=0, 5 fr=0,3 97-32 hx=4,-2 
iz=37jrz=3 kzx=-4,3 |x=-11,3 
2 az=5 br=-5,7 c 1=-5,6 d 2=5,—2 
er=31 fr=-3,2 g v=-8,4 h 2=5,-5 
iz=-L3ja=-5,5 kz=1,-1 I v=-—2, 5 
3az-=25 brz=-52€2=0,-5 dar=1,2 


1 = 
e t=5,—1 ff x=3 


EXERCISE 6A.2 HIM 













































































1 a z=-5+v2 b norealsolns. € v=442/2 
d «u=8t+VT7 e r=-3+V5 f vw=2+/6 
g zx=-1+v10 h v=-5+5V3 i g=1+ 4 
2a 2+3 b v=>-3+vVT € vx=>7+vV3 
d =2+V7 e v=-3+V2 ff v=1+V7 
g z=-3+vil h z=4+v6 i no realsolns. 
iii For y=27, HAisy=0, no VA 3ag=-1+5 bao-S+48 « 2=-2+/5 
For y=2"-1 2, HAis y= —2, no VA E q = da 
iv Fory=2", d a=14)5 e v=5+ 50 f =-515 
don TR o na EXERCISE 64.3 TER 
— 921 p E 
pan | a E ( | E 2 1azx=2+V7bar=-3+V2 €rx=2+V3 
omain is fr | x , range is fy | y > — E 
bi sia a 1) 5 d e=-2+V5 e 2=2+v2 f v=5H5V7 
= loga(z — 1) — 
ii . g a=v2 h n=-$+ 47 I v=—T + VP 


H 








9 

2 ax=-2+2V2 b z=-D +42 cr=3+ 48 

UHE = A = 3 4 VIT 

dz=;+;jvTe z=5+M f a=S+VE 
E É EXERCISE 6; HD o 


* y=log ((—1)— 2 1 a 2realdistinctroots b arepeatedroot € 2 real distinct roots 
d 2realdistinctroots e norealroots f a repeated root 


y 2 acd.f 
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3 a A=16-4m + = e y=-2Ar+3)2 






a) 9 9 
I m=3 " m<ag3 mm m>s 
Cc A=9-4m 
— 9 9 9 
I m= 4 " m< az mm m> az 

















| k<-Sork>0 Hd k<-80rk>0 
li k=-80r0 iu -8S<k<O0 





b A=4-4k? do is 
«1 k 
i-lI<k<l di -I<k<I So 
li k=+ iv k<-Iok>1 
Cc A=k2+4k-—12 q a 
ato Lp k 
—6 2 


ik<-Gok>2 ii k<-6ork>2 
li k=-6or2 iv -6<k<2 
d A=k2-4k-12 Dodo SÊ 


ik<-2Zok>6 Hd k<-20rk>6 
li k=6Gor-2 iv -2<k<6 



































e A=9k2-14k-—39 E A 
gr 
ik<-Bok>3 di k<-Bork>3 
iik=-Bo3s iy -R<k<3 
f A=-3k2—-4k E e 
O a e 
| -g<k<0o 1 -S<k<o 5.0 
iii k=-Sor0 iv k<-Sork>0 
y=-(x+2/-3 
EXERCISE 6€ 
1a sum = 3, product = É b sum = —11, product = —13 4 a (2-2) b (-1,-4) € (0,4) d (0,1) e (-2,-15) 
c sum = É, product = — Té fc2-yosc-ã-Dh6&-D ia) 
2 k=-3. rootsare —l and | 5Sa+3 b +v3 c -5and-2 d3and-4 e Oand4 
E do geo f -4and-2 g —1 (touching) h 3 (touching) 
a Ju= 20" = i 2+V3 | -2+V7 k 3+V1 | -4+V5 
b a = 4, roots are 5 and 1 or a=-2, roots are —1 and —2 6a ix=1 b igzg=-2 
h k = 4, rootsare —3 and É or k = 16, roots are — é and é io (1,4) [a )) 
5 772 4824640 6 a(8r? - 7024147) =0,0 0 iii no x-intercept, dll vint —2+ 5, 
Z y-intercept 5 y-intercept —1 
7 -8+v60<k<O0 iv 
y 
x=-2 
EXERCISE 6D.1 a 
1a y=(2-4(x+2) b y=-(x-4(x+2) E 
-24y5 
Vi=2=5) 
— 5 == o 
ci v=5 d i v=-5 
iso) iso 
iii x-intercepts 2.2, iii x-intercepts 1, 2, 


y-intercept —2 


y-intercept 2 











e ud 
e i z=5 foi rz=5 
ni 2d n 19 
o (5,5) (7,5) 
iii x-intercepts à il ill x-intercepts —à 1, 


y-intercept —1 
V(G) 


y-intercept 1 





g à v=3 h oi zv==3 
ii (3,9) io(-3,1) 
ill x-intercepts 0, 6, dio xint. —2, —4, 


y-intercept O 


y-intercept —8 


V(-3,1)) 





v=4 

io (4,5) 

iii av-int. 4+ 245, 
y-intercept 1 





EXERCISE 6D.2 
1 avy=-(x-1)2+2 b y=(7+2)2-6 


y e 





V(1,2) 


v(-2,-6) 3 
cyu=(x—-2)2-4 


2 


3 


h 
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v(E,—s4) 
v=2(r-2)2-—5 
(2,-5) ii 3 


y=2(r+1)2+3 bi 
io dis ii 





V(2,-5) 


v=3(x-1)2+2 
(1,2) di 5 





22+3 b y 
22+9 d 





a y=(z 
cy (a 


e v=-2(2+5)'4+ 2 











EXERCISE 6D.3 


a cutsx-axis twice b touches x-axis € cuts x-axis twice 
d cutsx-axis twice e cuts z-axis twice f touches x-axis 
a a=1 whichis>0 and A=-—15 whichis< 0 

b a=-1 whichis<0 and A=-8 whichis < 0 

€ a=2 whichis>0 and A =-—40 whichis< 0 

d a=-2 whichis<0 and A =-23 whichis<0 

a=3 whichis>0 and A=k24+12 which is 

always >0 fas k2>0 foral kl 

a=2 whichis>0 and A=k2-16 .. positive 

definite when k2 < 16 ie, -4<k<4 


EXERCISE 6E HM 











avyv-Ax-Irx-2) db y-2Ar-2? 

ce y=(2-1)z-3) d y=(2-3(2+1) 
e yv=-3x-1)2 ft y=-2Azx+2)(x—3) 

a v= 5(z-2)(x—4) b v=-a(2+4)(z—2) 
cu=-I(2+3)? 

a y-322-182r+15 b y--422 46244 
cy--r+6r-9 d y-4r2 4162416 
ey ja? 6x+5 fy 222 + 2245 
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havy--(x-2D+4 by-ZMr-22-1 
cy=-Nr-32+8 d y=5(0-4)2-6 
ey 2a(v—-2)2+3 f y=2z 2)? 5 

EXERCISE 6F 


1 a(L,7T7and (2,8) b (4,5) and (—3, —9) 
€ (3,0) (touching) d graphs do not meet 





























2 a (0.59,5.59) and (3.41,8.41) b (3, —4) touching 
€ graphs do notmeet d (-2.56, —18.81) and (1.56, 1.81) 
3 a(2,4,(-1,1)b (1,0), (-2,-3) € (1,4) d (1,4), (—4, —1) 
5 c=—9 y=2x2-3x—7 
6 m=0 or -8 
7 -—1odll 
8 a c<-9 


b Fg, c=-10 
v=x—10 


EXERCISE 66 
1 7and-5Sor-Tand5 2 Sor É 3 14 
4 18and20 or-18and —-20 5 15and 17 or —15 and —17 
6 I5sides 7 348cm 8 b 6cmby6cmby7cm 
9 11.2cmsquare 10 no 12 221ha 13 2.03m 
14 52.1kmh-l 15 559kmbh-l 16 61.8kmh-1 17 32 
18 No, tunel is only 3.79 m wide 4.8 m above ground level. 
19 à y=-—55522+70 
b supports are 21 m, 34 m, 45 m, 54m, 61 m, 66 m, 69 m 


EXERCISE 6H 
1 amin-lwhenzx=1 b max.8, whenz=-1 


€ max. 84, when q = d min. —1&, when a = — 


1 
4 
e min. 45 when x =— f max. 64. when x = £ 
2 40 refrigerators, $4000 4 500 m by 250 m 
5 c 100mby 112.5m 
6 a 4mby4im b 50mby3lim 
7 b 3% units 8 a y=6- &z b 3cmby4cm 
9 125 10 40 11 157 
aiby + aoba +: +anbn 
13 fHar)=-2!-2(02 4+b2)x22 + (a? — 6232, 

least value = (a2 — b2)2 — (a2 + b2)2 
REVIEW SET 6A HMM O 
1a-zi ba=-5 2azx=2b (2-4) 


12 m= 


p=5(x—2)2—4 





3 ay=2(0+3)-E d » 
b (3-3) 


c —s 








a z=l50-4 b z=-2o2 € «=00r4 
a x=502 ba=-3o4 € v=Lor3 


h 

5 

6 a=-1 + Y8 7a v=1+ V3 b no real roots 
8 a c>-6 beg,.c=-2, (-1,-5) and (3,7) 

9 


422 +32-2=0 


REVIEW SET 6B 
1 











V(L,1) 2 v=5, V$ 125) 





3 a no real solutions 


b two real distinct 
solutions 


4 a=-2 whichis<0 
max. = 5 whenx =1 


5 (4 4)and(-3,18) 6 k<-34 7 b 15mby30m 
8 m=-5 or 19 9 k = 3, roots are — 5 and 3 
REVIEW SET 6€ 


1a q=-5 + YE b y = =UtvIs 


“2 6 
v37T = cafe cat NATO: 
q Db asqão 

















a v— 5 
a 2x0.5860r3.414 b zx=-0.186 or 2.686 

a two distinct real rational roots b a repeated root 
a b m<s c m>s 6 12.92cm 


=8 
mis 


a EWw 


17 cm 8 yint= 5 9 a<-9-I<a<o0 
REVIEW SET 6D HM o 












a v==1 

b (-1,-3) 

€  y-intercept —1, 

e-ints. —1 + 16 
y=2x2+4x—1 
(=1-3) 
3 a graph cuts a- b graph cuis x- 
axis twice gr a axis twice 

4 a neither b positive definite 
5a y=3x-3(x+3) bb y=-6x-2)2+25 
6 £o ê 7 1348cmby 13.48cm 8 touchat(—2, 9) 


10 a(6x2-107-25)=0,0%0 

REVIEW SET 6E 

1ay=-62+3)/(x-1) b y=W(x-2)2-20 
cyu=-Sa-l(a-r) do y=;(2+3? 

2 y=-4272442+4+24 

3 a y-322-242r+48 b y= 722 + Lar E 

2 


4 a min. =55 when q =-—& 


Bi E io 
g b max. = 57 when «= —3 


5 k<1 ebA-a(DM) est; mby334m d 1250 m? 
8 a(64x2 - 1352 —- 27) =0,0 0 


EXERCISE 7A 
ai b sic qi d ivD5e iv8 
(r+3)(x-3) b (x+3)(x-3) € (x+vTx—v7) 
(r+ivT(x-ivT) e (Qa+D)(2e-1) f (Qu+ri)(2x-i) 
(vV22+3)(v22-3) h (V2243)(v2x — 3i) 
a(r+D(x—-1) jo u(x+Hi)a —i) 

(2 + D(z— D(x+i)(a —i) 

(x + (ax — Da + 2i)(a — 2i 


) 
v= +5 br=+5i Cr=+V5 dr=d 
h «x 


ma 
o 


= "la su 























é 9 t=0,2= 52 


e 
8 
Il 
H 
H 


+iv3 k z= +, x = ti 














8 
Il 
o 





8 
Il 
H 
& 




















a o 
I 
tojto OT 








3ort1 b 


5 a x=ti x 
Tortiv2 e 


d z=-+i 


























=+v3ortiv2 € v=+3o0r+2 











1 










































































2avYr-ibaio-gsc-I+2 dg3-g 
e 4-T ft 1i2+i g 344 h21-20; 
3 a c34+7 bao c-2+2 d-I4i 
e -5-12i f -5+i g -6-4 h 1-5 
4& 0=Lil=i, à? 1, à3 à t=1, P=i, il 1 
i” à, B=1,º=1, 171 à, 172 1,i3=i, 
A=1,i "=, ij 
5 A+) 4, (1+9)101 20(1+i) 6 a=3,b=-5 
1 7 1 2; Pat 3 4 
Tamo D-stgcgs+gid zg+aõi 
8a -Z+gib-L+ãic-Z+êi 
9ga-2b-4cs3sdo 


EXERCISE 7B.2 








1 a zx=0,y 2bax=-2 €rx=3,y=2 
— 2 — 3 
d T=-13/="18 
2az=0,y=0 b 1=3, y=-20r2=4, y=-5 


€ 1=2y=-boz=-5,9=6 d z=-1,y=0 


3 2=5-4 4 2=65-72 5 m=-4, n=É 6 z=iv2 


EXERCISE 78.3 
1 a a(z2-62r+10)=-0 a£0 
b a(x2-27410)=0, a 0 
a(x2 +47 +29), a£0 d a(x2-2/27+43)=0,0%0 


e a(x?-4:+1)=0, a£0 f a(3224+22)=0, a£0 

9 a(x24+29)=0,0£0 h a(x24127x4+37)=0, a£0 
2aa=-6,b=10 b a=-2, b=-—1 

Ca--2, b=8 ora=0, b=0 


EXERCISE 78.4 
—— —— . 
21d + 

7a [a? — 62] +[2abji € 2º = [a? = 3ab?] 


8 a a=0 o (b=0, a£-1) 
b 2-2 =1 and neither a nor bis O 


22 4a | 





+ [302b = bº] i 
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EXERCISE 7B.5 
1 c(z1z22324....2n)t=2iz32z3...zk do (20)*= (2*)” 


EXERCISE 7€.1 


1aszr+6a+9 b5r+T+9 C-T-sr—g 
d 4441373 42872 4277418 
2axisr-s+Tbr-g2- MAB 
c Ra d 2-2 r+s5 
e x) -q!-q3+872-11x+10 
f r!t-23 4572-4244 
3 a 273 -3x2244243 bb atri) Tr 4TA—? 
€ v+62+1224+8 d 4124-423 41322 6249 
e 16x! -3273 42472 - 8741 
f 18x! - 87273 + 5622 + 20x — 16 
4 a 6x3-11x24182-5 b 82241822 -x+10 
Cc 24 Tx 4132410 do 22) - 772 44044 
e 27! -2xº - 92 + 1lr—?2 
fasso 476 g n!-2x34 Tr? —-6x+9 


= 


420! + 47º — 1572 —- 82 +16 À 8x2 46022 + 1507 + 125 


j v+2 4 x!-4g - 42244 
EXERCISE 7€.2 


1 a quotientis x, remainder is —3 
b quotient is x — 4, remainder is —3 
€ quotientis 2x2 + 10x + 16, remainder is 35 


























1 14 4 
2 a x+14 Q b «+41 c 22-83 
v—4 z+3 T—2 
1 
dz472-2 e 2244244+ 
32x —1 
2 
fx + > alma 
9 1 3 
3 az4+24+4— b2z+1- € 3x — 
T—2 gv+1 z+2 
a: R 124 
d x+3%k-2 e 272-82x431- 
7 z+4 
f x2+32+6+—— 
v—2 
EXERCISE 7€.3 
1 a quotientis x +41, remainderis -x — 4 
b quotient is 3, remainderis —x +3 
€ quotient is 3x, remainderis —2x — 1 
d quotient is 0, remainder is x — 4 
2 a o 2x = 2x 
z+2+1 22 +2 
— 4 2 
E ind cd ma E 
q2 -r+1 (a — 1)2 
4 15-—-1 
e 2722-2243 ao f x2-32454 É aa 
(a + 1)2 (x — (x +2) 


3 quotientis «2 4+2x+3, remainder is 7 
h quotientis x? — 3x + 5, remainder is 15 — 10x 


EXERCISE 7D.1 















































1 as-ibc3tiecg3+v3 do+2 e o tiv2 
f +11, tiv5 

2 a 2=1,-É b v=-4, tiv3 € z=0,1+i 
d «w=0,+5 e 2z=0,tiv5 f z=<+iv2,+vV5 

3 a (Qx+4+3(x-5) b (2-3 +iv7)(z—-3-iv7) 
ca(rx4+1+v5)(z+1-v5) d 2(32-2)(22+1) 
e (z+1)z-—1(z+v5)(z— 5) 
f cr)codlc+vD(e- vB 
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5 a P(z)=a(z2-4)(2-3) a£0 
b P(oy)=a(z+2(2+1) a£0 
c P(z)=a(z—-3)(22+2242) a£0 
d P(z)=a(z+1)(2+42+2) a£0 
6 a P(2)-a(z22-1)22-2) a£0 
b P()=a(z-2(z+1)(22+3) 20 
c P(2)=a(z2-3)(22-22+2) a£0 
d P(z)=a(z2-42-1)(22+42+13) a£0 


EXERCISE 7D.2 
1 aa=2, b=5,c=5 b a=3,6b=4,c=3 






































2aa-2,b 2o0ra 2b6-2 ba-=-3,b 1 
4 a=-2, b=2, v=1l+ti o —-1+tv3 
—l+tiv3 
5 a a=-1, zeros are 5 =1iv3 
2 
b a=6, zeros are —3 devil 
2 
6 a a=-3, b=6 zeros are —à. 2, +2i 
b a=1, b=-—15 zerosare —3, õ 1+v2 
7aPrs=-(2+3(2-3) or P(x)=(2- (245) 
b If m=-2, zerosare —1 (repeated) and ê. 
If m= =. zeros are õ (repeated) and — É. 


EXERCISE 7D.3 
1a P(g)=(«-DQ(x)+7, P(x) dividedby v —2 
leaves a remainder of 7. 
b P(-3)=-8, P(x) dividedby vx+3 leaves a 
remainder of —8. 
c P(5)=11, P(x)=(2x-5DQ(x) +11 
2a1i bi 3aa-3 ba=-2 4 a=-5, b=6 
5 a--3n-4 6 a -3 b1 732-5 


EXERCISE 7D.4 

1 ak=-8 P(o)=(2+2)(22+1)(x—2) 
bKk-2 PMo)=zr-3(x+ vB — 2) 

2 a=7, b=-14 

3 a 





If k=1, zerosare 3,1 +. 
If k= —4, zeros are +3, 1. 


A (e a)(22 + ar +a?) 
bi P(-0)=0, vx+aisafactor ii (r+Ha)(x? -ax+a?) 
5 ba-=?2 


EXERCISE 7E.1 


1 a cutsthex-axisata b touches the x-axis at a 
€ cuís the x-axis at a with a change in shape 


b m=— 





als 


P(a)=0,2z-aisa factor li 





2a P(2)j=2H2x+1x-2(x—3) 
b P(x)=-2(x+3)(20 + 1)(2x — 1) 
ce Pla)=i(r+4)(x-3) d P(x)= To (z+5)(2+2)(2—5) 
e P(x)= i(a+4)(x—3)? 
f P(x)=-2A2+3)(2+2)(22+1) 
3 a P(x)=(v-3(x-1)(x+2) 
b Px)-r(r+2)(2x-1) € P(x)=(x—-D(x+2) 
d Px)=(32+2)(x—4) 
4h arbccadEeDfsB 
5 a P(x)=5(20—- D(v+3)(x—2) 
b P(r)=-224+2)2(2-1) € P(x)=(2-2)(2202 3742) 





EXERCISE 7E.2 


1aP()=-2Ar+1)x—-1)? 

b P(x)=(z+3)(x+1)2(32 — 2) 

c P(x)= PEDRA 

d P(x)= —a(x + 3)(x + D(2x— 3)(x — 3) 

e Pla) = Ha + Do = 47? f Po) =r(x42)x—3) 
2acbrcadEeBsBtfoD 
3 a P(r)=(x+4)(2x- Dx — 2)? 

b P(x)= (30-20 +3) 

c P(n)=2(v-DM(2x-D(x+2)(22+4+1) 

d P(rx)=(x-1) (3x? + &a — 1) 


EXERCISE 7E.3 
1 a-1,2+V3 biziticói-+2 d 
e +1,3,-2 f 21+3i 











+ +iv'10 





IN 
top 

















2az=-2,<iv3 bz=-2,-41 
€ v=2(trebleroot) d v=-2,5,3 
e v=-321+v2 fz=-5,3,2+i 
3 a (e-Dv-1t)(z-1-) b(x+3(x+ 2%) — 2) 
c (Qru-D(x-2-V3(x- 243) 
d (zr-2(v-1+2)(x— 1-2) 
e (x-1)(22x—-3)(22+4+1) 
f (x+2)(3x- 2x —iv3(x +iv3) 
9 (x+D)Crx-Dax-1-i/3)(x- 143) 
h (2u+5)((x+ 2i)(x — 21) 
4 a —3.273, -0.860,2.133 b 2.518, —1.178, 2.696 


EXERCISE 7F HR 





1 P(x)=a(22x+1)(x2 - 22410) 20 

2 p(x) = 427º — 2072 + 36x — 20 

3 p=-3, q=52 otherzerosare 2+3i, —4 

h a=-13, b=34 otherzerosare 3-1, -2+V3 

5 a=3, P(o)=(2+3z+iv3(e— iv3) 

6 k=2, P(x)=(x+iv5)z— iv5)(3x +2 

7 a a= "700, the time at which the barrier has 

returned . its original position 

b k= evo Í(D) = semenon !(t — 700) 
€ 120 mm, at 233 milliseconds 

8 March 


Vo) 








400 
300 
200 
100+.....> 


V(t) = —tê +30 — 131t + 250 


V(t) = 100 


V(t) = —t3 4 3042 — 131t + 250 
9 9.938m or 1.112m 


REVIEW SET 7A 
1aa-4b-0 ba-3,b=-4 
Ca=3b=-Tora=14,b=-5 





2 ai12+5 b—-I+i c18+426i 
3 Re(z) = DB, Im(z) = —& 4 z=8-—di 
(a+1)2 —b2 (ES 2(a + 1)b ) 
6 = Hi 
(a+1)2 +52 +1)2 +? 
w is purely imaginary if b=+(a +1), a£-1 





7 air? 26x +15 


b 44-43 4+1322- 6249 


8 a didi. b amp Coe 
gv +2 (x + 2)(x +3) 


9 “Ifa polynomial P(x) is divided by x — k until a constant 
remainder R is obtained then R=P(k)” 


10 a=7,b=00ra=4b=+V3 
12 (2+29(z-1+i)(z—-1-i 
13 P(z)=2!—- 62341422 —-102—-7 

14 k=3,b=27,2=3,-3;k 1,b 5, 1,5 


15 ke]-oco, 10-3v10 [ or k €]10+3v10, oo [ 
16 k=--2, n=36 
17 Another hint: Show that: 


1, —>. 1+ iv5 























(a8)8 + (8)? -1=0 


REVIEW SET 7B HMM 
6 a=0,b=-1 
2 


1 2=2 y=-22 3-2 57 
7 a=0, 6=00ra=83, b=18 8 
9 P(x)=(x+2)2(x— 1)(4x —3) 





10 32-71 P(x)=a(x! —- 8x3 42272 — 16x 
12 (Q2+1)(z+iv5)(2— iv5) 

13 P(z)=a(z2 -42+4+5)(22+22+410), a 0 
14 k=-4 zerosare3+2, -1+vV2 15 +2%, —1ti 16 7 


REVIEW SET 7€ 
1 « 1, y=2 2 z=4-2i or 2+i 
4 a 2x=0,y=0 b z=5, y=—7 

€ 2=0,4=0, 6" 2=1,y=0; 








11), a £0 



































ql 


s teca ese — V3 a — 1 = 
O = = pede, or c=-1, y=-8 


— 3T3T di 4416, 


Seo + 69? 7 267214 


W 


a=-—21, other zeros are 5 +14, à 

a P(x)-a(2x—-1)(22 42), a£0 
b P(x)=a(x? -27+42)(72 462410), a£0 
10 k=0,4, 28: P(x)= 
11 z=-4,2,tiv2 12 aaisrea, k>0 baisreal, k<O 
13 a=7,b=-20 14 k=5+2v2 

15 quotientis «2 43x —9, remainder is 5x +17, 


o a 








(x+2)2(27 — 1) when k=4 








a=4, b=-18 


EXERCISE 8A HI 
1242a4 bc 364425 1680 
6 a 125 b60 7 17576000 8 a4 b9 cs 


EXERCISE 88 HD. 
1 a13b2ocãig9ãdãga 


EXERCISE 8€ HD 
1/1,1,2,6, 24, 120, 720, 5040, 40320, 362 880, 3 628 800 


2acbaocid seio faz 
3 an ba(n+2(n+1) € (n+In 
T 10! 11! 13! 3! 4116! 
haçqbiçregamecatõãm 
5 a 6x4! b 10x10! € 57x6! d 131x10! e 81x7! 
f 62x6! g 10x11! h 32x8! 
6 ai! b9 csld9e az fn+igÃd(n-1)! 
h (n+7)! 


EXERCISE 8D DI 
1a wxyYZ 
b WX, WY, WZ, XW, XY, XZ, YW, YX, YZ, ZW, ZX, ZY 


ANSWERS 881 


€ WXY, WXZ, WYX, WYZ, WZX, WZY, XWY, XWZ, 
XYW, XYZ, XZW, XZY, YWX, YWZ, YXW, YXZ, 
YZX, YZW, ZWX, ZWY, ZXW, ZXY, ZYW, ZYX 
AB, AC, AD, AE, BA, BC, BD, BE, CA, CB, CD, CE, DA, 
DB, DC, DE, EA, EB, EC, ED 
b ABC, ABD, ABE, ACB, ACD, ACE, ADB, ADC, ADE, 
AEB, AEC, AED, BAC, BAD, BAE, BCA, BCD, BCE, 
BDA, BDC, BDE, BEA, BEC, BED, CAB, CAD, CAE, 
CBA, CBD, CBE, CDA, CDB, CDE, CEA, CEB, CED, 
DAB, DAC, DAE, DBA, DBC, DBE, DCA, DCB, DCE, 
DEA, DEB, DEC, EAB, EAC, EAD, EBA, EBC, EBD, 
ECA, ECB, ECD, EDA, EDB, EDC 
2Z2atatime: 20 3ata time: 60 
3 a 120 b 336 c 5040 4 a 12 b 24 cg36 
5 720 a 24 b 24 c 48 6 a 343 b 210 c 120 
7 720,72 8 a 648 b 64 c 72 d 136 
9 a 120 b 48 ce 72 10 a 3628800 b 241920 
1 a 44 b 24 c1512agzo bj ã336 € 288 
13 a 15120 b 720 
14 a i 3628800 ii 28800 b i 
15 a 40320 b 5760 c 8640 


EXERCISE 8E DI 
tasbascos6 daosãeil3k=-30 6 


4 ABCD, ABCE, ABCF, ABDE, ABDF, ABEF, ACDE, ACDF, ACEF, 
ADEF, BCDE, BCDF, BCEF, BDEF, CDEF, cê = 15 


cy =12376 6 C$=126, CiC$=T0 

Ci8 = 286, CLC)2 = 66 

Ci2=792 a cêciº=120 b C2ciº=420 

CCE Ci! = 462 

10 a cic)=s4 b cicê=70 « cêcici=as 
11 a ci$=4368 b cifc$=1800 e CiºCg=252 
d ciºcg+cic8+ciicg = 3312 

e Cfê-CHcê-CiCS=4110 
a 

€ 


151200 ii 33600 


oo "amu 


12 c$cici=945 b c$ciº = 1800 
16 97 — 
C5º — Co Og = 4347 
13 c%º-20=170 14 a i 
15 C$ = 126 bi 
16 a the different committees of 4 to be selected from 5 men 
and 6 women in all possible ways b Cr” 


Cq2 cI2 c8 cs 

+ -462 b No 

18 CHxc7=945 19 cics + cSci+ cos + cy crcr 
+Clocgc8 + ClºCÊcB = 12528 

EXERCISE 8F 

1a zx43243r41 b 27-72 4 Dr—l 


c2=66 ii 


Ci2=220 ii 


Cil=d 
CH =55 


17 a 














€ 8x3 +60x2 + 1507 +125 d 81º + 120 +24 5 
2a a!t-Sr 42472 —- 327416 
b 16x + 9623 + 2164? + 216x + 81 
c vt +4r? +6+ & + 
d 1674-3242 su + 
3 a 1615201561 
bi z8 41225 + 6027! + 16022 + 24072 + 1927 + 64 
ii 64278 — 192xº + 2407! — 160273 + 6072 — 12241 
iii x + 6x! + 15x? +20+3+ 44 + 
ha 745V2 b 56+2445 € 2392-1642 
5 64 + 1922 + 24022 + 16022 + 6024 + 1225 + 2º 


o“ 


65.944 160 601 201 


882 ANSWERS 


6 2º 4+117!4+2473 42672 414243 7 a 270 b 4320 
EXERCISE 86 

1a 114 (D(20) + (DD (20)2 +... + (10) (20)10 + (20) 

bd (+ (Dm) (E Je (5) Gute (2)* + 
«+ (13) (Go) (2) + (2) 

€ (2u)20 + (20) (2a)19 (-8) + (3) em) MAS pau 
«+ (19) (20) (3) + (3)? 

Te= (E )i2) Jo55 b 74 = (te p (é e 

e mo=(Ds(-3)" a m= (eo (a 


10) 9595 653 3 12) 98 4 
3 a (0)3525 b ()2(-3)3 e (12)28(-1) 

15) 95 9 3 
na (2 bd (3) 

a b sum € The sum of the numbers 
1. 1 2 in row n of Pascal's 
121 4 triangle is 27. 
1331 8 = 
14641 16 d After the first partlet x = 1. 
15101051 32 


6a ()=28 b 2()3º-(1)35=91854 


7 1410243522 4 40273 — 3074 
8 b 84) ce n=6andk=-29 a=2 


11 Ss 2(")= 12 (-1)100 =1 
r=0 


REVIEW SET 8A HD 


1 a 262x 10º =6760000 b 5x 26x 104 = 1300000 
€ 26x 25x 10x 9x 8x7 = 3276000 

2 as45bizo3Iann-l) bn+42 

h a 3003 b 980 c 2982 5 28 

6 a q -6ry+12xy? —-8y? 
b siz!4216xº 4 21672 + 96x + 16 

7 a252 b 246 8 a 24 b 6 9 20000 10 60 


11 k=-1 n=16 12 4320 13 a 900 b 180 


REVIEW SET 85 HI 

1 a 43758teams b 11550 teams € 41283 teams 

2 a 9x9x8x7= 4536 numbers b 952 numbers 

3 (a+b) = 08 4 605b+4 15a4b2 + 200863 + 15a2b! + Gab + b6 
a 2º — 18215 + 1352! — 54073 + 121572 — 14582 + 729 


6. 15,20 15 6 E 
à po a tata 











h 362 jin 5 64.964808 6 It does not have one. 
7 ()x2x(-3º 8 s()-o(i)=84 9 a=+4 





10 ()x3!x(-2)2=4860 11 q=+V5 


EXERCISE 9A Ho 
1 az4gmn-1ibalneZt,n>2 e 10foralneZz+ 
d n(n+1),neZt e (n+1)!-1 foral ne Z+ 
(n+1)!—1 
(n+1)! 





foral ne Zt g 3foral ne Z+ 








foral ne Zt i ne Z+ 


n 
6n + 4º 
The number of triangles for n points within 
=m+1, neZ+. 


2 Proposition: 
the original triangle is given by Tn 





EXERCISE 98 











11 3628 799 
3a so 4 b iões 
8 Conjecre: un=n? for ne Z+ 
n 
9 Conjecture: un= for ne Z+ 
A a E! 
10 a A 2, Bi 1; Ao =7, Bo =4; Ag = 26, By = 15; 


As =97, Ba = 56 
€ For n=1,2,3,4, (An)2-3Bn)2=1 
Conjecture: (An)? —-3(Bn)2=1 for ne Z+ 


EXERCISE 10A 


Te me me re ne 37 € sm e 
ta 2 b 3 é 6 d 10 e 20 f 4 g 4 


h arc oro jam kar m En dé o 23r 


5 18 
0.641º b 239º € 5.550 d 3.83º e 6.92 
36º b 108º € 135º 


d 10º e 20º f 140º 
150º À 


22.5º 
b 87.66º € 49.68º 





18º h 27º ii 
114,59º 


d 182.14º e 301.78º 












































EXERCISE 10B HI 


1 a ic53cm ii2g4em biioScm ii259cm 

2 a 314m b 9.30m 

3 a 59cm b 189cm 4 a 39.3º b 344º 

5 a 0.75º,24cem? b 1.680,21 cm? € 2.32º, 126.8 cem? 
6 10cm, 25cm? 7 65cm? 

8 a 11.7cm b 11.7 ce 37.7cm d 185º 


9 a a=1843 b 0=1431 € 387.3m? 
10 b 2h24min 11 227m? 
12 a «=5.739 b 0=168.5 €c $=1915 d 71.62cm 


EXERCISE 10€.1 








1 a É b c 
> 
1 
- ls -< =! 
XxX 
2 a à A(cos26º,sin26º) B(cos 146º, sin 146º) 


C(cos 199º, sin 199º) 
ii A(0.899, 0.438) B(—0.829, 0.559) C(—0.946, —0.326) 
A(cos 123º, sin 123º) B(cos 251º, sin 251º) 
C(cos(—35º), sin(—35º)) 
ii A(—0.545, 0.839) B(—-0.326, —0.946) (0.819, —0.574) 











5a .8572 € =-0.7986 d 


0.6691 


= 0.6820 b 
e =0.9063 f 


= 0.9135 


| o 





+1 d cos0=0 
= +41 € sin0=0 d sin0=+1 


D ree Radian 
= 








6 a cso-+22 b | 2y2 € cos0= 
7a b 








sin0 = 4 








CERs Ec ES ES 








[5 fumeocam(s co 5 [ne [e 


4 |[270<0<360| 82 <0<2m 


+ ve 








a —ve 
b ilanda4 ii 2and3 dido 3 dv 2 
9 a sin0 = XE b cos = — 21 c cos0 = & d sing = 
— Al = A. MT 
10 à 5 b -2/6 € 5d 7 
11 a sinz= 53. cost = 45 b sing = é, cosr=-—& 
€sinz=- d. cost=-—— d sinz=-B, cost = 
EXERCISE 10€.2 HH 
1 ao b -2tang € 3cos0 d 4sing e cosa 
fsin2o 91 
2 a sino b -2sind cod -cos0 e 4cos0 É 5sind 
3 4-0=-(0-6) 
4 a tan) b -tan0 c 1 dtand e tand f tang 


EXERCISE 10€.3 








1 ja [| b eu 
: 1 1 il, li 
sin 0 20 5 > 0 = 
1 1 1 al 
cos O E 7% = — 
tan 6 il 1 —1 0 1 
































2 Ja [Job ce Ja [e] 
: j v3 1 3 ii 
SinO 0 o O o o | 
v3 il 3 ii 3 
cosB | E | Sd |-E | 5 = 
1 Es Rio = Ee 
tan 8 SE v3 JE v3 NG 
3 1 1 1 1 
3aiZbi>/csdie-stigõvãhãa 
E 2a 
isj2koo-lo-3 
h a 30º,150º b 60º,120º e 45º,315º d 120º, 240º 
e 135º,225º f 240º, 300º 
a 5r 37 Tm mx 47 Tx 7x 
SaLLbLScSS doe SE 
f 27 57 
3º 3 
mt llr 137 237 7r Illr 197 237 37 Tm 
abs çbliL ES S 
qr 5r qr 2x Er E 
ao. b 60-55 € 0=7 dos 
— 3x 5r mx 3, = 
e 0=% f 0=5 5 9 0-=0,7,27 
x 3 br Tm — 5x llr | x 2x 4m 57 
ho 4º 4º 4º 4 10 [RR jo 3" BB 
EXERCISE 10D 
1 a 289cm? b 384km? € 267cm? 2 2=190 
3 189cm? 4 137cm? 5 374cm? 6 749cm 7 119m 


b 421º 0r137.9º 9 Lis not covered 


4 
10 a 362cm? b 62.8cm? 
11 a iandii Gem? b i 213cm? ii 30.7 cm? 
REVIEW SET 10A EM 
1 21.1km? 2 a tism b 49cm? 
3 Mícos73º, sin 73º) x (0.292, 0.956) 

N(cos 190º, sin 190º) = (—0.985, —0.174) 

P(cos 307º, sin 307º) = (0.602, —0.799) 


8 a 48.6º or 131.4º 
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h 0=102.8º 5 a 3 b 15º c 84º 
6 a 133º b 1 c 174º 
7 a 0.358 b -0.035 €c 0.259 d -o.731 
8 a1,0 b-1,0 
10 a 0.961 b -0.961 €c -0.961 d -0.961 

1 
1 as b-v2 12 ZE 
REVIEW SET 10B HIM 

27 5m 57 
taZbzEcZad az 
2 a 1.239º b 21750 ec -2478º d -0.4416º 
3 a 72º b 225º e 140º d 330º 
h4 a 171.89º b 83.65º ce 2492º d -302.01º 
5 perimeter = 34.1 cm, area — 66.5 cm? 
6 r=8.79cm, area=81.0cm? 7 674º or 112.6º 
8 a 10600m? b 1.06ha 
9 a -o743 b -0.743 é 0.743 d -0.743 10 +47 
v3 1 = Õo 

1 a XY bocSlZa As b 5 


REVIEW SET 10€ EI 
1 a (0.766, -0.643) b (—0.956, 0.292) 





2 3 a sin(27) = 48, 
cos(2E) — —3 
b sin(82) = 43, 
cos(8E) = —1 
4ao-1bo-15ax bo 
6 a 150º,210º b 45º,135º € 120º,300º 
7 ao=-r+km bo= abrir 
3 
8a2i biic-4i9a0b sing 


10 x=47.5, AC=143cm or x= 132.5, AC=28.1 cm 
11 36.8 cm? 


EXERCISE 11A 


1 a 2s8cm b 338km €142m 
2 4A=52.0º, 4B=59.3º, £C=68.7º 3 112º 
4 a 40.3º b 107º 5 a cos0=0.65 b v=3.81 
—-3+ 73 E 
6 a x=-34+v22 b CR c = 
7 azx108 barx9.21 8a vw=2 b Ara=2/24cm 


EXERCISE 11B.1 Ho 
1azx-284 brx-134 € x=3.79 
2aa-21.25em b b=-769cm € c=5.09cm 
EXERCISE 11B.2 Em 

1 £C=621º or £C = 117.9º 








2 a “4A=49.5º b “B=72.05º 0r107.95º € 4C= 443º 
3 No sin85º — sin27º & 4£ABC = 66º, BD = 4.55 cm 
“14 9.8 5 2=17.7,y=331 
6 a 887º or91.3º b 913º 
€ ... cosine rule as it avoids the ambiguous case. 


7 Areax251cm? 8 v=8+ Ev2 


EXERCISE 11€ 

1177m 2 207m 323.9º & 77.5m 5 9.38º 6 691m 
7 a380m b 940m 8 551º 9 AC=11.7km, BCK 8.49 km 
10 a 749km? b 7490 hectares 11 9.12km 

12 =85mm 13 101km 14 2922m 15 37.6km 
REVIEW SET 11A Ho 

1 azx=M1 baz=189 2a x=415 b wx=154 
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AC = 12.55cm, £A = 48.6º, £C= 574º bh 113cm? 
7.32m 6 204m 7 530m, bearing 077.2º 
179 km, bearing 352º 


If the unknown is an angle, use the cosine rule to avoid the 
ambiguous case. 


10 a z=30r5 b Kady can draw 


oo ww 





: 8 cm 
2 triangles: 
7em 
3em 
11 a The information SS 
given could give a 
two triangles: A ore 
8m Ê b =2.23mº 


REVIEW SET 11B 
1 EDG=744º 2 352km 4 42km 5 a 218pm b 157º 


6 a d2=z?-(10c0520º)x +25 b az =5cos20º 
7 bb iiib=-1038, d=762 iii a=954, c= 84.6 
8 a max. value 16 when x = 6 
biy-12-zriiyã=r2464-16xcos0 
d max. area=8v5units? when v=y=6 fie, isos. AS 
9 a QS=4/45-36cosd 
bi RSQ =52.5º or 127.5º ii 248units € 23.2 units? 


EXERCISE 12A 
1a 




























































































































































































Ay o o 
He o o o 
x 
10 2 
— o o 
y o 
Data exhibits periodic behaviour. 
b 
y 
o 
3 
Eo| 
1 o o 
- 3 > 
Not enough information to say data is periodic. 
It may in fact be quadratic. 
€ 
4 Ay o º E 
3 + e 
2 x e 
1 
- E | 
7 3 4 
Not enough information to say data is periodic. 
It may in fact be quadratic. 
d ; 
Ee Es o 
8 S o 
º 
4 “4 
É q 
X 
2 10 12 
Not enough information to say data is periodic. 
2a Ea 
(cm) 
2 
distance tingelled 
[º 50 100 150 200 250 300 350 400 ” 






































b The data is periodic. | y= 32 (approx.) 
ii =64cm ii =200cm iv =32cm 
€ A curve can be fitted to the data. 
3 a periodic b periodic € periodic 
e periodic f periodic 


EXERCISE 128.1 


d not periodic 

















1 a 3h» 
2 
> 
X 
b 
X 
- 
c 
= E x 
d 
2a 
b 








y =sin (—2x) 





o 
mw 
II 
Moja 
9 

















b Ay 
4 y =sinx + sin 2x + sin 3x 
2 
720 
- pn 
360 x 
= 
—4 
y 
Ç Ay , 
4 “(a 
= um) 
2 
e 180 360 540 10” 
-2 
—4 
v 
6 a i y 
05 a 
7 
a e 
-05 27 x 
=) 
b 





EXERCISE 12B.2 
1a Ay 


y=sinx—2 


ap 











4 z 21 x 
=9 O So 
—3 
y 
b A) 
2 y=sin(x — 2) 
1 
= E n 27 E 
=2 
c 24) ; 
y=sin(x + 2) 
1 
= - 
4 z 2 x 
=2 
d a” y=sinx+2 
2 
1 
ip > >» >>> 
“4 x 2x x 
y 
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y =sin (x + E) 








aZbsterhas bz ci dE 


a 


vert. translation —1 b horiz. translation z right 


vert. dilation, factor 2 dl horiz. dilation, factor z 


vert. dilation, factor 3 f -horiz. dilation, factor 4 


fa E j a —2 
reflection in the x-axis h translation ( -3 ) 


ij vert. dilation, factor 2, followed by a horiz. dilation, factor 5 


Tr 
j translation ( ; ) 


EXERCISE 12C€ 
1a T=65snZ(t-45)+20.5 

a TH45sinE(t-10.5)+11.5 

Ta 13.1sin(0.345)(t + 6.87) — 5.43 

a Ha Tsin(0.507)(t — 3.1) 


O) 





5 H=10sin (t-— 25) +12 


EXERCISE 12D 








1 a y=-cosz+2 Ay 
O di 
- > x 
RT x 
Y 
b y=cosz-—1 1) 
2 
SA SR 
= 
=2, 
y 
c y=cos(z-— 5) Ay 
=] E x 
-< > x 
=] 
Y 
d y=cos(x+ 5) Ay 
2 
x 
a” z 
=2 
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V= 














V= 


v= 






































e y=êcosz y EXERCISE 12E.2 
Tai y=tan(r—S) 
Ay ; 
4 
2 | 
q ; 
x 2m 
—92 ; 
-4 
Y 
H y=-tanz 
Ay 
4 
2 
- 
x 27 3m 
-2 
-4 
Y 
HM y=tan2z 
ab 
| 
« 
í :37 
ij y=cos2x y -4 
y 
2 a translation through (5) b reflection in x-axis 
€ horizontal dilation, factor k = 2 
3 arbãcT 
EXERCISE 12F.1 
1 a zx=03,28,6.6,9.1,12.9 bb 7=5.9,9.8,12.2 
2azx=-12,51,74 b 7x=44,8.2,10.7 
3 a 7=04,1.2,3.5,4.3, 6.7, 7.5, 9.8, 10.6, 13.0, 13.8 
b 2z=1.7,3.0,4.9,6.1,8.0, 9.3, 11.1, 12.4, 14.3, 15.6 
4 a i 1.6 di -11 b N 1.557 di —1.119 
É = sda a” Ciz=11,4274 à 2=22,53 
EXERCISE 12F.2 HMM 
1 a zx=1.08,435 b «= 0.666, 2.48 
PE > X € z=0.171,492 d x=1.31, 2.03, 2.85 
2 xv=-0.951, 0.234, 5.98 
EXERCISE 12F.3 
= 7 I3m 257 == dE 
2a 2 ct c10 tar-sã SS bar-3SS 
2m cr=-T-d do qz,r,5 dr iz 
3 A: amplitude, B: — , OC: horizontal translation, a E E z 2 na =. Eu E 
period D: vertical translation da=F% SD dr Do E go dar 
4 a =2cos2z b y-cos(Z)+2 € = —bcos(Za — 2m 4x 8m 107 l4m “Mr Tx x bm 
á ' (5) 2 (52) tas be-- Lg 
5m Tm Il7m 5m x 
EXERCISE 12E.1 creo s dai=-D-m GT 
1aoboz c 0.36 2 triangle TONis T er SSL far-0,%,2m 
d 047 e 0.70 f 1 isosceles, ON = TN ZA ah 
a v=T a z 
5 ido dis 04º 0x |3 X=E+kr 2 €r= 8 44h 
E bar=-G+h -3 


V= 





EXERCISE 126 
1 a i 7500 ii 10300 b 10500, when t = 4 weeks 
cia t=15 wks and 65 wks dl at t=95 wks 
2.51<t< 5.49 


d 
2a2om batt= é minute € 3 minutes 
d 


1 




















3 a 400 b i 577 ii 400 
€ 650 tis the maximum population. 
d 150,after3years e ta 0.26 years 
h a H(t)=3cos(Z)+4 b t= 1.46 sec 
5 a i tre ii true b 1168centsL! 
€ on the 5th and 11th days 
d 98.6 centsL-1 on the Ist and 15th day 
EXERCISE 12H 
1 a csca = 5, seca = à, cota = 5 
ça = 3 E ao 
b ccrx= E Sem =s, cota E 
2 eds “2 
2a DE b a A] d undefined 
3 a sing = —XE, tanz =-—Y, cscr=——&, 
= é 8 
secr — 3, cotx = VT 
b cose = —YÊ, tane = cscr=-&, 
—— 8 — 45 
secr = VE cotz = 3 
€ sina = YZ, cost = à, tanz = 42, 
— Su = ns 
escT = 5 cotr= 
d sing = 5, cosa = — 38, tanz = 
o asse E 
secr Ei cota v3 
e sinô E cos8=-—2, cseB=-v5, 
sec8=-—*E, cot5 =2 
f sing = 8, cos0 = à, tang = é, 
= 5 =” 5 
csc0 = —3, sec0=-—4 
4 a1 bi o d cosz e cosz f 5sinz 
sin 
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6az=L%H ba=i Mc a=o0245,3.387 


d nosolutions e no solutions 
f «= 0.232, 1.803, 3.373, 4.944 


EXERCISE 121 


1 a (1+sin6)(1-sin0) b tana(3tana-—2) 
c (sec8+cscfB)(sec8 — csc8) d (2cotzr—1)(cotxr — 1) 
e (2sinz+cosz)(sinz + 3cosz) 
2as3 b-tan25 c 4sin29 d 2sinZa e 1 
f sin2a g 13 h cos0 i O j sino K cos0 
| cos8+sin8 m sec0+1 


EXERCISE 12) 
1 a cos0 b-sin0 €sina d-cosa e -sinA 
I+tanô I+tan0d.. 
f -sind g Roso h E i tanQ 
l-—-tan6 1-—-tang 
2a Lsin9 + Y2 cos6 b “8 sin6 — 1 cosQ 


c = sinO + Sa cos 6 d —-Y2 sin6 + d cosO 


3 a cos0 b sin34 € sin(B-4) d cos(a-— 8) 

e -cos(0+q9) f 2sin(a— 8) 9 tand h tan(34) 
5 a cos2a b -sin3d € cosf 
7az+v3b-2-v38 £97 


10 a —1 b tan(24) 11 v3 12 4 
13 tan4=+1 14 tana = 15 
16 tan(A+B+C) 
tanÃA+tanB+tanC — tan Atan BtanC 
“ T-tanAtanB - tanAtanC - tanBtanC 
19 bi 2 sin40 + 5 sin20 ii àsinTa+ 
ii Ria do iv 2sin50 + 2sin30 
v 3sinfa-3sina Vi Esin8A— E sinZA 
20 bi à cos 50 + 4 cos 30 ii > cos8a + 3 cosa 
iii Ra iv RR rn 


v É cos 5P +5 cos3P vi : cos 6x +% cos 2x 





co 


sin 5a 


21 bi 2 cos 20 — 5 cos 46 ii ereta caso 
ill cos45 — cos68 iv 2cos30 — 2cos50 


V 5cos64 — 5cosl04 vi Ty cos 4M — E cos 10M 


22 EO cos? A = 1 cos2A+ à 





sin? A = 2-5 À cos24 
23 d cos (E SD ) cos os (852 D) = icosS+5 cos D 
e sin(E +D ) sin n(E2 D) = cosD- ScosS 


888 
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24 a 2sin3xcos2r b 2cos5Acos34 € -2sinZasina 
d 2cos40sino e -2sindasin3a f 2sinsacos2a 


9 2sin3BsinB h 2cos (x + &) sin (4) 
i —2sin (x + 8) sin (4) 


EXERCISE 12K 











24 7 7 1 
tagb-z2a-çsbas 
3 a cosa = = sin Za = 4y8 
b sinô= val, sin28 = =4va1 
4 a 5 b ava 5 tan4=—S 6 tan4=& 
Es 9+5v2 2v8 3 
7 tan(z)=v2-1 8 a Eiv2 b 28 q 5 
10 a sin2a b 2sin2Za € isin2a d cos28 e —cos24 
f cos2N g -cos2M h cos2a i -—cos2a 
j sin44 K sin6a | coss9 m -—cos68 n cosl0a 
o —cos6D Pp cos44 q cosa E -—2cos6P 
12 a cos A = E b cos A = É 
13 a Domain(z|vrS+4+kr, keZ), Range ly | yisinR) 


b Domain(z|2r£7+!E, ke Z), 
Range ty | y > =1) 
€ Domain (x | x Er, kEZ), Range (y | yisinR) 
= =” — 87 47 2x 2x 47 87 
16 k-2b-5 18 bo-S-L-S So Do 
19 a sin30= —4sin20+3sing 
— 37 ST 
boo mr, 
21 a 2cosz-5sinz=v cosa 41.19) b z=0.761,7 
€ x = 0.761 (the solution x = 7 has been lost) 


pda 


iz Eis lim 
, 27 37 


EXERCISE 121 








o Tx 11 — 
1az-omr%, 2 br= LEE 
co-pr d oi lr 
: — bm mr 11 
e no solutions f 2 o Go ar 
g:-0,2.5.271%%%2m ha=-T 
= 5 — 5 
Sacra bo--Mogo 
= 2 2 
o e 3:73 8º 3 
3 a 7x=0.896,2.246 bb 7x=3.33,6.10 
€ xx 0.730, 2.412, 3.871, 5.553 
EXERCISE 12M HM 
1- sin” 1 
1 a Es b-——— as-I<sina<çi €EZo dz 
l-sing l-sing E E 
á = Sin20 in 2 
2 bisins ii ES E 
2sina 2sing 
3 b Gi E) 
E 2 sin(2"+lg) 
€ sinxcosgcos2z...... cos2”xr — 
gn+1 
4 peca 50 
2sin 0 
REVIEW SET 124 HIM 
1 
>= 
XxX 








5 
6 
7 
8 
9 
1 











x 

= > 
a 2x 

= 


Ta T.0ssin S(t — 10.5) + 24.75 
x R 0.392,2.750,6.675 b vm 5.42 
7x3.25,4.69 b rm 1.445, 5.89, 7.73 





— Tn llm 197 2áz Ta -5bm qm 37 
T= 06" 6"6" bs ACTA» 4º 4 
— 4x 5m 107 llx 167 17x = mx 57 
ass spo b2=0 7,7 T,2m 


O a 5000 b 3000, 7000 
€ 05<t<25 ad Go<t<8 


REVIEW SET 125 


tua 


a v=3E +k2r b z- 


hem 


1 y =cosx 


ag aja 

















b 8.00 am Monday 
G1+2 


a 28 milligrams per m? 
a y=-4cos2r b y=cos 


a 2% 1.12,5.17,740 b 2zx0.184, 4.616 


-1-v3 
a a b 2-v3 


=7 37 57 Im — == sm 
Tas baz=---smS 


3 A 2 ir 5 
8a «-0, 5,27, S,4m b = 5 So do 





9 a cos0 b -sing € 5cosZ0 d -cos0 e sin20 
10 a 4sin2a-4sina+1 b 1-sin2a 
REVIEW SET 12€ HH 
1 ai-cos0 b mt. Gu 
sina + cosa 2 
3 a o b = 4 cosa = YE, sin2Za — 2/7 
2) = vt 
5 sin (3) = 
6 aiz=x1i3+4k iz=x5.30+k4m il x=x283+k7 
biz=Z+kr iz=E++5 ii 2 dg htm 
€ 2=0.612+kz 8 


As 9a-sing bcos0 10 1.5m 


REVIEW SET 12D 


ing = = ua 
7 sin0= As cos0 = 





2a-M b-3X e -ld a 
6 a z=>£E 2x 47 or 5m b g=>E 5mr 47 llr 


3º 3º 3 3 3º 62 3? 6 


ina= L = 16 
8 sina = 9 crx-3o 3 10 60m 


EXERCISE 134 
1 aix4 b2xi c2x2 d 3x3 


2a(2161) b/1.95 € total costof 
2.35 groceries 
0.15 
0.95 
3 1000 1500 1250 4 40 50 55 40 
1500 1000 1000 25 65 44 30 
800 2300 1300 35 40 40 35 
1200 1200 1200 35 40 35 50 
EXERCISE 138.1 


Ga) ED) CEA) CAS) 


2a 20 1 —8 b —14 9 —14 c 14 —9 14 
8 10 —2 12 —-6 14 —12 6 —14 
1 —-5 18 -— 3 —4 5 —3 4 


3 a Friday Saturday b 
85 102 187 
( 92 137 229 
52 49 101 
4 ai 1.72 ii 1.79 N b subtract «€ 0.07 
27.85 28.75 cost price 0.90 
0.92 1.33 from sel- 0.41 
2.53 2.25 ling price —0.28 
3.56 3.51 —0.05 
5 a LR LR é SE R 
23 19N fr 18 25N fr 41 445 fr 
17 29 | st 713 |st 24 42 | st 
31 24 / mi 36 19 / mi 67 43 / mi 


a x=>-2,y=-2 b zx=0,y=0 


14 13 
3) B+A-(5 2) 


63 63 
8 a arm+c-(Li)armro-(S5) 


EXERCISE 13B.2 


Taçg uy bros (51) dy 3 6 
48 12 82 24 -—12 —3 


7 


o 
> 
+ 
= 

Il 

ER 

a 
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2a 3 5 6 b 114 
287 041 
c 5 8 11 d 5 7/14 
3 14 11 2 16 9 
3 a ABCD b ABCD 
35 46 46 69 26 34 34 51 
58 46 35 86 43 34 26 64 
46 46 58 58 34 34 43 43 
12 23 23 17 9 Er 27 13 
4 a 75 — DVD 136) — DVD b 7211) — DVD 
27 | — VHS 43 |— VHS TO |)— VHS 
102 / <— games 129 / — games 231 / — games 


€ total weekly average hirings 5 12F 
EXERCISE 13B.3 
1 3,4 bO Cc -CdoemÃ+2B 
-A-B g -2A4C h 44-B i 3B 
X=A-B b X=C-B € X=2C-4B 
X=JA € X=4B f X=A-B 
ZA-—C) 


X=2C h X=IB-A i X= 
3 b do = c 
“(3 6 -[7 TZ = [= 
x=(9 18) x= (4 E) x=(" s 
4 4 


EXERCISE 13B.4 


2 


“vw go-ag 


MIO 
aaa 


1a() b(A2)e(16)L(uzxycz)/5 
1 
4 4 
1 
3a P=(27 3539) q=(3 z 
2 1 
ã 
4 
b totalcost=(27 35 39)| 3 $291 
2 
3 
4a P=(10 631) F 
ei 4 
2 
3 
b totalpoints=(10 6 3 1) , = 56 points 
2 


EXERCISE 13B.5 


1 Number of columns in A does not equal number of rows in B. 
2am=n b2x3 ce Bhas3 columns, A has 2 rows 


3 a i doesnotexist il (28 29) 
b i (8) ii 203 
8 0 12 
40 6 
ha (353) bb (=2 
1 
5a c- 12.5 N= 2375 5156 
“A 95 — À 2502 3612 
b 78 669.5 income from day 1 € $144258.50 
65589 income from day 2 
6 a 11 b ec /48 70 
R=[12 p=(6 522) (52 76 
23 
d My costs at store A are €48, my friend's costs at store B 
are €76. e store À 


EXERCISE 13B.6 


1 a /16 1815) pb /10 6 -7 
13 21 16 93 0 
10 22 24 4 —4 —10 
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176 44 88 88 132 46 
106 


22 O 132 176 198 d 115 
44 154 88 110 O 136 


75 80 65 
d (369 420 385) 


É a b / 125 150 140 
(3 3 2) 44 40 40 (657 730 670) 


e 657 730 670 
369 420 385 


3 $224660 


Ma 15 12 13 11 14 16 8 
(125 195 225)x [4 3 6 20 47 


31 4 4 3 2 0 


15 12 13 11 14 16 8 
— (85 120 E 3 6 2 0 4 :) 
31 4 4 3 2 0 
= 87125 


b 15 12 13 11 14 16 :) 


(125 195 225)x [4 3 6 2 0 4 7 
31 4 4 3 2 0 


20 20 20 20 20 20 20 
—(85 120 130)x [15 15 15 15 15 15 15 
5 5 5 5 5 5/5 


= —$9030, 1.e. a loss of 89030 
c ((125 195 225)-(85 120 130)) 


15 12 13 11 14 16 8 
x 43 6 2 0 4 7 
31 4 4 3 2 0 


EXERCISE 13B.7 HH 
1 aB= (5) 7) Ba = (3 8) AB £ BA 


= 3 6 
2 A0-=04=0 4 b 1=(0 2) 
01 


5 a TO b 97 —59 
07 118 38 
6 a A? doesnotexist b when A is a square matrix 


EXERCISE 13B.8 HH 














1 assa bB2+42B CAS-ZAZLLA dAÍ4LA?-IA 
e AC+AD+BC+BD f A2+AB+BA4B? 
g A2-AB4+BA-B? h A24+24A41 i 91-6B+4+B? 
2a AS=3A4-2 A!=4A-3 
b B$=3B-21 B!=61-5B Bº=11B- 101 
c€ C3$=13C- 121 Cº =121C— 1201 
3 aiilsyoa ii 21-24 iii 10A+6I 
b A24442 ci-gaAii-A iiaA 
4 a 


as= (00) & = ( ) 


false as A(A — I) = O does not imply that A = O orA— I= O 
b 


00) /10 ad 
o ollo 1) =— 1- 


5 For example, A = (o 0). gives 2 = (0 0) 


NIH top 
vp NIH 


an 


b£O0 


0 0 00 


6aa-3b=--4 ba=1,b=8 
7 p--2g=1 a AS=5A-2 b A!=-12445 


EXERCISE 13€.1 


1 a 3 0) 1-2 
(o a)=m (023 
bd dio 0.2 04 

(o 16 1 À grs 
2a-2bo—1codia 
3 a2 b6c-—1 dada 





4h a-3 b9c-12 5 Hint Let A = (0 à) 
6 a |Aj=ad-be |B|=wz— xy 


b 2 (aw+by ax+bz 
o cx+dz)º 





AB| = (ad— be)(wz — xy) 
ai- iics ii ivo va 
8 a a (15) b (1 o c doesnot q E E 
141412 1-1 exist 01 
does 
-1( 7/2 2-4 | 
com tos (un) sai) (ES) 
10 
aa aB= (0 1) 
EXERCISE 13€.2 HE 
PG =)()-(6) "CG )()-(85) 
23 vv) 32 vu) 1-5 
“6 7)6)- 
2 7 b)Jm 


b A and B are not inverses since 
they are not square matrices. 


8 
6 


cm 
| 
pe 
Re 











17 4=T T=05 4="3 
17 37 59 4-0 25 
€ t=73 y q dar=5y 13 
e zx=-40, y=--2 f =. v=8 
3 bi - [13 ii E 
x=(" 4 q E l 
CT 7 
1 2 —1 
4 aik=-3 ii » k£-3 
sera (6 E) É 
t E 
bi k-0o ii — : 3). k0 





H Yes, 2x=2.5, y=-1 
bi Dk v) [8 ta 
(4 *)()=(A). lal=-2-4 
dá 8 + 11k 5 
Wo k eg = >= ——— 
ui Sao 0 LEOR 
ii k= —à. no solutions 


EXERCISE 13€.3 
1 13 
x=[17 4 
(5) 
+» (oi) (o a)(io) (50) 
dijo ijotigo)sl=ro 
3 o 
E at= (4 E): (ata = (2, 0) 
2 2 


b (ADA! =(AIyAtyI = 
c Al and (Ay) are inverses 
a 


i 3 
2.1 
3 3 


(AB)! =B-IA-1 and (BA) 1=A-IB- 
(ABX(B-1A-1) = (B-IAIYXAB) =I 
AB and BIA! are inverses 


h 


=< 
/—. Hm 
CI aj 
vp 
cj Om / 
ESA À 
«< 
PER 
ZE Ha tojvo 
co ou o ntm 
IH om = 
a eaçã Er 
£ 
LE 
vm cj 
Es 
cl ola Cv com 
Ran 
com com 
A 


om 


5 (ea) (A . = (787) e e” 


6 a Xx-ABZ b Z=-B-!A-Ix 

7 A2=2A-, AÍ=2-A 

8a Al=4-A b Al=54A € AL=SA-2 
10 11 A! exists, ie, |A|£O. 

EXERCISE 13D.1 


dá , 
q are inverses 








1 as b-scodc6e-6f-12 
2a zx=10r5 b When z=10r5, does not have an inverse. 
3 aabo boce3zabe-al-b-cd bh k£-3 
5 for all values of k except 5 lor-9 
+v33 
6 a k=5 or2 bk=1 o ã 
7 a 16, b —34, 
—21 17 5 11 cd jo 8 qd 
16 16 4 16 2 2 2 2 
—d7 29 5 15 -l5 1 4 29 23 
16 16 4 16 34 2 17 34 34 
Do Si=frias -29 3 - 61 149 83 
4 4 4 34 2 17 34 34 
dl 15 0.3. 5 39 3 58 157 87 
16 1 4 16 34 "2 17 34 34 
do Do =çd 06 od 
17 17 17 17 
g a/12111 o 6.3 b |Aj=0 
21211 a 6.7 
12311 pl=|77 € | oranges 50 cents, ap- 
22113 E 9.8 ples 80 cents, pears 
335292 1 10.9 TO cents, cabbages 
$2.00, lettuces 81.50 
EXERCISE 13D.2 
a 9 15 
200 223 
1 1º à 
ês)=a [444 
4 —3 —5 
7 
2 a DS mb b /-55 45 7.5 
Re CR -0.5 0.5 0.5 
—5 — 4 —3 —5 


jo pjw 


—3.224 1.925 0.629 


3 a / 0.050 -0.011-0.066, b 
0.000 0.014 0.028 
2 —1.086-0.396 


—0.030 0.039 0.030 
EXERCISE 13 HD 


Ga aky-() er ak)-(m 
RECO 


2 AB=La=-%b=-1,c=3 


1.596 —0.996 —0.169 ) 


3 MN=4,u=-1,0v=3,w=5 
4 azx=23,y=13,2=-45 ba=-Ly=-Er=d 
€ v=2,y=4, z=-1 
Sa zx=2y=-1,2=5 b x=4y=-2,2=1 
€ x=4y=-832=2 d x=4y=62=-7 
e x-3,y=-11,2z=-7 f 2=0.33, y=xT.65, zm 4.16 
6 a «x represents the cost per football in dollars, 
y represents the cost per baseball in dollars, 
z represents the cost per basketball in dollars 
b 12 basketballs 
7 ar+3y+8 = 352 bb 7x=-42,y=-28,2=23 
v+5y+42 = 274 e €1201000 
v+2y-+liz = 351 
8 S$11.80perkg 9 a 5p + 5g + 6r 405 b p=-24, 





q=2"7, 


15p + 20g + 6r = 1050 
= r=25 


15p + 20g + 36r 1800 
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10 a a= 50000, b= 100000, c= 240000 b ves 
€ 2007, = £284000, 2009, = £377 000 


EXERCISE 13F,1 


1azx=2,y 3 br=-1,y=5 €Cr=-2,y=-—4 
2 a intersecting b parallel € intersecting d coincident 
e intersecting f parallel 
3 a The second equation is the same as the first when divided 
throughout by 2. The lines are coincident. 
b It gives no more information than the first. Gives the same 
solutions for x and y. 








2 3-t 
=" 
ii when y=s, vx=3-—-2s, sER 
The system is inconsistent and so has no solutions. 
The lines are parallel. 


ci when x=t, tER 


b The lines are coincident. Infinitely many solutions 





— 2t 
existofthe form v=t, y= 5 5 teR. 

5 b Ifk 2-4, the system is inconsistent and so has no solutions. 
If k=4, the system has infinitely many solutions of the 
form vx=t, vy=3t-2,tER. 

3 b k=16 
6 a (o |r216) € v=ty=3-8,tER 
d when k 16 
4 8 1 
EA (o 21 +8 a) Rg =a 


d When a=-—4, lastrowis 00 | —21. 
is inconsistent and .*. no solutions exist. 


So, the system 


8 A unique solution for m£2 or —2. 








6 
a v=— 5 = 
m+2 m+2 
b If m=2, there are infinitely many solutions of the form x = t, 


y=3-t (tisreal). If m = —2, there are no solutions. 
EXERCISE 13F.2 


1 ev=1+2t y=t, 2z=0, tER 
T=4, y 2. 2=1 € & 
no solution, system is inconsistent 














4, y dy ESA 
v=2, y=-1, 2=5 

no solution, system is inconsistent 
1-—5t 1-2% 


cc“ ag! 


»5tER 


a 
8 
Il 











b If k 8, nosolutions, if k=8, infinitely many 


— 9 2t 
solutions of the form x = Ss 5 YS E o 


y 
z=t (tis real). 5 5 
€ The last row does not enable us to solve for z. 























4 a 1 2 —2 5 
o —3 5 —6 
O O k-13 |-k+13 
b If k = 13, infinitely many solutions of the form 
3— 4t 5t+6 ) 
= » US », z=t (tis real). 
309 : ( ) 
CUKkAIS a=S y=p 2=-1. 
5 a 1 3 3 a-—1 
O —-7 —-5 |9-2a 
O O a+1 |a41 
19 — 6t —5t— 11 
b z= y>———  z=t (tisreal 
7 y 7 ( ) 
c = Fa+2, y=2Za-?, 2=1 
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m 





1 2 
NE -4m+) Lo l+m ) 
0 (m+D(m+5) |—-7(m+1) 

a 
b 
€ 
a 


if m = —5, no solution 
if m = —1, infinitely many solutions 
ifm -—5 or —1, unique solution 
7 1 3 k 2 
(o —(2+3k) 3—k2 —k ) 
0 0 (3k: + 25)(k— 1) | 6(k — 1) 





b k=1, infinitely many solutions of the form 








T— alt 1+2t 
= 5 = - , Et (fis real) 
c h=-& dk£1 o -& 


3 


EXERCISE 13F.3 
1 azxz=-2-2 y=t,z=8+H, tER 
b z=18-5t, y=t, z=Tt-22, tER € no solution 


= 4t 
sy= q tt ER t=5 g=4,2=7 


go 
3 Wasz-2, v=y=2=0 

fa=-2, «=É, yv=E, z=t, tER 
4 c P(x)=-2272 4 172y Tl thousand $ 


d Max. ne = $20448 when producing 2966 
EXERCISE 13G 


q = (02) mi=(05) 
o 
) 


a. (180 
A =(0 1). 


b Conjecture is: n=( 
2 18 30 1 26 
A AA =(0 o 0 27 
s [1242 
e = (0 243 
; aa o mo rl 
b Conjectureis: A” = (5 an 
i=2 
d Yesas Al= ds 
0 
20 3 2 30 4.3 4 5 4 
sap=-(5 A)r=-(4 S)rm=-(4 4, 


b Rs a for all ne Z* 


É a, n E Z+ 


CI 


—n 


Pela) (65) (Ea) a (is) 
+ (6) (ici) (2d) nto 4) 
Da (ea) (s 














2aa=0,b=5,c=1d 4 ba-2,b e E 8 
3a v=B-A by=ID-C) cY=AÍB 
d y-cB! ey-aMC-B) fY-B-IA 


1 E e 
Ga baz-Zvyv->€ x= (5 ) 





c (11 12) d BA does 
not exist. 


5 a /48 b 
02 
6 4 
6 a/492 b/2 -2 c/-53 
24 0 4 a 
34 -1 —2 5 4 
2 


7 unique solution if k £ Ê, no solution if k = 


2 
1 
2 
1 


No oO Hm 


v=1, y=-2, z=-1 
a -2a+4b+4+c=-20 
a+3b+c=-—10 
«.a=2-t, b=-4-3t, c=10t (tis real) 
b There are three unknowns and only two pieces of information. 
€ v2+y24+42+2y-20=0 
10 When k Z 27, there are no solutions. 
When k = 27, there are infinite solutions of the form x = 2-t, 
yv=2+3, z=t (tis real). 


1 x=3t, y=-Tt, 2=2t, tis real 
REVIEW SET 13B EM 
1/10) 2a(10)b [432 
01 8 6 4 
000 
d CA does not exist 


oco 


c(15 1821) 
5 
e|(7 
5 
3 a É 5) b does not exist ( 1 ê ) 
= 11 
23 o 


a 


h b 24-1I 5 $56.30 6 AB=I, BA-=I AÍ-=B 
Tors2Zuy=Lz=3 
=13t — 1 20t + 14 
8 az RR O nai , 2z=t tER 
9 9 
9 b when mf 


REVIEW SET 13€ 


1 Unique solutionfor kZ—3 orl. If k= —3, infinitely many 
solutions exist. If k= 1, no solutions exist. 


2 v=-1,2o0r-—4 fusing technology 
3 a 10 —12 b 2 6 —3 
—10 4 —4 —2 11 
2.9 —0.3 
d (Ls 21) 


h ES (S 3 o) 5 AL=5A-2 


€ | not possible 


-1 13 


6 a à |B/Z0 ii AB=BA 
b keR, but k£3,-2,2 (technology 


7 Does not have unique solutions when t= 2 or 3. 
When t=3 there are no solutions. 
When t = 2 there are infinite solutions of the form 














v=1l+sy=4-s,z=s (sis real). 
t— t— = 
sida sed gel a Z= . 
t=83 t—3 t=8 
8 aa 3,b=18,c=48 s(t) 3t2 + 18t +48 
b 48m € 8 seconds 
REVIEW SET 13D HM 
1 2x=1L,y=-1,2=2 
3 A$=27A+ 101 A!=145A-+5 
AP = TT9A + 2901, AS =4185A + 15581 
ha d=80 b a-=2b=8,c=10 5 o Ea 
X=— 
11 
E Es = = 3 E: af e f 
6 a zx-6y=-2,z2=1 b = y=-G2=-3 




















7 If k= +2, there are no solutions. 
k+4 —2— 2k 
E hd, = 5 E 
pa “O poa 
3 7 = 
8 a z=6,y 22=1 b & 5 y 2 g 


9 If k=2 and m 20 there are no solutions. 
If k=2 and m= 20 there are infinite solutions of the 
— 10+3s-—t 
. ? 10 +3s — M=20 
m — = 
Fk2, ZE Us (— e) 


k—2 2 
10 b kz2 o 5 


€ Wkhk=2,2= 


form yv=s, z=t, s,t are real, 





13-—t 1Wt+1 
ê nú Ei » E=t, tis real 


9 








d When k= é the system is inconsistent and has no solutions. 


REVIEW SET 13E HDD 


1a sv+2y+5z2 = 267 b Opera €32 € €200 
2x+3y+z = 145 Play €18 
z+5y+dz = 230 Concert €27 
2 2x=2, y=1, 2=3 


aro md bip e 0 2 
[5 44) (5 5) ar 
-1 0 2 
d not possible e 0 22 
T —12 
0 11 
5 A2 L AÍ A, AS A+L AS=I AT-DA, 
A8=A-I 
a AM+3 — (ASPAS =| 
b Aal=-A4I 
6 aa=1,b 1 bzx= 

















ASM+S = -A+I 





5 y=4, 2=7 


EXERCISE 144.1 HD 
1a, b c 
La3se 





25ms”! 









t 





scale: 1ecm=10ms” 


scale: 1em=10N 


ANSWERS 893 


Scale: 1em=30kmh”! 





150 kmh”! 





Scale: 1 cm = 10 km 


EXERCISE 144.2 


1 apast bpaqrt cpandrgandt dq 
e pandq,pandt 


2 atrue bitrue cfalse d false e true f false 
EXERCISE 148.1 



















































































































































































1a b 
q ptq 
+ 
p prq 
c d 
gi /Z8 p+q q 
p 
e f | 
q 
p+q 
p+ 
2 a AÉ b BD cADd AD 
3 ai ii 
q+p 
EEN € p 
prq 
b yes 


EXERCISE 14B.2 HR 
1a b 
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3a AB bABcOodaADEeotaD 

4 at=r+ts br=-s-t €r p—q 
dr=q-p+s e p=t+s+r-q 
fp=-u+t+s-r-q 

Sair+rsil-t-s di r+s+t 
bip+q ii q+rii p+q+r 


s 


EXERCISE 14B.3 HMM 
b 32.9º east of south 


1 a 246kmh 


2 a s8s2.5m b 23.3º westofnorth 


48.4 seconds 


EXERCISE 14B.4 HD 


































































































































































































1a b c d 
SE, mf 3 
pe 
e f 
e s 
r 
s 
2r—s r a s 
r 2r+3 
s 
g 1 r 
2 s 
S s 
+r+2s r+ 
HeErT=e 
b c = 
p 
VA CY NA. 
q 
e 
p=5q 
3 = 
p=-3q 
q p 
3 a 





ix 










































































b a parallelogram 





EXERCISE 14€.1 SD 


1a c d = 
a 1 
-3 
—5 + 


a () » (6) e (4) a (6) e (5) 1 (5) 














9) e (5) 
» (6) (5) 
mon De nestas o 
(o (GD) (É) 
(Ds (i)n (E) 
eee 


EXERCISE 14€.4 
1 a vI3units b VI7units € 5y2units d VIO units e 29 units 


2 a viOunits b 2/10 units € 2/10 units d 310 units 
e 3v10O units f 2v5units 9 8v5units h 8 units 
i v5units j v5 units 


h axb (6 ).AB=V3T unit bBÃ= =( 6 ).BA=v3T uni 
enê( 1). Be=VTT units dDC = (5). De = 5 uniss 
ec à ).ca = 34 units FDA — (13). DA =2TD units 

EXERCISE 14D 





















1 a b 
x/” 6P(0,0,-3) 
OP = 3 units 
c d 
cd = Y 
4, OP = v 26 units OP = v 14 units 
2 ai viduitsii(-5,5,2) bivIiZuitsii(,-s 5) 


ci v2luits ii, —s 0) di vi4uits ia, 3 —5) 
4 a isosceles b rightangled € rightangled d straight line 
5 (0,3,5,r= V3units 6a (0,9,0) b (0,2,0) and (0, -4,0) 


EXERCISE 14E.1 E 


1 a b ot=[ -1 
4 
T(3,— ce OT=v36units 
2 a AB- b AB — V3Gunits 


BA = v26 units 


w 

s| 

Il 
AT 





4 a NM= ) € MN = 22 units 
ai fd E ER 
5 a OA=| 2 ]),0A4=v30u b AC=[-1]), AC=vV30Uu 
5 —5 
= 5 
€ CB= | -=1 |, CB= 35 units 
3 
6 a vI3units bb vI4units € 3 units 


EXERCISE 14E.2 
1 aa=5,b=6,c 6 ba-=4 b=2,c=1 
2aa-ib-2,c=1 ba-1,b-2 
,b=-1, c=2 
s=4, t Tbr=- 


—» 2 — 2 
AB= | —-5 |), DC=[ —5 
=. =] 


b ABCDisaparalclogram 5 a S=(-2,8,-3) 


EXERCISE 14F.1 
1a 














4, 9=0, t=83 


e 
“o 


x= dq b x=-2n € x=-ap d x=i(r-—q) 


e x=J(48-t) f x=3(4m-n) 


= 9 3 ê 
col) eo (4) o) 

5 -—3 E 
4 a B(-1,10) b B(-2,-9) € B(7,4) 
5 a ML4 b Gi=(:). cmi = (5). c5 — (1) 

4 E Ê 
6 a += (00 bx=|"53 cx=|[-—1 

—5 5 5 

3 Z 


3 
7 AB= ( 4 ) AB = 29 units 
—2 

9 c(5,1, —8), D(8, —1, —13), E(11, —3, —18) 
10 a parallelogram b parallelogram € not parallelogram 
11 a D(9,-1) b R(3,1,6) € X(2,-1,0) 

— 1 — — 
12 a BD-=5a b AB-=b-a € BA=-b+a 


d OD=b+ la e AD=b- la f DÃ=la-b 


Ee 
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e) 6) (3) 


1 
2 
15 avIlunits b vIdunits e VII f -A 
c v38units d v3 units =8/11 1 
211 ar 
var 


16 ar-2,5=--5 br=45=-—1 
EXERCISE 14F.2 ED 


1a1i:1 bI1:3 C3:1diI:3 e 2:11 
f -2:5 

2a Q-5,1,5) b R-5,-7,13) € s(2, 5,5) 
d TZ-s7) e XB4,5) f Y-7,8, —6) 

3 a p=êa+ib b p=Za-2b 
c = mi tmb 


EXERCISE 146 
1 1r=3, s=-—9 2 a=-6, b=-—4 


3 a 2 b 5-4) 4 a ABI|CD, AB=3CD 
3 3 Dj as 
-1 -2 b RSI|KL, RS=JKL 
: E opposite direction 
3 3 € A,BandC are collinear 


and AB = 2BC 
d A,BandC are collinear and AC = 3BC 


=1 -2 
5a m= (2). qs- (55) b PR= LOS 
3 6 


6a-7r:2 b-1:2 
7aa=Tb=-1 b a=-, b=—2 


EXERCISE 14H RR 














1 3 1 0 
1a —1 b —1 c 0 d 5 

1 2 —5 1 

V'3 units VI units V'26 units e 
a units 

2 ak=+ bk=+1 Ck=0 dk= + eh=+3 
3 a 5Sunits b vGunits € 3units d =6.12 units 
h 


a (i+2pb Ali -3k) é a5(-2i —5j —2k) 


sag(? da (54 ela ás 
vs l—1 vir -4 VE ls ss 
EXERCISE 141 


aTvbo cad ces fags5 ha 
2b2>2cecimãda 4e4fa 





1 

2a 

3a-1ibss9 4a1ibirco 
6at=6 bt=-8 ct=0042 d t=-S 
7atr=--3 bi=--£ct==It/5 d impossible 
8 Show aeb=bec-aec=0 9 b t=-& 


Bo TA RU ; 

10 ABeAC=0, BAC is a right angle 

11 b AB = v14 units, BC = 14 units, ABCD is a rhombus 
€ O, the diagonals of a rhombus are perpendicular. 


12 a 101.3º or 78.7º b 116.6º or 63.4º 13 a 5 
€ 634º or 116.6º d 71.6º or 108.4º b —9 


(E tão b e().4%o c e(3).t%0 
d e(4).t%0 e e(9).4%0 


14 a 
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15  ABCAa 625º, the exterior angle 117.5º 














16 a 547º b 60º c 353º 

17 a 303º b 542º 18 a MG5,2,.5) b 515º 
19 a t=00r-3 b 7 2.9=5; t 4 

20 a 745º b 7245º 


1 0 0 
21 a=[0), b=[ 1), e=[0 will do 
0 0 l 


aeb=aec, but bZce 
23 a Hint: Square both sides. 
b Consider the parallelo- 


gram. Find AB and oc, 
etc. O 





24 —7 25 aeb isascalarandso aebec isa scalar dotted” 
with a vector which is meaningless. 


EXERCISE 14).1 


2 2 
1a 5 b 4 c-i-j-k di-6+2k 
11 1 


—11 
2 exp (2), ae(axb)=0=be(axb) 
a x bis a vector perpendicular to both a and b 
3 aixi=0 jxj=0 kxk=0 
bixj=k jxi=-k jxk=i kxj=-i 
ixk=-j kxi=j 
axa=0 axb=-bxa 


l. 
a (2) b 17 c 17 
2 
2 0 2 2 
(5) ) e(4)a (o 
—1 0 —1 —1 
8 ax(b+o)=(axb)+(axe) 
1 aaxb bo c2bxa do 


—4 6 
2a (1) »s( 2) c —i+j-—2kn 
3 —15 


d Gi+j+4kn nkeR, nk£O 


4 4 4 
13 (CS )uza e (53) or (55) 
-7 —7 —7 

2 2 

14 a (5 b o) 

-1 1 


EXERCISE 14],2 HIM 
1 aixk=cj kxi=j 


1 
2aaeb=-1 vxr= (5) 
1 


md 


a mo v27 in0 = Y2Z 
b cos0 a sing = + d sinó — 
— 2 — =1 
h a OA= 3 OB =— 1 
q 2 
—s —s 7 — — 
b OAxOB=[ -—3 [OA x OB |= v83 
5 
LIS O 
€ Area AOAB — 5 |OA || OB | sin0 
= 1/08 x OB |- “8 units? 


— . — 
5 a OCisparalleltoAB b axb=bxc 





EXERCISE 14].3 
1a AoA units? b aaa units? € aa units? 

2 sv2unit? 3 a D(-4,1,3) b v307 units? 

4 a 4uitê b (V42+2/3+3V246) units? 

5 a (3,1,0),(1,3,3),(4,2,3), (43,3) b =79.0º € 9units? 
6 k=2+233 

7 S=allaxbl+|axel+|bxel+I(b—a) x (e— a)|) 
9 a Yes b No 10 k= a 

REVIEW SET 14A HM O 





















































b 

N 

A 

, Scale: 1em=10m 

2a b 
* y | y 

y—2x | 
x | 
































































































































3 a PO b PR 4 4845km 208º 5 a AC b AD 
6 a AB=JCD, ABI|[CD b Cis midpoint AB 
7ap4r=q bitm=k-j+n 
8 ar+q b p+r+q €r+iq d lp+ dr 
4 3 0 
va (5) * CNA (A) 
-4 = -4 1 
pias (eu) 
12 a vi7 units b 13 units € 10 units d 4109 units 
13 a p+q b Sp+iq 
=1 
14 a —( ) b :=(.39) lê r=d set 
3 


17 a q+tr b r4+q, DB=AC, DB|| AC 
REVIEW SET 14B DS 


=3 
1a mi = (12) b vVI62units e GI units 
3 


3 7 8 
2a (53) b (=3) c vT7Aunits 3 (-3) 
1 —26 if 


5 2:3 6 t=2+V2 7 803º 





h m=5,n=— 


i 
2 
—6 
8 40.7º 9 a (1) b v4Guniis € (-1,35,5) 
3 


4 
10 a 1 b (5) ce 60º 
7 
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11 R= 124º, La 113º, Ma 450º 2a 4+i e -1+5i d —7i 
12 63.95º 13 c=5 n =* 
14 a aebisascalar,so ae bec isa scalar dotted with a z+W 

vector, which is meaningless. 


b b x c must be done first otherwise we have a scalar 4 5 
crossed with a vector which is meaningless. = 


É: == a E res Ab 
15 a k=+5 b k=+ b 243 


REVIEW SET 14€ HDD O id 
1 a-is b-36 3 t= Sor —3 h k=6 






































sd= 






































e(i).ezo 6 R=6440, Ta5690, Ma 587º 
































5 
7 72.35º or 107.65º 8 aip+q ii lp+lq 5 
9 a AC-=-p+r, Bé=-qtr 
Je (o) a +7 3 a 5-i b 44i 








10 a 
7 “3 Z1 k 
Ç ; units 1 TH2i À 








a da 























REVIEW SET 14D HM O 2i 
1 aTri-g+iok bb vISunits 


5 
3 a mi=(-2) b =4181º € R(2, 
-4 








ec 4+ôi 7 








) 4 a=4 or — HE 


volto 


a 
"3º 


ester 


























6 -3:2 


5 a (11,2)and (3-1,0) b | — 71 (EL) % 


3 3 
8 units tz, 








spo ale 





e sho 























9 t=êa-db+ de 10 vei+ ek 


11 IfOisacute, ue v = 199, If0 is obtuse, ue v = — 199 


12 4-8 13 =264º 214 

2 A | qeeadi o 
REVIEW SET 14E ED = 
1 AB= AC = v53 units and BC = v46 units .:. A is isosceles 


2 1=3, s=-5, t=1 3 (0,0,1) and (0,0,9) 





top 












































=11 2 
5 a=-2, b=0 
bio (5) ” «= (1) 6 a 10 b =616º 
7 a r=-2, s= 4 b +-Sa(Bi — 2) +) 
1 5 5 
8 a k=+s5 b Va S 9 as bx=622 


1 


5 
10 =161º 11 a va(á b 3v2uits? € k=0 
3 


5 —2 
12 at=-4b Di= (53). RE = (52) 
-4 = 


So, LMeKL=0 .. L=-90º 


EXERCISE 154.1 
1 








EXERCISE 154.2 





b 


1 a 
Ag g 


























R 
= 










































































* 





Z 
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4 zt=z 5 
EXERCISE 158.1 


a=-—11,b=7 








1 as bis covi7dg3eas 
2a v5bv5ecs5d se sn2?toIs Ss 
Ea ) 
hz dsdosdkosv5Isv5 
3 e Jesl=[el e ce? e leul=Iellul o [5]= E 
. E 
e |z"|=|z|” 5 1 6 | x Jw] = |z] 
w 
7 b |272223....2n]=|21]|22].....|2n| and that |2”)=|2]” 
e 22º = 1048576 
8acb9c3v5dg3estaz 
2 b2-1 
9 E bo 103112 





Cirre] + [rel 


EXERCISE 15B.2 HM 


1 ai asv2uits di(,4 biosvDunits ii (5,2) 
Z2aivwsrziuw-sz 
3 a reflectioninthe R-axis b anti-clockwise rotation of 7 about O 


€ reflection in the I-axis d about O 


4 2z=2+6i 


EXERCISE 15B.3 HH 


1a 4cis0O b 2cisã c 6cisr d 3cis (-5) 


e v2 cis E f 22 cis (-5) g 2cis (52) h 4cis 5 
203 kv2cisTif k>0, —kvZcis (-S2)ifk <o0, 
not possible if k = O 
4 a 2% b 4/2442 € 2V3+2i 

f-s5 5a1ba 


EXERCISE 15B.4 


1 a cisã30 b cis20 € cis30 d VE 4 di 


e v2+iv2 fts g -% h-4 i 4 
1, 43; 
a -1 b 5 + Yéi 


clockwise rotation of 5 


d lie -X+ãi 


o: 


2 


—1 € 
alzi=2arg(z)=0 b 2cis(-0) € 2cis(0+7) d2cis(r — 0) 
acisã brcis (9 — 5) d clock. rotn. of 5 about O 

a cis(-0) b cis (9 — 5) a then z* =r cis (—0) 

a cos (15) = ao, sin (5) = dE 
b cos (3) = Evan vê, 


EXERCISE 15B.5 
2a l|-zi=3, arg(-2)=0-r b 
c lizl=3, arg(iz)=0+5 

d 1+i)zl=3v2, arg((1+Hi)z)=0+T 


e ur win 


sin (3) = V6=va 


|=3, arg(2")=0 








3 a z-1|=2sin $, arg(z — D)=$+E 
b z—-1= (2sin($ )eis($ + 5) 
e (2-1) = (2sin($))cis(-5 — 5) 
6 [2EE |=ta arg(2=A) — 2 disSa=--3 
Zz3— 22 Z3— 292 = 
6 a ecT=-01, eF=i 





EXERCISE 158.6 HH 
1 a 1414101; b 127-3.06 € -2.55- 1.25 
2 a 5cis(-0.927) b 13cis(-1.97) € 17.7 cis (2.29) 
3 a 2cisZ b vIScis (—2.50) 
4 a a(xv24+271+4)=0,0%0 b a(x?-27x+2)=0,00 
EXERCISE 15€ 
1as2b-1c-6i d vB cis(&) a (2.180 + 0.498i) 
e v3+i f 164 16v3i 
2 a128-128 b 10244 1024/3i € tas (A + >) 


(Li) e v2cos (-E)+iv2sin (- 5) f a(-v3-1) 





ha |aZcs4 b cEsocã € True 6 cis30 
7 1+i=v2cis(7) 28 cis (DE) 


a n=4k, kanyinteger Db n=2+4k, ke Z 














8 |3| = 8, arg(23) = 30 b [iz2| = 4, arg(iz?) = 5 +20 
c il=pars(:)=-0d = pars(=)--5-20 
3tan0 — tan? 0 
10 b jandg = ee en o 
1-3tan20 
ci = cos (55), cos (HE) 
u 4 7 
[] r=tan(5), tam ( 2). tan (ZE) 
— — ; 
11 a AB=2—-2, BC=z3-—z9 Hint: Notice that 
a x Ren 
BC is a 90º rotation of BA about B. 
= 
OD=2 +23-— 29 
12 a cos40=8cos!0-8cos20+4+1 


b sin40=4cos? 0sin0 — 4cos0sin3 0 
1º 1 
13 « (:+=) Ra 
z z 23 

14 Hint: When n=1, 

EXERCISE 15D.1 = 


2isin0 = z — =. Now cube both sides. 








11,-1+8 92 a 2z=vV3-% % —V3-i 
—- 33. 3; 9; 3v3 3; 
b 2z=SE-5i, 3, SE - gi 
3 1, 14 48; A 
2+03 RA 1 + Bi 
R 
“7 T 











b z=v2+iv2, —-v2+iv2 








6 a z= 2 eis ( 
v2 cis (EE) 


V2 cis (5) 


5) 
127º 


—1l+i, 








vZeis( 2) Y 
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2 avYes3az=ciso, 
cis(2 


cis 





Cc 1-w 
4 b Hint: The LHS is a geometric series. 
EXERCISE 15E 


1 z=1+2i or 1-i 
2avy-a by=-dkzr4+1,2>0 € 742+416y2=112 


v3 
4 cosnô — cos0 — cos[(n + 1)9] +1 
2- 2cos0 





5 2" cos” (5) cos (2) 


REVIEW SET 15A HM 

1 Real part is 163. Imaginary part is 16. 
a2+4y=-1 by=-z 3 |2|=4 4a 5z b —lir 
ascis(-5) bacis(-Z) e hvZcis(2E) 6 b= 


2 
5 
7b (I-i)z=4eis (a — 5), arg((1l —-1)z)= a — & 
2 
8 EA are (55) = 
2 
= = —av3 
w 9% 
10 à 2z=Lw,w2,w3 and w! where w=cis (22) 


s. 
d 31 


2 
E 
v3 




















º 
o 
é 
Pc 
AE 
Efe 
unia 
ns 
No 
Il 
SI 
ta 
3 
AT 
ZE 



























f 
11 v3-i,2,-v3-i 
REVIEW SET 15B HIM 
3 : =17m 1 dis : ms 
Zeis (E) Yicis(=Zg) 1 &-wi2as+2% bav7eimsda-zos 
)|3 a=0,b=-1 4a zx=0,y>1b 3224+3y2-2074+12=0 
5 4cis -5), n=3k, kisaninteger 6 5 vs, —3 
gm 1 ; 
7 = 5 vo» AI 7a E = 64, arg (23) = 30 b |! =Larg(1)=-0 
Je + ai cis(E) cis(Z) c liztl=4, arg(iz*)— 5 — 0 
a SR 9an=-3 bn=-2 €n=-1 
+ 1, Or 
v2 vz" 0.3 01 x 0.3 ic (97 0.3 qi lim 
ad ts 10 2=22Scis (5). 2o djs (35). 20-º vis (EE), 
2 2 (<BR saias s : 
o cis(=E) cs (5) 205 is (HE). 20% eis (=88) 
2 +1=(22-V22+1)(224 V22+1) 13 a a(22 -2cos (ZE )z+1)=0, a £0 
8 a |j=1 and arggz=-2 b 23 =cis(-27)=1 b a(2+2-1)=0, 020 
€ Simplifiesto 2(z+2*)— 5 where z+z* is always real. 15 b ii coso-l=s09=-E 
2 E) 
8 E a a 7x na Ta “as Ta 
9 a 16cis (-5) bi 2cis (=) ii 2cos (TE) +2isin (TE) argu = 2E 
EXERCISE 15D.2 iii =. 2m 
E e mo agu=-S 
ft aiz=-uw"-3(n=0,1,2)andw — cis SL 
e 3 n(4m — 7) 
ii z=2u"+1 (n=0,1,2) and w=cis SE c 6 
nua l-w” 29 
HH z= (n =0,1,2) and w = cis S ii m=L 








2 
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REVIEW SET 15€ 


1 a reflectionin R-axis 
b anti-clockwise rotation of 7 about O 
€ anti-clockwise rotation of 5 about O 


a+2 0242 0342 at4+2 

a-lV 02-17 03-V at-1 

E . k 

8 —1+iv3=2cis (22), m= &, 
10 2/3-2i, -2V3— 2, 4i 
a —-1 

11 a |(22) |=5 arg ((22) )=-0 














5 bz- 


where a = cis (2) 


k is an integer 


b 1-z]|=2sin($), arg(l-2)=5-T 


12 2<|z2]<5, 
—& <agr< 5 









14 1+2z=2cos £) is(£), HM gd 
k 




















a P=—x 
arg(l+2) = & 
15 b [202 =1, arg (2-2) — 2 
Z3— 292 Z3— 22 
16 a=-3, b=-8, c=30 
17 2=Lw,w?,wº,w! where w= cis 2x) 
a duras ur ul+i 
bOw-lL wl-1 w-1, wt-1 
E wv+1l w+l w+1l wt4l 
w-l w2-1 ww] wt-1 
EXERCISE 164.1 
; LN e 
paid Jee(4) tocar 
y sa a y = -4+4t, tER 
bi (5) = (3) +*(5º) lo z= 5-8 
y y=2+2%, tER 
ci (3)=(0)+*(5) id x=-6+3 
y y=Tt teER 
di ()=(n)+(1) ioz=-1-2% 
y y=11+t, teER 


2 x=-1+2), y=4-A, AER 


Points are: (1, 4), (1,3), (5, 1), (-3,5), (-9,8) 
3 a Whent=1, 2x=3, y=-2 yes Db k=-—5 
When t=-2, 2x=0, y=T “. no 
4 a (1,2) b 
v29 emsl 





EXERCISE 16A.2 


(OD e 


x 0 1 
b vl=[1|]+t[ 1 |, tEeR 
z 2 —2 
o —2 1 
c yv]= 2 +t|[ 0 |], tER 
z 1 0 
2ax=-5-t,y=-2+2t, 2z=-1+6t, tER 
b rx=2t, y=2-t, 2z=-1+3t, teER 
€Cr=3,y=2, 2=-1+t, tER 
3 a x=1-2t y=2+4t, 2z=1+4t, tER 





barx=3t, y=1,2=3-4t, tER 

€Crx=1,y=2-3%, 2z=5, te R 

dzrz=5t, y=1-2, z=-1+4, tER 
4a (5.50) b (0,41) € (40,9) 


5 (07,3) and (2 DL) 6a (1,23) b (4,35) 
EXERCISE 16A.3 


1755º 2 757º 3 (5 )*(15) =0,.. perpendicular h 28.6º 


EXERCISE 16B.1 


(-4,3) ii (5) il 13ms| 


Tai 5 


bios à (5) ii Sms! 
ci(ca-m (4) ii /5ims 


(So) + (55) e Gov) 4 (50) 


Aisat (4,5), Bisat (1, —8) 


b ForAitis (o) For B it is (1). 


€ ForA,speedis /5kmh-1!. ForB, speedis 5 km h-1. 


» 
e 


1 


si 1-5 3 
a 6) (rs) 
b speed = 10 km min? 
a minutes later, (t — a) min have elapsed. 


o (3) = (7) +e-o (55) 
. za(t) = 15-4(t-a), ylt)=7-3(t-a) 


d Torpedo is fired at 1:35:28 pm and the explosion occurs at 
1:37:42 pm. 


(58) e (5) = (8) es(28) « (8) 


d (60) = 100km e at 1:45 pm and dmin X 31.6 km 


d 10:12am e (+) . (1) = 0, .. direction vectors are L 


a (t) =-5+3t, 
n(t)=4—t 
































































































































60 
f at 2:30 pm 
6 a A(3,-4) and B(4,3) b For A [ah for B (5) 
ec 97.1º d at t= 1.5 hous 
EXERCISE 16B.2 HM 
1 a b A(2,4), 
| line 2 B(4, 6), 
ie IS C(8, 0) 
[| 2 EEN SEE € BC = CA 
= 52 units 
€ É] isosceles A 
+ D] 7 timei3) Na] 
2a b A(-4,6) 
Ay E » O), 
c(42, 25) B(17, 15), 
20 c(22, 25), 
1 D(1, 16) 
Q, B(17, 15) 
A(-4,6 
> 
y D |? 























3 a Aisat(2,3), B(8,6), €(5,0) Db AB=BC = 45 units 
h a Pisat (10,4), Q(3, —1), R(20, —10) 
— = —+ 10 >"  — 
b PQ- (5). PR = fo) PQePR=0 
ce “QPR=90º d 74 units? 
5 a Aisat (2,5), B(18,9), C(14, 25), D(-2, 21) 


b aC=(50) amd DE-( 2) 


—12 
i 544 units di v544units dii O 
€ Diagonals are perpendicular and equal in length, and as their 
midpoints are the same, i.e., (8, 15), ABCD is a square. 
EXERCISE 16€ 
1 a They intersectat (1, 2,3), angle = 10.9º. 
b Lines are skew, angle = 62.7º. 
They are parallel, .:. angle = 0º. 
They are skew, angle = 11.4º. 
They intersect at (—4, 7, —7), angle = 40.2º. 
They are parallel, .'. angle = 0º. 


2 If k 2 16, the lines are parallel and so there are no solutions. 
If k = 16, the lines are coincident. We .'. have infinitely many 
solutions of the form vx=t, y=3t-8, tER. 

3 If a —4, we have a unique solution. The lines meet at 


( a+88 —21 
4a+16” 2a+8 


intersect (no solns). No case for infinite number of solns. 
5 E E 3 é 

Ao units 5 3v3units 6 VE units 

a Dr] units b 22 units 


a jd. as : 2769 
8 a Ounits b os * 2:87 units c 15 


d 3/2 units e Ounits f VER x 7.86 units 


EXERCISE 16D 
1 a2Zx-y4s+32=8 b 3x4+4y+2=19 
Ccrx-y-2z=-1 d zx+3y+2=10 


(DC) (0) 





de If a = —4, the lines are parallel and so do not 


a 4.05 units 








3 a y=0 b z=4 

4 aii -2x+6y4+2=18 bi -5243y+122=12 
c ii -y+z=3 — (many vector forms exist) 

5 a vx=14t, y=-2-3, z=4t, tER 


bar=3+t y=4-t, 2z=-1-2%, tER 
6 v=2-t.y=-1+3t, 2=3-3t, tER (1,2,0) 
7 v=1+t, yv=-2+2t, 2z=4-5t, tER 

a (0,-4,9 b (1,-2,4) € (-5,-14,34) 
8 a (-1,-1,4); 3units b (0,1,-3); 2v11 units 


c (a, —26, — 3; 2/3 units 
9 (1,-3,0) 10 Xaxisat(2,0,0) 
11 ay-3z Tba-z=-2 €3x-y=1 


3 a k=-5 b B(3,6,-Dor(-1,-2,5) 











12 y-22=8 


14 a N(3.4,12,1), d= units b N(7,2,-5), d= É units 


v5 v6 
16 a JE units b 2,3 units 
ag. E Id» — dal . 26 E 
17 a al units b Ra units 18 os units 


19 2x-y4+22=-1 and 22—-y4+22=11 


EXERCISE 16E 
1 a =13.1º b the line and plane are parallel 0º 
ce =11.3º d =30.7º 
Z2ax8a7 b=848º € =86.2º d=N73.2º E = 62.3º 
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EXERCISE 16F 
1 a Either no solutions or an infinite number of solutions. 
bi 
ii ay=kas, by=kba, ci=kca, di = kda for some k 
c i Planesmeetinaline zx=-2+3t y=t,z=>5, tER 
ii Planesmectinaline z=2-2t, y=t, z=1+83t, tER 
iii Planes are coincident 
v=6-2s+3t, y=s, z=t, ste R 
If k = —2, planes are coincident with infinitely many solutions. 
If k £ —2, planes meet in a line with infinitely many solutions. 


If k = 16, planes are coincident, with infinitely many solutions. 
If k 16, planes are parallel with no solutions. 


Meet at a point (1, —2, 4) 


9-t 645 


Meetinaline v=>——, y= ,z=tteR 
a 


Meetinaline vx=3t-3, y=t, z=5t-11,tER 

No solutions as 2 planes are parallel and intersected by 3rd plane. 
Two planes are coincident and the other cuts obliquely at the 
line z=2+5ty=-5+5t z=t, tER 

f Mect at the point (3, —2, 0) 


5 If k=5 the planes meetinaline v=-—10t, y=-1-Tt, 
z=t, te R. If k£5, the line of intersection of any two 
planes is parallel to the third no solutions. 


a = kas, by = kbo, crj= kca for some k 


o 


oc vu 





e qn 


6 A unique solution existsifm £Z—1 or m £ —5. 
t+7 
Ea 
tEeR. Ifm=-—s5, the system is inconsistent 
94 —68 5) 

29º 29 * 29 


REVIEW SET 164 


1a ) =(3) +(4) bz=-64+4,y=3-3, tER 


If m = —1, planes meetina line x = sy a 
no solutions. 


7 They meet at the point ( 


x 0 5 
2 (D)=(0)+e(5).tem 3 meo 
4 2v10(8i — j) 
5 a (-4,3) b (28,27) c10ms! d (6) 
6 a i-6-+10j dl -5- 15; di (-6-50i + (10 — 15Dj 
b :=0.48h € shortest dist. = 8.85 km, so, will miss reef. 
7 ax23, wm=2+t, yw=4-3t, t>0 
b y18, x)=13-t, yy=3-2a+at, t>2 
€ interception occurred at 2:22:30 pm 
d 0=192.7º, = 4.54 units per minute 
8 a 


KL is parallel to MN as ( 55) is parallel to ( 2) 


b KL is perpendicular to NK as (4) . ( 18) =0 
2 
€ K(7,17), L(22,11), M(33, -5), N(3,7) d 261 units? 
REVIEW SET 16B HH 


and NK is perpendicular to MN as ( 16) . ( 3) =0 


1 asc4+2y-z=-1 b (0,1,3) 
ax 3 —4 

2a vl=|[2]+t[ 0 |, teR b-4r+452=24 
z —1 5 

€c (-5,2,9) or (11,2, —11) 

3 a =158º b =65.9º 
z 3 —3 

“a ly)=([-1])+t[3 )|.teRbP-g,8E 3) 
z 1 =2 


5 (6-1,-10) 6 b =286º € I4units 
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17 qn; 874 
7 a GFunits ba(5,5,5) 


1 —4 
8 a PO-([ 4 [PÔ | = v26 units, QR = [ —1 
—3 4 
b zx=24t, y=4, z=1-3t, tER 
x 2 1 —4 
é lyuj=elojsa( 4 Jeni Kn6l 
z 1 —3 4 
9 a 3units b (1,2,4) € v116 units 


10 a 5z+y44=3 b r=5t, y=t, 2z=4t, tER 
c (>, 2) 
14º T4º 7 
11 If k= —2, the planes meet in the line 
v=5, v=-L+t, z=t, te R. If k —2 the planes 
14 


meet at the point (5. = caro): 


—1 
12 a (1) bm=1 €Crx-y-z=0 dt=2 
1 








4 
e Ga 
REVIEW SET 16€ HD 
2:vl 
1 a 14x4+29y-4=32 b =55.9º € p= dE 
2 a They do meet, the line is parallel to the plane. b CA units 
Resto pai es 152 
3 a += (01) b D(-1,-1,2) € (5.5.5) 
4 > units 5 a intersecting b cos0 = 3a 
x 2 —2 
6 a vl]l=|-1|]|4t[ 2 )]),)tER 
z 3 —4 
2 2 4 
b (2- 1433 So) and 
2 2 4 
(2+ 3 =1- 3 +) 
7 4x +2y+2=3, 2 641º 
v3 —v3 
8 a —-v3 | and v3 
v3 —v3 
1:44, 8:4.8 1: 8. 3 
d mtqgaltgat o alo alo qm! 
€ k=-Tor ll 
EN 5 
9 =26.4º 10 a PQ=[ —2 b =41.8º 
—4 


1 a OM-40B+0C) d 2:1 


0 3 
12 a A(2,-1,0) € r= ()e(1) d 3x-y+22=7 


x 3 3 
e vi4units? f normalis [y|=[-2])4A[—1 
z — 2 


g = units? 


REVIEW SET 16D HIM 


— -2 — 5 + —» — —» 
1a AB=[-1) and AC=[ 2 | and ABeAC=0,.. ABL AC 


bo 


6 2 
b 14x-34y-z=-—11, = 2.12 units 
Car-4-Hy=-2-tz=>-1+6t tER d 6vV2units 
2249 bC(-1,31) € 6x-8y-52=-35 
3 bK--—1 





€ tp+10)=q+2 has infinitely many solutions for t when 














p+10=0 and q+2=0, ..p 10, q 2 
4 a A b OABC is a rhombus. 
B So, its diagonals 
a bisect its angles. 
a+b 
a 
O 
b 


G 
bz=7, y=3+3t, 2=-4+5,tER € M(7,35,-34) 


5 (41,-3) and (1,-5,0) 6 782º 7 22 units? 


8 a X(7.3,-1), D(7,1,-2) b Y(5,3,-2) 


— 3 — 1 — — 
c BD=[ —3 and BY = [| —1) So, BD=3BY, etc. 
0 0 


10 a:=2 bi=-- 


il 
3 3 
11 b 22x4+3y462=147 € 14 units 
d (5,7,3) and (9, 13, 15) 


EXERCISE 17A 
1 a Heights can take any value from 170 cm to 205 cm, e.g., 181.37 cm. 
b »>as 
































height (cm) 


170 175 180 185 190 195 200 205 























€ The modal class is (185-) cm, as this occurred the most frequently. 
d slightly positively skewed 
2 a Continuous numerical, but has been rounded to become discrete 
numerical data. 
b Stem | Leaf 
0 |368888 
1 /00000222444455556666788889 
2 /0001245556778 
3 /122234578 
4 |025556 1/2 means 12 minutes 
€ positively skewed 
d The modal travelling time was between 10 and 20 minutes. 
3 a column graph b | histogram 
frequency frequency 
15 
10 10 
5 
0 length 
SSSERAÇÃS assase (em) 
no. of matches iai di 
ha à Seedling height b 20 
E 204 c 58.33% 
5 30 d i 1218 
“oo ii 512 
10 





> 


mm 
300 325 350 375 400 425 450 


EXERCISE 17B.1 
1 ais iiciic6bijaIGS iiiTiiis 
ci zss ii 249 iii 23.5 
A:646 B:6.85 bb A4A:7 B:7 
The data sets are the same except for the last value, and the last 


value of A is less than the last value of B, so the mean of A is 
less than the mean of B. 


d The middle value of the data sets is the same, so the median is 
the same. 





mean: $29 300, median: $23 500, mode: $23 000 


The mode is the lowest value, so does not take the higher values 
into account. 


No, since the data is positively skewed, the median is not in the 
centre. 
mean: 3.19, median: 0, mode: O 


The data is very positively skewed so the median is not in the 
centre. 


The mode is the lowest value so does not take the higher values 
into account. 


d yes,21and42 e no 
5 a 4 b 44 c 402 d increase mean to 40.3 
6 116 7 3144km 8 $185604 9 1v=-15 10 a=-5 
11 37 12 1477 13 9andY7 


EXERCISE 17B.2 
1 ai bi cais 
2aiogo di2 ii 2 b 
€ positively skewed with data 
value 11 as an outlier 


d The mean takes into 
account the larger numbers 
of phone calls. 

e the mean 


o“ a o“ 


Phone calls in a day 





frequency 
ma ma 
LL OA ND 


phone calls 
0 E E, 

0 pá e 789101 
mode, median (2) | | mean (2.96) 

















3 a i 49 ii 49 di 49.03 bn 
€ The sample of only 30 is not large enough. The company could 
have won its case by arguing that a larger sample would have 
found an average of 50 matches per box. 


4 a i 2.61 ii 2 iii 2 b Thisschool has more children per 
family than the average Australian family. € positive 


d The mean is larger than the median and the mode. 
Sa ic1 ii67 iil73 biõss iissiiic67 
6aiso iiciiocobioro idiTiir 
€ themean d yes 
7 a mean = $163770, median = $147200 (differ by $16 570) 
b i mean selling price di median selling price 
8 a =x70.9g b =210g €c 139g 9 101cm 


10 a meanfor A = 50.8, mean for B x 49.9 
b No, as to the nearest match, A is 51 and B is 50. 


11 17.25 goals per game 12 6and 12 

13 a i $31500 ii $28000 iii $33300 b The mean. 
EXERCISE 17B.3 HH 

1 31.7 2a 70 b =411000 litres, ie, =411kL € = 5870L 


3 a 125people b =119marks € 5 d 137 marks 


EXERCISE 17€ 
Tengih (E cm) 
1 1 


1 as 2a 
biagdo 


ii 40 








35 
30 
25 
20 
15 


10 median 


0 To 
24 27 30 33 36 39 42 45 


cumulative frequency 









































length (cm) 
>— 
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€ medianx 35 cm d actual median = 34.5, i.e., a good approx. 

































































3 
160 
ai cum ilative frequency 
120 
100 
80-—+ —+»>—++ AAA 
60 
40 i —median 
; J 
20 i 
: LT score, | 
10 20 30 40 50 60 70 80 90 100 
a =61 b =91 students € = 76 students 
d 24(or 25) students e 76 marks 
4 a 26years Db 36% €c i 0.527 ii 0.030 
5 a 2270h b 693% € 620r63 


EXERCISE 17D.1 
1aiciiQ=40=7iiTivs 
















biars ii Q=15 Q=19 diiisidva 
cizgoiiQ=235 0,=261 ii 77 dv 26 
2 a median= 2.45, Q| = 1.45, Q3 = 3.8 
b range = 5.2, IQR = 2.35 
a greater than 2.45 min dl .... less than 3.8 min 
ill The minimum waiting time was O minutes and the max- 
imum waiting time was 5.2 minutes. The waiting times 
were spread over 5.2 minutes. 
3asbao ec dize fã3azog 16 
4 a i 124cm ii Q;=116cm, Q3 = 130 cm 
bi... 124cm di... 130 cm tall 
ci 29cem ii l4cmãad.. overl4cm 
SaiTriicilsivo7va 
biio iiTiioivsvaz 


EXERCISE 17D.2 
Tais iditrsiidasivossvcoo bio ii27 
2a... was 98, ..... was 25 


b ... greater than or equal to 70 € .... at least 85 marks 
d... between 55 and 85 ...... e 7,%h9 130 g x=67 


min=3, Q,=5b, median=6, Q3=8, mar= 10 
ii SIE] 
- > 

3 4 5 6 7 8 9 10 
il range=7 iv IQR=3 
min =0, Q;y=4, median=7, Q3=8, max = 9 


—— — TIE 


0 123 4/5 6 7 8/9 
range =9 iv IQR=4 
€ à min = 117, Qy = 127, med. = 132, Q3 = 145.5, max = 151 


ii 






























































«+ + + + + + + + —— 
115 120 125 130 135 140 145 150 155 
il range=34 iv IQR= 18.5 
4 a [ Siatistic “Yard | b i Year9:11, 
E valãs Year 12: 11.5 
Qi ii Year 9: 5, 
median é Year 12: 6 
Q3 € i true ii true 
max value 
5 a median=6, Q=5, Q:=8 b 3 
Ç 
23 4 5 678 910111213 
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6 a Min; =33, Q1=35, Q» = 36, Q3 = 37, Maxy = 40 

birviizc EE 

aa 41 up 
30 31 32 33 34 35 36 37 38 39 40 41 

7aygy bax=283% ce Tem d IQR=24cm 

e 10 cm, which means that 90% of the seedlings have a height 

of 10 cm or less. 

8 a 27min b 29min € 313min d IQR=43min 


e 28minl0s 


EXERCISE 17E 









































1 a 7x4.87,Min;=1,01=3,05=5,Q3 =7, Max, =9 
b — 
a : : : : : : : : : me 
1 23456789 1% 
cs 
4 À frequency 
3 
2 
1 
0 | I » score 


























1 23456789 
d 75524, Min, =2,01=4Q,=5,Q3 = 6.5, Max, = 9 












































set 1 
— |. set2 
«+ 1 1 1 1 L 1 1 1 1 1 1 > 
0123 4/5 6 7/8 9/10 
2 a disrete € >15 
5 
10 
& 


5 
0 


















































012345 6.7 8... 
wickets per innings 
> 154 
5 
po B 
E SE 
f 0123 4/5 


6.7 8... 

wickets per innings 

d There are no outliers for Shane. Brett has outliers of 7 and 8 
which must not be removed. 

e Shane's distribution is reasonably symmetrical. 

Brett's distribution is positively skewed. 

f. Shane has a higher mean (= 2.89 wickets) compared with Brett (= 
2.67 wickets). Shane has a higher median (3 wickets) compared 
with Brett (2.5 wickets). Shane's modal number of wickets is 3 
(14 times) compared with Brett, who has a bi-modal distribution 
of 2 and 3 (7 times each). 

9 Shane's range is 6 wickets, compared with Brett's range of 8 
wickets. Shane's IQR is 2 wickets, compared with Brett's IQR of 3 
wickets. Brett's wicket taking shows greater spread or variability. 


' — DT 
TO ——— 


0 1 2 3 4 5 06 7/8 9/10 
i/ Generally, Shane takes more wickets than Brett and is a more 
consistent bowler. 
continuous 
€ For the “New type” globes, 191 hours could be considered an 
outlier. However, it could be a genuine piece of data, so we will 
include it in the analysis. 


Shane 


Brett 


The mean and median are 
a 25% and =x 19% 
higher for the “new type” 
of globe compared with 
the “old type”. 


Mean 


Median 


Range 
IQR 


The range is higher for the “new type” of globe (but has been 
affected by the 191 hours). 


The IQR for each type of globe is almost the same. 






































60 80 100 120 140 160 180 200 
lifespan (hours) 


f For the “old type” of globe, the data is bunched to the right of the 
median, hence the distribution is negatively skewed. 


For the “new type” of globe, the data is bunched to the left of the 
median, hence the distribution is positively skewed. 


9 The manufacturer's claim, that the “new type” of globe has a 20% 
longer life than the “old type” seems to be backed up by the 25% 
higher mean life and 19.5% higher median life. 


EXERCISE 17F.1 


1 a Sample A 2a = 
[ae 














Rockets: range = 11, T= 5.7; 

Bullets: range = 11, T=5.7 

We suspect the Rockets, they have two zeros. 

Rockets: s = 3.9 + greater variability Bullets: s = 3.29 
standard deviation 


We suspect variability in standard deviation since the factors may 
change every day. 


i samplemean ii 
less variability 
T=69, s=6.05 b 7=79, s=6.05 

The distribution has simply shifted by 10 kg. The mean increases 
by 10 kg and the standard deviation remains the same. 


Z=1.01kg; s=017 b 7=2.02kg; s=0.34 
Doubling the values doubles the mean and the standard deviation. 
7 p-6,9=-9 8 a-=8,b=-6 9 b T=87 

10 a 0.886 b 0.167 

€ the extreme value greatly increases the standard deviation 


EXERCISE 17F.2 

1a sm=677kg bu=x98kg, 02x 464 kg? 

2a zamss snxTt4g bd u-TT5g, o2-589g2 
3 a 324min b 9.86 min? 


EXERCISE 17F.3 


“qn g 


sample standard deviation 


av ag 


6 


1 a z=1.72 children, s = 1.67 children 
b p= 1.72 children, o? = 2.83 children? 
2 a t=145years, sx 1.75 years 
b u=145yeas, 02x 3.18 years? 
3 a T=37.3 toothpicks, s = 1.45 toothpicks 
b 4 =37.3 toothpicks, o? = 2.16 toothpicks? 
h a T=47.8cm,sx 2.66 cm 
b u=478cmo2a 7.31 cm 
5 a 7=$390.30, s = $15.87 
b = $390.30, 02 = 253.18 dollars? 
EXERCISE 17G 
1 a 16% b 84% c 974% d 0.15% 2 3times 


3 a5 b32 c136 4 a 458babiesb 444 babies 
REVIEW SET 17A EI 


1 a Diameter of bacteria colonies b 1 3.15cm 
01489 HH 4.5cm 
1/3557 
2/115688 
3/012345566779 
4/01279 leaf unit: 0.1 cm 


€ The distribution is slightly negatively skewed. 


2 a highest= 97.5m, lowest = 64.6 m 
b use Eronps 60 -, 65 -, TO -, etc. 




















60 - q 
3 
TO - 5 
T5 - 2 
80 - 8 
6 
90 - 3 
95 < 100 2 
30 
d Frequency histogram displaying the 
9 distance Thabiso throws a baseball 
f 
6 
3 
0+ 








8 am e Ro Da SD q) É 
ROMERO FESP 
e ixslim ii s30m 
3 a=-8 and b=>6 ora=6 and b=8 


distance (m) 









4 a 
60 Cumulative frequency 
50 
40 
30 eeesnsseniosncereeereresereereamarenes / 
20 
: median 
10 fo 
: Score 
0 Y => 
0 9.95 19.95 29.95 39.95 49.95 
b =25.9 € =120 d 75260, s=8.31 
sal | Girls Boys 





shape 


pos. skewed 
36.3 sec 
METaSeS 


approx. symm. 
34.9 sec 
4.9 sec 


centre (median) 
spread (range) 





b The girls” distribution is positively skewed and boys” distribution 
is approximately symmetrical. The median swim times for boys 
is 1.4 seconds lower than for girls but the range of the girls” swim 
times is 2.8 seconds higher than for boys. The analysis supports 
the conjecture that boys generally swim faster than girls with less 
spread of times. 


6 a EZÃSA 
Ti 
Q 11.6 


pa 


Median its 
Q3 12.6 
Max ES 





€ i We know the members of squad A generally ran faster 
because their median time is lower. 


ii We know the times in squad B are more varied because their 
range and IQR is higher. 


a i 101.5 ii 98 dii 1055 b 7.5 € 7=100.2, sx 7.59 
a 7X33.6L, s=x7.63L b u=33.6L, 02x58.7L2 

a 242% b 95% e 68% 10 a 585sec b 6sec 

b m=24 


= O 00 "I 


1 a 88 students 
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REVIEW SET 17B DS 
1 A Frequency 
40 
30 


20 



















margin 
(points) 











0 10 20 30 40 50 
Ta 49.6, s= 1.60 Does not justify claim. Need a larger sample. 


a 414 customers 


range = 19, lower quartile = 119, upper quartile = 130, s = 6.38 


12.5 I5 16.5 18 


a 7=S$103.50, s=8$19.40 b u=$103.50, o = 3781582 


6 
7 a co% b 95% csS15% dai35% 

8 a meanis 18.8, standard deviation is 2.6 b 13.6 to 24.0 
9 

1 


ar wn 











a 2.5% b 84% c 81.5% 
a i z=x3.88cm ii s2x0.0571 cm? 
b u=3.88cm, 02 = 0.0591 cm? 
aa=4 6-6 b 5 €c 25 
a b 65marks €c 54 and 75 
e 73%ofthem f 81 marks 


EXERCISE 18A 

1 aors bo22 2 a 0.487 b 0.051 €c 0.731 
3 a 43days bi =0.047 di =0.186 iii 0.465 
4 a =0.089 b =0.126 


EXERCISE 18B EM 
1 a fA,BC,D) b (BB,BG,GB, GG) 
€ fABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, 
BADC, BCAD, BCDA, BDAC, BDCA, CABD, CADB, 


CBAD, CBDA, CDAB, CDBA, DABC, DACB, DBAC, 
DBCA, DCAB, DCBA 


d (GGG, GGB, GBG, BGG, GBB, BGB, BBG, BBB) 


120 students 
d 21 marks 


mto to E tuas 





Ç 
4 
: à 
E 2 
B 
1 
A spinner 1 
123456 ABCD 
3 a 5-cent  10-cent b coin spinner 
E e A 
H << B 
E c 
H A 
E a T <B 
T E 
€ spinnerl spinner 2 d draw 1 draw? 
x Pp 
1 =— P so B 
Z W 
x Pp 


< 
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EXERCISE 18€.1 








1 1 T 4 1 8 
tlasgb5szcgdçsgests 
2as bi ê ii 5 
1 1 4 1 1 1 1 1 
3azb;c;gd egmtas gs hos 
4 as bc Jar d 2 (remember leap years) 
5 (AKN, ANK, KAN, KNA, NAK, NKAJ à à bi ci do 
6 a 1666, GGB, GBG, BGG, GBB, BGB, BBG, BBB) 
a A CND do 8 LOS 7 
big ogdisidvosSvs vis 
7a LABCD, ABDC, ACBD, ACDB, ADBC, ADCB, 
BACD, BADC, BCAD, BCDA, BDAC, BDCA, 
CABD, CADB, CBAD, CBDA, CDAB, CDBA, 
DABC, DACB, DBAC, DBCA, DCAB, DCBA- 
E do mico ua O q 
bis dis ddosdvs 
EXERCISE 18€.2 
1 5 cent 2a coin 
Ti. E RP 
10 cent E spinner 
H T 
1 1 o 3 1 pn 1 
az bi; cs ds bio ci iii; 
ae 3 3 
ii os dv É 
1 1 5 11 5 25 1 
3agzbãcgdZegtzgzõzzs 
5 2 13 
hã isis 
EXERCISE 18D.1 HI 
6 36 216 1 1 
ftlasSbScãMmaghbas 
3 a 0.009 b 0.809 4 a Eb 
8 12 27 
5 a 0.56 b 0.06 €0.14 d0.24 6 a bs Cds 
EXERCISE 18D.2 EM 
14 1 T 7 7 
lagba2?2agbgs cg 
3 3 DT sato 
3a ão box = 00006 
3 2 as 97 2 964, 95 É 
C do X 59 X og E 0.000006 d Too X dy X 58 = 0.912 
3 1 
4a s b = 
EXERCISE 18E 
1a Ist spin 2nd spin b + c E 
1 5 3 
as 5 e & 
q-— R 
= y 
1 B 
2 1 
1 Ao = 
ra Y 
1 B 
da: 2 E win 
A Y 1 rain sd 
4 5 <<: 
2— lose 
a : 
E no rain se Ni 
E VD lose 
20 
: Es 
P(win) = 55 


17 a 19 
3 0.032 4 7% 5 a b & 


EXERCISE 18F = 


20 10 3 1 3 
ama Lda Sm! 

2 5 1. 2 4 4 
RR O ER 


These are all possibilities, so their probabilities must sum to 1. 





b 


a 

b 98 
a 

33 


our 
a 

bo 

a 

H 

Is 

md 

o e 
Is 

x 
ej- 

u 

o 

o 

o 

o 

9 


100 X 
8 9 Tt 
EXERCISE 18G o 
1 a(p+g!=p!+4pg+ 6 +4pçã + q! db 4(1PB(L) = 1 
2a (p+g5=p>+5pig+ 10pêg? + 10p2gê + 5pg! + qó 
biXD(D= > lido 


3 

5 

97 = 0.9602 e 1—- 2 x 2 = 0.0398 
99 º 100 9 º 

to start with 














w 


ala 
= 


Ez 
M 


Colo 
Nani 
Il 


Ho lh 
w 
SS = 


n— 
Il 
5 
= 


w 
“ 
E Co toh 


—s 
+ 
= 
na 
| 
—s 
Co UI 
— 
na 
+ 
o 
— 
9 
—s 
Com 
=— 
ty 
+ 
H- 
O NIH 
Copo 
E 
—s 
cojo cm 
o o q 
wu 


00] 
HI 


Aga A 


i 393 /1)2. 135 w 53 mm 47 
b ii 10 (3) (4) -SiSiiiL 
5 a =0.154 b =0.973 6 a =0.0305 b 
7 =0.000864 8 =0.0341 9 A4times 


EXERCISE 18H.1 E 
1 a 4=(1,2,3,6), B=(2,4,6,8,10) 


= 0.265 



























































bi nA4=4 ii AUB=(1,2,3,4,6,8,10) 
ii ANB=(2,6) 
2a b 
(0) (O 
c d 
(0) GD 
e f 
(CD €D 
3 a29 bi7 c2%6 d54a6s b9 c4 ds? 
SabDbicídiekt Ss 
GaLZbicidGST7TaL bi c&adg 
8 a b 
(0) (0) 
A AMB 
c d 
(0) (0) 
AUB AMB! 
9 a b 
Gy) o) 
G (gs 























na 
jo) 
da 
jo>) 














9 
da 
jo) 

-— 
da 
jo) 














Cc Cc 








EXERCISE 18H.2 HH 
1 For cach of these draw two diagrams, shade the first with the 
LHS set and the second with the RHS set. 
2 a A=(7,14,21,28,35,.... , 98h 
B = (5,10, 15, 20, 25,.... , 95h 








in(A)=14 d n(B)=19 di 2 iva 
E b+e ne b pas +b+ a a+b-+e 
* a lise Lama dia Vga 
b P(Aor B)=P(A4) + P(B) — P(A and B) 
EXERCISE 181] 


1a 22 study both 


M P bi 2ul 


Ê En 














cum cum 
o 
fr 
o 
Jo 
= 


7 a 0.46 


0.45 b 0.75 c 0.65 10 a 0.0484 
1 5 12 é 
3 P(AUBUC) =P(A)+P(B)+P(C) — P(ANB) 
— P(BNC) —- P(ANC) + P(ANBNC) 
EXERCISE 18) 
1 P(RNS)=0.2 and P(R) x P(S) = 0.2 
are independent events 
asbsScS P(ANB) £P(A) x P(B) 
a 0.35 b 0.85 €c 0.15 d 0.15 e 0.5 


14 91 
5a sx b2 


Hint: Show P(ANB)=P(A) P(B”) 
using a Venn diagram and P(AN B) 
7ai(B(L) mi Eb 


13 13 2 


9aizxis boas PMCND)ZP(C)PD) 10 E 


125 
EXERCISE 18K 


1 =065 2 & 3 =0.318 4 = 0.530 


5a mb 26 axo bãÃx=065 € =0.966 


7 F 8 a =0.0962 b =0.0962 


EXERCISE 18L HIM 

1 a 0.04355 b =0.598 2 a x0.773 b = 0.556 
10 Es 15 99 

9 4 =0424 5 00137 6 5 7 %& 

a 2 bIOrÃo aog9 b 

a 


2 

3 

5 

6 a 
9 b 0.3926 
1 

1 


No, as 


eo Ew n 


= 0.544 8 0.9 


79 5 = 0.306 € 0.6 
0.104 b =0.267 € = 0.0168 
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REVIEW SET 18A 


1 ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, BADC, 
BCAD, BCDA, BDAC, BDCA, CABD, CADB, CBAD, CBDA, 
CDAB, CDBA, DABC, DACB, DBAC, DBCA, DCAB, DCBA 


a b 
b 
P(N wins) 
= da N (0.4) 


= 0.352 E ae 


oojto hoj 
oh com 


550 X 355 & 0.000000 193 
4 


ba 
Po 
&> 
no X o 


9 8 
1— Sox So x dos 2 0.023 86 


W (0.95) 
W (0.95) — 
TD W'(0.05) 


e w'(005) — W 0.85) 


TD w'(0.05) 


0.9975 


9 a =002388 b =0.9%6 10 a & b & 
11 a =0.259 b =0.703 


REVIEW SET 18B HM 


1 BBBB, BBBG, BBGB, BGBB, GBBB, BBGG, BGBG, BGGB, 
GGBB, GBBG, GBGB, BGGG, GBGG, GGBG, GGGB, 666G 
3 


37 10 — 2 > 19 > 16 
db mt 5-5 3 a 5 bg cd ds 
Two events are independent if the occurrence of each event does 
not influence the occurrence of the other. 


For 4 and B independent, P(A) x P(B) = P(A and B) 
b Two events, 4 and B, are disjoint if they have no common 


E 

1 

2ags 
a 


outcomes. P(A or B) = P(A) + P(B) 
5 W (0.36) a 0.09 
R(0.25) 
NA b 0.52 
W (0.36) 
R'(0.75) 
= W'(0.64) 


6 1-0.9x0.8x 0.7 = 0.496 


31 21 
7azxobG 


Po (+ 3)=(B sa (BC) o (8) (8) 
+( (+) dra gm 


9 (0.6+0.4) 

= (0.6)º + 6(0.6)º(0.4) + 15(0.6)4(0.4)2 + 20(0.6)3 (0.4)3 
X wins 5 X wins 4 X wins 3 
Y wins 1 Y wins 2 Y wins 3 
+15(0.6)2(0.4)4 + 6(0.6)(0.4)5 + (0.4)8 


X wins 2 X wins 1 
Y wins 4 Y wins 5 


a 20(0.6)3(0.4)) = 0.276 b 6(0.6)(0.4)? + (0.4)$ = 0.0410 
10 a =0.0205 b = 0.205 


X wins 6 


Y wins 6 
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REVIEW SET 18€ HS 


ANSWERS 


1 a PM(MNC)=0.85, P(M)P(C) = 0.801, so not independent b E 
2 &%3 a xo062 bax0558 4 =0127 5 5 
4 5 5 1 i 6 ni 7 
6 %7;889azgb;/cigziigs 
10 a 1.54x 109 b 128x108 11 5 


REVIEW SET 18D HM O 


1 a The occurrence of each event does not affect the occurrence of 


the other. 

3b P0)=5.PMD)=dP)=P(3)=% 4-3. 
P(5) = 35 

ha 093 bosco d 0.6 5 n=1l1 

6 a 007831 b 0.07663 

7 B [probability p(1 — q)(1 + q)] is more likely than 

A [probability p(1 — q)(2 — p)] 
8aob Ze Z9 So (+35 =0313 
nm 8 192 a 4 bi 


EXERCISE 19A HED 
1ar7br7 ci diçeofigsh-i 
iok-s lim ao q 6r 


1 3 
3 ESA A: 


—3 
£ 
2 5 


1 
2 lm>=03 as b-Sc-1 d1ie1tas 


tv—>o00 T 


EXERCISE 198 HD. 
1 a vertical asymptote « = —3, horizontal asymptote y = 3 


f(x) — oo as v>o0, f(x) >37 
as 2z>—oo, f(x) >3+ 


as v> 3, 

as v>-3+, f(x) > —oo 
b vertical asymptote x =0, oblique asymptote y = 2x 

as 200, y— (2x)+ 
z>—o, y > (22)7 


as > 07, 
as v>0+, 
€ horizontal asymptote W = 5000 d horizontal asymptote y =1 
as t>o0, W > 50007 as 2>00, y>17 
as 7>—oc, y> 17 


y — —00 
y> 00 as 


as 2z>00, f(x) > 0+ 
as v—>—oo, f(x) — 07 


e horizontal asymptote y = O 


f vertical asymptotes x=—2, v=1, 
horizontal asymptote y = O 
as v> 2", f(x) > —oo 
as 2>-2+, f(x) > 00 as 
as 2>17, f(x) > 00 
as 2>1*, f(x) > —oo 


as vx—>00, f(x) > 0+ 
z > —oo, Fla) > 07 


9 oblique asymptote y = «x as 2500, v>Z” 
as 2—>—o, y> at 


h vertical asymptote x = 0, horizontal asymptote y = O 


as 2>07, f(x) > oo as v—>o0, f(x) > 00 
as 2>0%, f(x)>0t as zx>-o0, f(x) >0+ 
i verticalasymptote z=0 as zx>0f, y>-—o 
j horizontalasymptote y=12 as zx>00, f(x) > oo 
as v—>—oo, f(x) — 127 
k obliqueasymptote y=-—z as z+>00, y>00 
as 2>—o0, y> (—x)t 


|. horizontal asymptotes y = 0, y = 1000 
as 2-0, y-— 10007 as 2>—oc0, y>0+ 


EXERCISE 19€ 
1azbicida4eistfoar 
2 b yr 23 « 


€ Area of circle = 77 — sing 





EXERCISE 19D.1 


1 


100 
80 
60 
40 
Eu time (h) 


- > 
0.2 0.4 0.6 0.8 1 








maximum speed is 100 km h-1, minimum speed is 68.4 km h-1 
Hint: V(t) > 68.4kmh-1 

4.84 km < distance from Adelaide < 20.64 km 

9.28 km < distance from Adelaide < 17.18 km 


vo an go 


10000 
8000 
6000 
4000 
2000 








20 40 60 80 100 
b Hint: P(n)< 10000 € $375000 < profit < $875000 
d $531250 < profit < $781250 
e Use upper sum with 100 intervals. 


EXERCISE 19D.2 HI 


1 


converges to 5 











ai 
0.16000 | 0.36000 
0.20250 | 0.30250 
0.24010 | 0.26010 
0.245 03 | 0.25503 
0.24900 | 0.25100 
0.24950 | 0.25050 
0.24995 | 0.25005 
ii 
40000 | 0.600 00 
0.45000 | 0.55000 
0.49000 | 0.51000 
0.49500 | 0.50500 
0.49900 | 0.50100 
0.49950 | 0.50050 
0.49995 | 0.50005 
iii | 
0.54974 | O.749TA4 
0.61051 | 0.71051 
0.65610 | 0.67610 
0.66146 | 0.67146 
0.66565 | 0.66765 
0.666 16 | 0.66716 
0.66662 | 0.66672 
iv 


.81867 
0.787 40 
0.758 51 
0.75441 
0.75093 
0.750 47 
0.750 05 


0.61867 
0.687 40 
0.73851 


0.74441 
0.748 93 
0.749 47 
0.749 95 
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b = 
a+1 
3 a 
2.9045 < 7 < 3.3045 
3.0983 < 7 < 3.1783 
3.1204 < 7 < 3.1604 
SSD id too 
3.1396 < 7 < 3.1436 
3.1414 < 7 < 3.1418 
b n = 10000 


EXERCISE 19D.3 ED O 
1 a 

















DD O 2 

Ê e fora das 
50 | 3.2016 | 3.2816 

3.2614 


3.2453 


100 | 3.2214 
500 | 3.2373 


3 ais b45 c2r 
REVIEW SET 19 





—-4 b 2 « 


= d se 


1 a 
2a 


1 1 
z = fo —5 
vertical asymptote x = 2, oblique asymptote y =x +3 


asz—o00, f(x) — (x +3)+ 
as z>—oo, f(x) > (2x +3)” 


as v> 27, f(x) > —oo 
as 7x—>2*, f(x) > 00 
b horizontal asymptote y = —3 


as 2>00, y->00 as z>-o00, y>-—3+ 


€ no asymptotes 
d vertical asymptote x =, horizontal asymptote y = 0 
as 2>0f, f(v)>-oc as v—>00, f(x) >0+ 
e vertical asymptote x = 5 as > E y > —oo 
f verticalasymptotez =0 as 7x=>07, y->-—oo 
3a4sbi2cr 
4 a 





lower rectangles upper rectangles 






















V= 





0.2 04 0.6 0.8 1 0.2 04 0.6 0.8 1 


1 
c 4 
de = 3.1416 
o 1+ x? 











b Hint: 


10 mg < r(t) < 25 mg 
€ 35.9 mg < amount < 50.5 mg 
d Use more intervals of shorter length. 
6 cosz, handxareinradians 7 € cosz 
8 a 
fl) 
1 
0.8 
0.6 


0.4 
0.2 











«+ > 

y 1 2 3 4 5 6 x 
b maximum is 0.5, minimum is 0.167 
€ 0.95 < area < 1.28 
d Use more intervals of shorter length. 

9 a 
1 
e x 


E y 0.5 i 15 2 


Ar & 0.761 units? 
Ar & 0.8560 units? 


b Ay = 0.977 units? , 
€ Ay = 0.8733 units2, 
10 a 2 b 4 
12 a A=Z, p=2 


4 
13 a 


a 


b fé (a 2?) de = 2 





EXERCISE 20A Hm 
1ai boca? da 
2a2baza-sg cc srs 
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=] = 2 3 
3 ——s >—— -> do -5 
(x + 2)2 (2x — 1)2 aa as 
i il 1 
5 


















































EXERCISE 20B HMM 
1asbi1ic-l12dãgs3 

2a1ibi;c-Sd-Ie 1t-S 
3 a 
bh 
5 


a 

a 12 b 108 

EXERCISE 20€ 

1 as bo? cl4gd2a+1 e 4 fa2r+3 
g 32246244 h 202º) - 12x i Ê i E 6 


2 22 43 


1 
E n 82-4 
22/5 ” 


E 
tom 





5 3 
k 21— I 22 + m 
o 3224127 +12 


2 
6x2 —- 147 b 27x € = d 100 e 10 f 1272? 


3 
x 
1 

6 b Eva € 2x-10 d 2-922 e 44 -— 

D 4x2 
f 622 -6r—5 
14b-Dec-rd Best 
2 1 1 1 
==] Db == € = d2--= 
ae o * ME NE 
2 —25 
+ f 6-2 —— h 2 
2x Pegue a E 


e E, 
223,7 

d 3. d 3 

Ca a the slope function of y = 4x — — 

a 


9 
222,7 


=4+5, 
da ui q2" de 
from which the slope at any point can be found. 


ds ds 
b ria 4t+4 ms), E is the instantaneous rate of change 


in position at the time t, i.e., it is the velocity function. 
dC de. É 
c To 3 + 0.004x $ per toaster, ra is the instantaneous 
a x 


rate of change in cost as the number of toasters changes. 


EXERCISE 20D.1 HIM 


1a fg(z)=(22+7)2 b fg(a)=222 +7 
ce flg(x)=v3-4z d fg(x)=3- 4% 
e JM) Ds fIU)=5+3 
2aflao-zr, g(x)-3r+10 b Ha) =>, g(x) = 22x +4 
c Ho=vE sl=22-% d f)=S, Ho)=8r-2? 


EXERCISE 20D.2 E O 
1 au? u=2x-1 b uz, u=22-3 

c 2475, u=2-q2 d us, u=23-— q? 
u=3-z f 10u 1, 


e 4uT8, u=22-3 








2a s42—5) bb 2(5-22)2 € I3r-22)?x(3-27) 
d -12(1-32)) e -I8(5-2)? 
f 1(203-02) 8 x(602-27) 9 —60(50—4)3 
h -4(3x-202)2x(3-27) à 6(a2- 22 x (204 5) 
x x 
1 3 
3 a ab 18 ec -sd 4 e -Stfto 
d d 
ba Ds, T-ly 3 Hint: Substitute y = «x? 
da dy 
dy de dy 
dr” dy dy 


EXERCISE 20E.1 HI 
1a 2x(Zx-D+22 b4(2rx+1PB +24r(2x 41)? 


c 2x(3— 2)3 — da2(3— a) * 

d ir F(x-3)2+2vz72-3) 

e 10x(3x2 — 1)2 + 60273(3422 — 1) 

f lo Fra?) +3vTa 221 22) 
2a-ss bas cld)A3agr=30ê 


EXERCISE 20E.2 
3(2-2)+(1 +37) 2x(22 + 1) — 2x2 





1a b 
(2 — a)2 (2x + 1)2 
(22 -3)- 222 lr 3(1-20)+2VT 
(22 — 3)2 (1— 2x)2 
22(3x — w?) — (22 — 3)(3 — 2x) 
(3x — 2)? 
pie 32)3 + Bo(1- 32)? 
1=-3z 
7 28 
2a1ibic-Gad -S 
Ê dy. 
3 b i never (note: = is undefined at x = —1) 
x 


iz<0Oandarx=1 
& b i v=-2+v11 ii v=—2 


dy. Bias : 
c = is zero when the tangent to the function is horizontal 
x 





(slope 0), i.e., at its turning points or points of horizontal 
inflection. 


E is undefined at vertical asymptotes. 
EXERCISE 20F 
1ay=-7+11 b 4=7+8 € y=-27-2 
d y--27+6 
2ac6y=--z+57b 7 %Ãky=--zx+26 € 3y=r+4+11 
d x+6y=43 
3 a y=2landy=-6 b (5,2V2) € k=—5 
d yv=-32+1 
4 aa=4b=7 ba=2, b=4 
5a 3y=71+5 b 9y=r+4 € 
6 a v=2a-L b y=-—27a — 22 
€ 57y=-42+1042 d 2y=7+1 
7 a=4b=3 8 a (-4,-64) b (4,-31) 
€ | does not meet the curve again 
9 a y-(20-1Dzx-al+9, y= 5, contact at (3, 15) 
y=-—Ta, contact at (—3, 21) 
b y-0, y=Wz+54 € y=0, y=--vldr+4vV14 





16y=2z—-3 d y=-—4 


b 16x+aºy = 24a 
€ Ais(Za, 0), 
: 24 
B is (0, >) 
d Area- 18 units?2, 


area > 0 as a > 00 





11 a Domin(z|2x<2) € 82x+3y=-—19 
12 a= 1, point of intersection (5 X8) 13 b=3 




















4 
EXERCISE 206 
12— 2 
tacbimce-L d LDO o oa f E 
273 x (2x — 1) 
d2y dy d2y 30 dy 120 
2a 6x, 6 b =2-, = 
da? E da3 dx? qt" da? x5 
d2y 9 —5 dy as 1 
qo qo 8"? 
q Fist fio 
de? 3" da as 
d2 
e 2 = 6(x2- 3x)(5x2 — 152 +49), 
da? 
dy 
3 = 6(2x — 3)(542 — 15249) + 6(x2 — 3x)(10x — 15) 
JO 
d? 2 dê 
poda o 
da? (1-2)3º des (1-2)! 
dy À 
3 agz-1bar=-0,+06 4 a D=>-——— 
E ” vs de (1-2) 


REVIEW SET 20A HM 
1 
1 y-44+2 2 a 6r-4 b i++ 3 22042 
x 
== — 5 =, 3 = 1 
4 v=1 5 (-2,-25) 6 a=5>, b=—5 7 a=s 
8 y = 16x — 12 
J Es 
d dA SHt+5)2-2(t+5)2 


M 
9a =s43) b = 
dt Rosa) dt t3 


10 a “8º b a(2-1) (145) 

c 1(22-32)F(20-3) 
1 a -2(5-47)? b 45-47)? ec -24(5-47) 
REVIEW SET 20B HM 





d d 
1al=sss? bb Eca +2)(62+1) 
da da 
dy 233 232(p2 
c a =22(1-2º)º — 6x(1—- 2º)2(x2 41) 
Jo 


2 y=7,y=-25 3 5by=2z-11 
3(x+3)2v7- la Fa +3) 
x 


4a fa) 


b f(x)-= 4203/2243 + 25(x2 + 3972 


2 -8 
5a ft(a)-6-< bb H(2)- -42 2 
6 arca = 520 units? Hint: tangentis 4y= —57x — 99 
7 a=-1, b=2 
8 a=2 andthe tangentis y= 317 — 1 which meets the curve 


again at (—4, —13) 
9 A=-14, B=21 
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REVIEW SET 20€ 


d; 
= 3x2(1 — 2)? — a4(1 — a2)5 
dz 


p dy Qr-B(r+ 13122-302 +13 
dx z+1 


y=2-11 3 2=-d, 

BC — Esao (Hint: normalis y=-32+8) 
d2y 2 4 d2y Sos 

a 2 Re b dad 2 

a=9, b=-16 7 4=9,B=2, f(-2)=-18 

a=64 9 4y=32+5 





3 
2 


4 8 

b y= -mº + E 
8 

c A(Q2k,0) B(0, x) 


d Area= 8 units? 
e k=-2 





EXERCISE 21A 


dP 
a $118000 b a — t-12 $1000 per year 


dP 
Ea is the rate of change in profit with time 


i O<t<3years ii t>3years 
minimum profit is $100 000 when t = 3 


- 9a 


dP 
— =4 Profit is increasing at $4000 per 
dt Jt=a year after 4 years. 


dP 

+ = 28 Profit is increasing at $28 000 per 
dt J+=10 year after 10 years. 

dP 


| = 88 Profit is increasing at 888 000 per 
dt Jt=25 year after 25 years. 


a 19000 mº per minute b 18000 m? per minute 


a 12ím b D- 28.1 — 9.8t represents the instantaneous 
dt velocity of the ball 
€ t = 2.867 secs. The ball has stopped and reached its 
maximum height. d 41.49m 
e i 28ims!l ii 85ms-l iii -209ms 
s'(t) > 0 ball travelling upwards 
s'(t) < O ball travelling downwards 
f ace otidna  dec 
5.TTT sec 9 72 is the rate of change o = 1.e., the 


instantaneous acceleration. 4 b 69.58ms1 


EXERCISE 218 


a i Q=100 ii Q=50 ii Q=0 


b i decr Iunitperyear ii decr. a units per year 


d 
€ Hint: Consider the graph of e against t. 


d —5 do 

dO O ai dt 

dt vt t 
forall t>0 


a 05m bt-=4;917m, t=8;12.5m, t=12;143m 
Cc t-0:39myear? t=5: 0.975myear 1 
t = 10: 0.433 m year”? 
dH 97.5 
da—=D—""— 
dt (t+ 5)? 
always growing, and ET —> 0 as t increases 
a i €4500 b i decr of €210.22 per km bh! 
ii €4000 ii incr. of €11.31 per km h-! 


>0, forallt > 0, the tree is 
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— =0 at v= 500000 79.4 km ho! 


Les 
dt 


The near part of the lake is 2 km from the sea, the furthest 
part is 3 km. 








dy 3,2 [3 1. dy : 
Es = 0º t+ U=5; Ee 0.175, height of 
hill is increasing as slope is positive 
d 
c=1l; E- —0.225, height of hill is decreasing as 


2º de 
slope is negative 
top of the hillis between a = i 
2.55 km from the sea, 63.1 m deep 


4 dv 
É 21950 (1-5) E 
dt 80 


at t=0 (when the tap 


and x 


Il 
m 
[o [e 


was first opened) —1250 
d2V 125 
As a This shows that the rate of change of V is 


constantly increasing, i.e., 
constant rate. 


the outflow is decreasing at a 


dP 
When E O, the population is not changing over time, 


b 4000 fish € 8000 fish 
C"(x) = 0.0009x2 + 0.042 + 4 dollars per pair 


C'(220) = $56.36 per pair. This estimates the additional cost 
of making one more pair of jeans if 220 pairs are currently being 
made. 

$56.58 This is the actual increase in cost to make an extra pair 
of jeans (221 rather than 220). 


C" (x) = 0.0018x + 0.04, C"(x) = 0 when x = —22.2 
This is where the rate of change is a minimum, however it is out 
of the bounds of the model (you cannot make < O jeans!). 


ie., itis stable. 


EXERCISE 216.1 


1 aY7ms 


h 


d 


ans 


d 


b (h+5)ms! c 5ms 
(Qt+h+3)ms, 
Jim (26 la 8) = a'(8) + 21-43 as h>0 
>0 


st) 
av. velocity = 


—-14ems tl b (-8-2h)cms-1 
—-8cms 1 =s'(2) ie. velocity = —-8cms lat t=2 
—4t=s(t) = v(t) 
2 

2 -2 -2 ED) ni 
Z*cems? b/[--—>— |)ms? € 1cems2=v'(1 
j (755) o 
1 a ; 
A cms? =v'(t) ie., the instantaneous acen. at time t 


velocityat t=4 b accelerationat t=4 


EXERCISE 21€.2 


1a v(t)=2t-4, 


a(t) = 2 


o EE o alt): + ; 
1 3 2 
The ar is initially + 3 cm to ds right of the origin ai is moving 


to the leftat 4cms 1. Itis accelerating at 2 cms? to the right. 


The object is instantaneously stationary, 1 cm to the left of the 
origin and is accelerating to the right at 2 cms”? 


At t=2, s(2)=1 emto the left of the origin. 


f o<t<2 
GSE: 


= 0 3 
v(t) = 98 — 9.8t, a(t) = —9.8 
s(t): + ut): — a(t): -— 
0 0 0 


s(0) = 0m above the ground, v(0) = 98 ms”! skyward 





5 


oc“ a 


Hint: 
Show that 


t=5 Stone is 367.5 m above the ground and moving skyward 
at 49 ms-1. Its speed is decreasing. t = 12 Stone is 470.4 
m above the ground and moving groundward at 19.6 m s1. Its 
speed is increasing. 


490m e 20 seconds 

vt) =12—6t2, a(t) = —12t 

s(0)=-—1, v(0)=12, a(0)=0 
Particle started 1 cm to the left of the origin and was travelling 
to the right at a constant speed of 12 cms”! 


t=v2, s(vD)=8v2-1 d it>v2 ii 
vlt) = 3t2 — 18t +24 a(t) = 6t — 18 


a [a + 
a(2) = 20, e a 


LIo<t<2 and 2. 
s'(t) = v(t) 


= A 
a=59 


never 


<s di De Es d 28 m 
and s“(t)=a(t)=g 
b=v(0) c=0 


EXERCISE 21D.1 


demo o e "nana go «qn 


i zx>0 ii never Db i never ii-2<r<3 
irz<2 diax>2 dialrealr ii never 
| Il<rx<5 dx<l,x>5 


|2<e<4 2>4 dzx<0,0<x<2 


increasing for « > O, decreasing for x < O 
decreasing for all x 


increasing for x > — S decreasing for x < —& 
increasing for ax > 0, never decreasing 
decreasing for x > 0, never increasing 
incr. for z<0 and x>4, decr for0O<rx<4 


increasing for —V3< <rx< 3 
-—V3 o > vã 
? 3 
decr. for T<-—5, x>a3 incr for -1<2<3 
increasing for x > 0, decreasing for x < 0 
+ xe and x < — — 


decreasing for x < 





increasing for a > — xe 
decreasing for —5 — xe <r< —É + x 
increasing for «< 2-3, v>2+V3 
decreasing for 2—- V3< ar <2+v3 
increasing for x > 1, ds Rea for 0O<ru<l 
increasing for —-I<v<1, x>2 
decreasing for x < —l1, i < 2<2 
increasing for 1-V2<Xr<1, 2>1+v2 
decreasing for x < NA 1<x<14+v2 
i = + = 
11 ——+ 
ii increasingfor -1I<x<l 
decreasing for «<-—1, x>1 
I — SE às 
11 —+* 
ii increasingfor -1I<x<l 
decreasing for «<-—1, vx>1 
«a E é Lo sy 
= 1 3 
ii increasingfor -1I<x<1, 1I<x<3 
decreasing for x e =1,:223 
increasing for «> v3 and v< —v3 
decreasing for “A < <e<-l, -Il<r<o, 


0O<Xr<l, I<r<v3 
increasing for vz > 2 decreasingfor v<1, I<r<2 


EXERCISE 21D.2 


1 a A-localmin B-localmax C -horiz. inflection 








b + - - + 
4 , 1 > x 
=), 0 3 
ciz<-2Z,rx>3 di -2<2<3 
d E + + 
= ! ! > x 
—4 0 5 


e For b we have intervals where the function is increasing (+) 
or decreasing (—). For d we have intervals where the function 
is above (+) and below (—) the x-axis. 

2a b 
horizontal 


inflection 
(0,1) 





(0,-2) 


local min. 







local max. 


(=1,4) 

















(1,0) 


local min. (1-1) 


(1,=1) 


local min. Y local min. 





horizontal 
inflection 











x 
(no stationary points) 


A f(x) 






(1,0) 






x 
horizontal 
inflection 





(4,4) local min. 





(=2,=27) 
local min. 


f(x) 


(0,1) local max. 











(=1,=9) (1,9) 
local min. Y local min. 
b od . 
ú= “a localminif a>o0, localmaxifa<0 4 a=9 
a 


a a=-12, b=-13 b (-2,3) local max. (2, —29) local min 
P(x) = -9xº —- 972 +92 +42 
a greatest value 63 (ata — 5) least value —18 (ata = 2) 
b greatestvalue=4 (at x=3 and 2x=0) 
least value = —16 (ata = —2) 
8 Maximum hourly cost = $680.95 when 150 hinges are made 
per hour. Minimum hourly cost = $529.80 when 104 hinges 
are made per hour. 


EXERCISE 21 E. 


1a Ha y=0, VA v=>2and v=-2 
b HA y=0, VA vx=-2 € HA. y=0, no VA 


“oa w 
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d VA z=1and zx=-1, HA. y=2 
e novVA's, HA y=-1 E VA v=>-2, HA y=3 
9 VA. v=2, parabolic asymptote y = 312 + Tx + 14 
h VA. zx=-1, 04 y=22-7 
i 1 — 3 5 
EVA. T= 5, OA yv=52+4% 
ai HA y=1, VAs zx=3 and v=-2 
ii (3 5) is a local maximum 
iii x-intercepts are O and 1, y-intercept is O 
iv j 
local max 
(5) 
2225 
X 
y= x? —X 
: x -x—6 
x="2 ; x=3 
bi HA y=1, novVA. 
ii (0, —1) is a local minimum 
iii x-intercepts are 1 and —1, y-interceptis —1 
iv 
local min (0,—1) y x2 +41 
cita y=1, VAsaz=-4 and r=-—1 
ii (2, —2) is a local min., (—2, —9) is a local max. 
iii x-intercepts are 4 and 1, y-intercept is 1 
iv : 
local max (—2,—9) ty 
x=—4 x==1 
di HA y=I, VA v=-1 
ii (2, —3) is a local minimum 
lil x-intercepts are 5 and 1, y-intercept is 5 
iv 
5 
x=-—1 local min Rã) 
3a i HA y=0 
ii (1, 2) is a local max. is =4(x + 1a — 1) 


(+12 


(—1, —2) is a local min. 


iii x-intercept is O, y-intercept is O 
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iv y local max (1,2) b i VAz=-1, obliqueasymptote y=x+2 
ii f(x)= Eq no turning points 
(v+1)2 À 
iii x-intercepts O and —3, y-intercept O 
Iv ' 





= 
local min (—1,—2) x + 
bi HA y=0, VAs zx=5 and 2x=-1 


a —4(a? 
ii no stationary points | f(x) = ES 
L — x 





il x-interceptis O, y-intercept is O 





c i VAx=2, oblique asymptote y=-22+1 

= =2(m — 3 = 1 ; 

ii S(x)= Re local min. at (1, 1), 
(x — 2) local max. at (3, —7) 
il no z-intercept, y-intercept is 2 





citAy=0, VA z=1 





ii (—1, —1) isa local minimum |f(x) = 


il x-intercept is O, y-intercept is O 
iv 





d i VAz=1,2=-1 OA y=a 
2(42 — 
Ii p= FE) 


-3v3 
EE D” local max. at (— 3, e), 





local min. at (v3, 38) 
; iii x-interceptis O, y-int. is O, horizontal inflection at (0, 0) 
xa iv 








localmin (—1,—-1) 


di HA y=0, VA v=-2 


ii (4, 2) is a local maximum | f(x) = 


—3(a — | 
(z+2)8 


neu . . . . 3 
Hi x-intercept is 1, y-intercept is a 


iv 






x=—2; 





1 
local max (4,7) . 
e | NoVAcexists, OA is y=1 


Dra 
e 3 ; : : 
à S(m)= e horizontal inflection at (0, 0) 
il x and y intercepts of O 
iv 








4 a VA vx=-2, oblique asymptote y= av +2 


as 1 
ii S(x)= E local min. at (—1, 2), 
(x + 2) local max. at (—3, —2) 


uau E E . T 
Hino x-intercept, y-intercept is 25 





x 2 +4x+S 
o x+2 


e EXERCISE 21F 


1 a noinflection b horizontal inflection at (0, 2) 
€ non-horizontal inflection at (2, 3) 
d horizontal inflection at (—2, —3) 
e horizontal inflection at (0, 2) 


non-horizontal inflection at (—5. S104, 


57) f no inflection 





2 a i localminimumat(0,0) V 
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IA 


iv concave down for — 5 z< 


ii no points of inflection 
iii decreasing for x < 0, 
increasing for x > O 


concave up for x < -—v3, > 















v 
iv function is concave up (0.0) non= non- 
for all x local min. horizontal local max. horizontal 
inflection (0,3) inflection 
=JE E 21 
b À horizontal inflection at (0, 0) (153) (3,3) 


horizontal inflection at (0, 0) 

iii increasing for all v 
real x 

iv concave down for x < 0, 

concave up for x > O 






(0,0) 
horizontal 
inflection 





(—/2,-1) 


local min. 


(V2,-1) 


local min. 


ci f(x) 0, no stationary points 
ii no points of inflection 
iii incr for 2 >o0, v 
never decr. 
iv concave down for x > 0, 
never concave up 


h À no stationary points 
ii no inflections 
ill increasing for x >o, 
never decreasing 
iv | concave down for x >o0, 
never concave up 





d i localmax. at (—2, 29) local min at (4, —79) 






























ii non-horizontal inflection at (1, —25) 3a 
iii increasing for v : 
e<-2 ga >4 local max. f(x) 
ED q (2,29) non-horizontal 
decreasing for inflecti 
-2<e2<4 inilection 
iv concave down for 
sl, 
concave up for « > 1 
(4,—79) local min b 
e À horiz. inflection at (0, —2) local min. at (—1, —3) 
ii horizontal inflection at (0, —2) 
non-horizontal inflection at (— à = 5) 
iii increasing for x > —1, decreasing for a < —1 
iv concave down for VW . 
Dido dia non-horizontal 
23 SS 0 inflection 
concave up for (-> - ) 
2 3º 27 4 a 
p< —2 2 20 
horizontal 
o) 
(0,2) inflection 
local min. (—1,—3) 
f à localmin. at (1,0) 
ii no points of inflection b 


iii increasing for x > 1, decreasingfor v<1 
iv  concave up v 


for all x 








9 i local minimum at (— 2, —1) and (2, —1), 
local maximum at (0, 3), 








non-horizontal inflection at (— ê 3 
iii increasingfor -vV2<2x<0, v>v2 
decreasing for x < -v2, 0<Xa<v2 
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EXERCISE 216 








1 50 fittings 2 250items 3 10blankets 4 25kmh-? 
5 bm) € Lmin = 28.28m, 
2=707m 
d 
14.14m 
x (m) 7.07m 
6 a 2xm b V=200=2xxzxh 
E 100 ; : 
c Hint: Show h= o and substitute into the surface 
area equation. 
d ã e SAmin= 2134 cm, 
a (em) 2 = 4.22 em 
450 f 
Pi 
BEL o 
To eo a vil tm 
7 a recallthat Veyinder = 772h andthat 11 = 1000 cm? 
b recallthat SAcyiinder = 2772 + 277h 
= 2 
c A (em?) d A-=-554cm, 
1500 r = 5.42 em 
e 5.42 cm 
O <> 
r(em) 10.84 cm 
8 b 6cmx6cm 
9 a0<r<63.66 € x=63.66m, [=0Om (ie. circular) 
10 a Hint: Showthat AC= E x27x10 
b Hint: Showthat 277 = AC 
ce Hint: Use the result from b and Pythagoras” theorem. 
1. (992 092 
d V=ir(s) 4/100- (35) 
e f 0-293.9º 
5001 V (cm?) 
360 ES 
11 a Forz<0 o z>6, Xisnoton AC. 
€ z=2.67km This is the distance from A to X which minimises 
the time taken to get from B to C. (Proof: Use sign diagram or 
second derivative test. Be sure to check the end points.) 
12 3.33km 13 r=31.7cem,h=31.7cm 
14 4m from the 40 cp globe 
15 a D(x)=,/22+(24-2)2 
d(D(x))? = + 
b dLD(a)JÊ = 4x — 48 + 
da 0 24 
€ Smallest D(x) = 17.0  Largest D(x) = 24, which 
is not an acceptable solution 
as can be seen in the diagram. 
17m 
24m 
12m 
16 a Hint: Use the cosine rule. 
b 3553 km? -— + c 5:36 pm 


4.605 


as 2 
6 a YU utr+y) 





17 a QR- (+) 
x 


d 416cm 
18 between A and N, 2.578 m from N 


19 at grid reference (3.544, 8) 20 a 1 21 e 63.7% 
EXERCISE 21H 


m € Hint: All solutions < O can 
be discarded as x > 0. 








d d d d d 
1acl pg cap ay? oa! 
dz da dz dz dx 
-1 dy “a dy dy dy 
f 1,304 ay h Dio 204 
2% da da A PAM da 
d 
Pray 
dx 
2 —2g — 2.2 
2 a x b x é E d x e L—y f 3x y 
y 3y y 3y?2 x 2x 
1 
3 ai bos 
—2 —1 3 — 8g? 22 +2, 2 
h a =25 === é o d ey! — 8x e 2x + 2y f 2y 
y3 y3 y3 9y5 2 22 
5 a dV Vl dg  2q-3V—3 
da 3V-q dv? (1-V)2 


REVIEW SET 21A 
1 a vt)=(62 -18t+12)cms 


: +, + 
e(t: a 


5 


a(t) = (12t— 18) cms”? 


a(t): +, 
0 


b s(0) = 5cmto leftoforigin, v(0) = 12 cms”! towards origin 


a(0) = —18 cm s”2 (reducing speed) 
€ At t=2, particle is 1 cm to the left of the origin, 
is stationary and is accelerating towards the origin. 
dt=1, s=0 and t=2, s=-1 


O 


= l l 1 E o 
Speed is increasing for 1 <t < 15 and t>2. 
i $535 di $1385.79 

i —$0.27 perkm h-1 
51.3 km h-1 

local maximum at (—2, 51), local minimum at (3, — 74) 
non-horizontal inflection at (5. —11.5) 


-< 


il $2.33 per km ho! 


vago -a 


b increasing for d 
< 2, 2x>83 


decreasing for 
—2<2<83 


local max (—2, 51) 







€ concave down for x < à. 
1 
2 


concave up for x > 


k=9 


1 
y= 5, 2>0 € base is 1.26 m square, height 0.630 m 
x 


b 4 -5y=14 


da a(a + 6y2) 








local min (3, 


non-horizontal 
y —inflection 
(115) 


-74) 


REVIEW SET 21B HDS 


dlA E 
1b SEE. 50002 — 4x3 
dx 
Area is a maximum when x x 35.4, A= 1250m?2. 
120 — 360 
2a )=5+——— emsT), a()=—— ems? 
u(t) tus r a(t) To Ii 


b At t=3, particle is 30 cm to the right of the origin, moving 
and decelerating at 22.5 cm s 2, 


to the right at 30 cm s1 
Cc O<t<l 
6 cm from each end 
d 2y? — 2 
bhak= bb ETA 
de 3y2 — 40y 
1 
a(t)= -— 
(t) RG 


€< llzx—-2y= 24 


1 
5a jd 


= + + 
u(t): ———— a(t): —————. 


0 º 0 
b x(0) = 0, v(0) is undefined, a(0) is undefined 


€ Particle is 24 cm to the right of the origin and is travelling to the 


right at 2.83 cm s” 1, Tts speed is increasing. 









d Changes direction at t = 55» 0.083 cm to the left of the origin. 
e Particle's speed is decreasing for O < t < 55 
6 a yintaty=-1 vintatrx=1, 2=-1 
b 224+1>0 forallreala (ie. denominator is never 0) 
€ local minimum at (0, —1) 
e 
X 
- e 
non-horizontal non-horizontal 
inflection at inflection at 
mo ; pah do 
( 13º 3) local min (5 2) 
(0,—1) 
7 





REVIEW SET 21€ HI 
1 a gyrinterceptat y=0, a-interceptat 2=0 and v=2 


2 32 


b local maximum at ( De 


5 local minimum at (2, 0), 


non-horizontal inflection at (3. 5) 
















€ y : 
non-horizontal 
local max inflection 
2 32 (4 16) 
axis intercept Pd 3127 
at (0,0) 
> 
local min x 
(2,0) 
2b A = 2007 — 242 — Img? c 
3 a VAatx=2 OAisy=r+44 28.0m 
b local max. at (—0.828, 0.343) 
local min. at (4.828, 11.66) 56.0m 
€ x-intercepts at z« = 0 and « = —2, y-interceptat y = O 
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local max. 
(—0.828,0.343) peer Ai 
local min. 
; (4.828, 11.66) 
2 E 


p< 0.343 or p> 11.66 
Hint: Use Pythagoras to find h as a function of x and then sub- 
stitute into the equation for the volume of a cylinder. 

radius = 4.08 cm, height = 5.77 cm 


8 
LQ = — km b Hint: Show that 
x 


(length of pipe)? = (LQ + 1)2 + (8 + x)? then simplify. 
11.2 km (when x = 2 km) 


> k = gde 
When a=5(1 *) 








EXERCISE 22A HI 








a 4: be: c-2e-2r d le? e-eF f2er 
e o et et. = go nd 
9 274+307 h >> ice” jerzx— 
2 q2 
k 2027 1 40027 m 2e2:+! n lef o —4xel-22" 
p — 0.02e70-02x 
x T 
E e 
ae tre b 3x2e 7 -v3er € Zoe q E 
x2 er 
ger — ler 
e Jet + 3x2edo | > 2 g ly-Fe2-gãe-s 
az 
h e? +24+2e"* 
(e-T +1)2 
E et e2z 
a 4e”(e? +2 b ———— 
fera) Dep * VA 
Geio se Ê (1-2)? f 1-2e"7 + xe?” 
(1 — esz)8 V1—2e-= 
dr 
b CY ny 
dar 
y : dy d2y ? ' . 
Hint: Find — and —S and substitute into the equation. 
dz dx? 
dy —(54e- 27 + 372e3Y + 8ry?) 
de 302 (xe3y + 4y2) 
a local maximum at (1, e!) 
b local max. at (—2, 4e-2), local min. at (0, 0) 
€ local minimum at (1, e) dl local maximum at (—1, e) 


EXERCISE 228 


“ww 


> qo»osa 


InN =In50+2t b 
InS=2lna-— kt 


o 1 1 1 
2b5cec-1d-sSegsztogsgashgG 


In P = In 8.69 — 0.0541t 


en 2 b ein 10 c elna d etlna 


z=In2 b norealsolutions € no real solutions 
e=n2 € 2-0 f vx=n20rln3 g 2x=0 


v=n4 i c-m(E4) or (8) 
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a 2?m2 b 57In5 € 27 +2727n2 
372 — 23 In 6 127 In2 — 27 1-zln3 
dg cho, Bins o l=doo 
6z z2 3x 
a (m3,3) b (n2,5) € (0,2) and (ln5, —2) 
a f(x): xintatr=1n3, y-intaty=—2 
g(x): axint.at z=ln (3), y-int. at y=—2 
b f(x): as zx>00, f(x) > 00 
as vz> —oo, f(x) — —3 (above) 
g(x): as v> oo, g(x) — 3 (below) 
as 2x > —oo, g(x) > —oo 
€ intersectat (0, —2) and (In5, 2) 
dos y v=[(0) 
a P=(51n3,0) d 
Q = (0, —2) 
b f(z)=e+3e7>0 E 
for all x > 
€ f(x) is concave down (11m3,0) 
below the x-axis and non-horizontal 
concave up above the inflection 
a-axis 
a -interceptat a — O, y-intercept at y = O 
b asz>0c0,y>00, asz>—oco,y=> 0 
€ local minimum at (—1, — 3) 
d concave down for x < —2, concave up for x > —2 
e 


y =4"— 2 





inflection rd 


(Ai) (-1-3) 


EXERCISE 22€ HM 


h 






































1 2 1-2 2 
a -—- b a 2xlnz + x 
x 22+1 g— gx? x 
1-1 E 21 E 1 
f Es g enero h 22 
2x2 x x 22vIn x 
E ES In(2x) 1 Inz-—2 
— — el k—DD"+— | >——s 
E E Me HE E JRR 
3 429841 l 6 
a n5 b ct q [In(2x + 1)? 
z q! + 2-2 22+1 
f 1- In(4x) g A h 1 —1 
g2 x elng ln x)2 
á —1 —2 és 1 1 1 
1='2% 22+3 2x 2 22-22) 
I 1 2 a 1 9 
T+3 xv-l x 3-2 9 3x — 4 
1 2x 2242 1 
h É des 
x q2+4+1 2 +27 q-—5 
E ai 1 dy 
ain i—— iil — b HH =2"m2 
gln2 x In 10 PE ad da e 





5 


6 
7 


a v= 





3 
1 
E - (= 10.54) b no, .. there is no y-int. 


€ slope =2 dz>5 e PO)= q <º fr 
= 


all x > à. so f(x) is concave down 








Hint: Show: z>o0,f(z) > —oo, and as « > c0, f(x) > 0. 


Hint: Show that f(x) >1 foral vx>o0. 
da ab — 2ae2º — a 


db Aabezalnb- 30362 + b 


EXERCISE 22D HE 













y pda 2 3y=-z4+3In3-1 
e e 
rg 2 2 

A is (3,0), Bis(0, —2e) & p==Ge ta 1 
yv=e'v+e“(l-a) so y=ex isthetangentto y=e” 
from the origin 
a vx>0 
b f(x)>0 foral x>0, so f(x) is always increasing. 

Its slope is always positive. f(x) < O foralla >0,so f(x) 

is concave down for all «x > 0. 
c : 

16) 
normal has equation 
x Ha)=-er+1+e 
= 63.4º 
a k= Sln2 (= 0.0139) 
b i 20grams ii 143grams dii 1.95 grams 
€ 9 days and 6 minutes (216 hours) 
d i -0.0693gh1 ii -2.64x 107 gh! 
dw 

e Hint: You should find E -—5 In2 x 20e- 86 In2t 

> o 95 ay 
a k=5hn (E) (= 0.123) b 100ºC 
d i decreasing by 11.7ºC/min di decreasing by 3.42ºC/min 


iii decreasing by 0.998ºC per minute 


10 a 4.9cm b 10.4 years 


12 


13 


€ 1 growing by 5.45 cm per year 
ii growing by 1.88 cm per year 


In 2 


a 4=0 b F= (50.231) 


€ 0.728 units of alcohol produced per hour 

a f(x) does not have any x or y-intercepts 

basz>00, f(x) >00, as x > -—oo, f(x) — O (below) 
€ local minimum at (1, e) 


d f69) 







local min 


(1,e) 


vertical asymptote 
x =0 





a v(t)=100-4005 cms-?, a(t)=8e 5 ems-? 
b s(0) = 200 cm on positive side of origin 
v(0)=60 cms! a(0)=8cms”? 
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€ as t->o0, v(t) —» 100 cms”! (below) e after 3.47 sec € bata i d Point of inflection is at (1, 3.38). This is when 


d vd) toma) y=100 É a the velocity is decreasing the fastest. 


t (sec) 





A(t) (5,5In5 + 1) 








14 a at4.41] monthsold b 





minimum 


(€7!, 0.632) b = 13900ants € = 24000 ants 


d Yes, 25000 ants e after 3.67 months 


t (years) 2€ 
5 a a DRE b 37.8%increase € VYes,Cbees d 3047 bees 





































0.865€C' 
. E 7 e B()=5" cream tndso B'(t)>0forallt>0 
15 a There is a local maximum at (o. =): elmeli QE ret) “. B(t) is incr. over time. 
f(x) is incr. forall x < O and decr. forall x > 0. f ) 
b à i 1 C=4571 
Inflections at (-1 =) and (1. =) 
€ as zx>00, f(x) —0 (positive) 
as v>-—oo, f(x) — O (positive) 
d local max y= 1 E 
(o + ) 2x 
"2a 
non-horizontal a non-horizontal 6 a ast>o, et! s0, ete. 
inflection inflection 
(11) 7 (1-1) REVIEW SET 224 IES 
v2er v2er 1 a sre+ b xe” — de” ê eY(2y +1) 
: a3 2— vey(2y +1) 
e 1 e 
: E 2 y=-24+-—— 
16 20kettles 17 C= (> e) 18 267 torches 2 e 2 
19 a Hint: They must have the same y-coordinate at v =b 3 x 
1 “a 1 v=9 2 =e"+3 
and the same slope. € a— + d ye Jr-s ERA eta masi e resete ae 
-VE p= 1 In3+24/2),6+22 
20 aftcri3.8 weeks 21 a=X, b=—s (ing -242),6-2 ( = ) 
23 a i-cez(a+41) ier(z) li -eT(x-1) iv eT(x-2) Codes uni sena casaca fe cai 
b Mr) =(I)Per(r-n+2) 
24 a eXMax+1), aeT(ax+2), a2e”(arx+3), ade? (ax+4) 
b MO(r)=ar- tear 4 n) 
4 a y-interceptat y=—1, no x-intercept 
EXERCISE 22E b f(x) is defined forall x 1 
1a c f(a)<Oforz<landl<r<2and f(x)>0fora>a2. 
f(a)>0fore>1, f(x) <0Ofora<l. 
So, the slope of the curve is negative for all defined values of 
a < 2 and positive for all « > 2. The curve is concave down 
for « < 1 and concave up for x > 1. 
: = 82 É x 
E d tangentis y=e po: v=€ 
2 3 4 6 x 
b i 1771units di 74.7 units ; > 
€ When t = 0.667 hours = 40 min ; poe 
d i o1728hx10min ii 9! min * 
e t= 5 or 80 min. This is when the effectiveness is ; 
decreasing the fastest. ix=1 
. 1, e —bt Es a ua 
a a ! epa qua Ho) ae e bé) 5 a 60cm b i 4244years ii 201.2 years 
D Shoyithas Ol) = Ae (hi) c i 16cmperyear ii 1.95 cm per year 
b Local max. in cisat t= + E End > 
. j ns E 6 a v(t)—-8Se 15 -40ms"!, a(t)—= Se Toms? [t>0) 
Point of inflection in Gisatt = 5 
b s(0)=80m, d : 






v()ms 


v(0) = —48 ms, 
a(0) = 0.8ms”? 
€ as t>o00, 
v(t) — —40 ms”! (below) Cap 
e t = 6.93 seconds 
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7 A(5.e!) 8 100 or 101 shirts, $938.63 profit 
9 Tangentis y=In2, so never cuts x-axis. 
10 a 2 (1+2n2) 








b (x2+2)(x—3) | 2x do 1 3x2 
1—- 23 2 +2 2-3 1-73 
REVIEW SET 228 EM 
dy 322-3 dy 1 2 
1a J=D>D—"— os = 
dz q3-3x dz v+3 Tx 


dy etU(yê +) 

de Iy-erty(y2 +1) 
2 Itdoesnot. 3 a zx=In3 b z=In4orm3 
4 a local minimum at (0,1) 


b As z>00, f(x)>00, as z—> —oo, f(x) — —a (above) 


d «1? +H(2na +1) 


ec S(a)=er, «LS thus f(x) is concave up for all x. 








d 
er 3x — (2 +2) 
5 a f(x)= b f(rn)=>———— 
ro + rto- ES 
6 a z=In(3) oro b z=e 
1 4 
7 a vt)=25- - em min-!, a(t)= = em min? 
1 1 
b s(e)=25e— 10, v(e) = 25-— - a(e) = = 
e e 
€ As too, v(t) — 25 em min? from below 
d e t- 10 min 





8 197 or 198 clocks per day 9 Pis(lna, 1) 


10 a zx>0 b Signdiagof f(x) Sign diag of f(x) 
Je = 
+ + 
0 0 
f(x) is increasing for all «a > O and is concave downwards 
forall x >0. 
c normal is 
c+2y=83 





EXERCISE 23A 


1 a 2cos(2x) b cosz—sinz € -—3sin(3x) — cosz 
cos(r+1) e 2sin(3-2x7) f 5sec2(5x) 
acos(Z)+3sina h 3msecl(rax) | 4cosa + 2sin(2x) 


2 a 2x-sina b seclr-3cosz € eTcosr-e sing 
d -esinate"cosz e cotr f 22” tanz+e?? sec? x 


3cos(3x) h -Ssin (5) i Gsec?(2x) 





xcosz— sina 





j cosz-zxsinz k RSS FREE | tanz4+zseca 
x 
1 sin x 
3 a 2xcos(r?) b — sin(vV7) € ———>—— 
fr 24% fai) 2n/cos x 


2 


d 2sinzxcosz e -3sinxcos?r 





f —sinzsin(27) +2coszcos(2x) 9 sinasin(cosz) 
; 2sin(2 
h —12sin(4x) cos2(4x) À — id da 
sin? q cos2 (2x) 
k 8 cos(2x) —12 
sin? (22) cos2(5) tant(5) 
dy d2y . dê dt . 
4 a —=cosz, —— =-sinz, — =-— cosa, — =sina 
da da? da3 das 


b The answers of a are cycled over and over. 


6 ay-r by-zrc 2 -y= 5-8 dzr—-T 

7 a rising b risingat 2.731 m per hour 

8 a —34000r units persecond b V'(t)=0 

9 bioiiiiii =1.106 

10 a; (1,1) (27,1) 


b 4 (0,1) 


5 »1) local max. 


max. max. 
y=sinx 








(0,0) (7,0) (27,0) x 
min. min. min. 
Tx 3a 
1 a z= ae 


b (0,1) is a local minimum, (7, —1) is a local maximum 
(27, 1) is a local minimum 
€ f(x) has a period 27 
vo: 









[0,27] 


local min local min 


(27,1) 


> 


12 y=sin(2x)+2cosa [0,27] 
— local max. 
m 33 
(6 2) 


(27,2) 











27 
3 
(7,0) 


5x -3/3, Stationary inflection 
( 62 ) 
local min. 


13 a z0)=-1cem v(0)=0cms! a(0)=2cms”? 
b Att= 4 seconds, the particle is (V2— 1) em left of the 
origin, moving right at 2 cm s”1, with increasing speed. 
€ Att=0, v(0)=-lcm, att=7, 
a(r)=3cm, at t=27, wv(27) = —1 em 
d fro<t<Z and q<t< EE 


EXERCISE 235 

2a e” (cota — csc2 x) 
€ 8sec(2x)tan(2x) d —e? [cot (5) — 3 csc? (5)] 
e zcsca[2-xcotx] f vcscr p = & cota] 


secrx+rsecrxtanz b 


9 tanz h csc(x?) E — 292 cot(a2)] 





i Tes2a- la Pcota coszsing + 2x 
x = 2rvTsin? a 
3 a vZa-y=v2(Z-1) b 2x+y=2+v3 
h a v—2v3y= 5 — 4/3 b vV6x+y=7v6+v2 


EXERCISE 23€.1 








x x x x 57 z 
2aob-Sc7Zd Teztaãg 
h XX i-Zij=-oa kx=1238 | =-155 
— 3 == dl 
3 a v—-X b rs 
4 Hint: Let O = arctan(5) tan0—5, etc. 6 q 
EXERCISE 23€.2 
3 a 2 —3 1 —1 
1 +42 v1 — 9x2 v16— a? v25— a? 
2x 1 
1+ 24 
dy ' z dy Er 
4 a =arcsina4+-———— b + =e”arccosa — 
da vl-a? da l-z 
E dy figa de er 
— =-e"“arctana 
dx 1+22 
dy 1 
5 « E ES e [-a, 
E 5 q €E[-a,a] 
2 3 
6 a tana=- and tan(a +06) = — 
x x 


2 
b 0 = arctan (5) — arctan (É) c vx=v6 
x x 


d The maximum angle of view (0) occurs when Sonia's eye is 
6 m from the wall. 


EXERCISE 23D 
1 =109.5º 2 cc 0=30º 

3 1 hour 34 min 53 sec when 0 = 36.9º 

h €c 4/2m 5 9.866m 6 1.340m from A 

7 e AP+4 PBisaminimumwhen 0=q$ 


EXERCISE 23E 


1 a is decreasing at 7.5 units per second 

2 increasing at 1 cm per minute 

3 a 47 m?persecond b 87 m? per second 
h increasing at 67 m? per minute 
5 

7 





decreasing at 0.16 m? per minute 6 2 cm per minute 
2548 cm per minute 8 decreasing at 250 ms 
—- 8 ms 
9 a 02ms b ms 
10 decreasingat g radians per second 
3 —- 1 1 
11 a decrat sã rad sec b decr at 109 Tad sec 
12 increasing at 0.128 radians per second 
13 0.12 radians per minute 14 4/37ms 
15 a “Bm emst b Ocms 
200 -1 -1 v3 

16 a SAST rad sec b 1007 rad sec 17 b Sqmmin” 


REVIEW SET 23A 
1 a 5cos(5x)In(x) + A) 
x 


—1 
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b cos(x) cos(2x) — 2sin(x) sin(2x) 
Cc 2 Etanvpe E secla 
3 a f(x)=3cosx + 8sin(2x), f(x) = —3sina + 16 cos(2x) 
1 1 
b f(x)= E x” 3 cos(4x) — 4x7 sin(4x), 
3 Cad 1 
f"(a) = —4a7 2 cos(4x) — 4x” 2 sin(4x) — 16x? cos(4ax) 
4 a «0)=3cm, z(0)=2ems-!, x"(0)=0cms”? 
bt=Tsec and é sec € 4cm 
5 a for0<x< 5% and BE Ça<Ir 
b increasing for êr <a< 27, decreasingfor O< a < = 
€ y 
1 (x) = cosx é. 
-« : —— x 
3 
j 2 q E 2x 
1 1 1 


v(5) =-vemst, vl)=0cms, 
D v2)=0cms 

35 4<t<5, etc. 
ne (0,1,2,3,..) 





d; 2 0 
7a Epica db E ==2€ 
9 4 da 3sin 0 
422 — x 3m bm Ta 
€ 6Gunits”, whend=L, LS 
8 a «2452 -2abcos0=c2 4d? — 2cdcos pd 


1 
am above the floor 


o SET 238 


9 b 


esing 
1a = cosa — 
2VcosT 
a d; —1 
e e? [cot(2x) — 2csc?(27)] € is 
dx dx 4— q2 


2a 2/3 —- y= Br 9 b 42 +y=4V3+5 
a04/ã0 = 21.1 mperminute 4 3.60ms-1 
f'(x) = 0 forall x, so f(x) is a constant (5). 


“ww 





a 
b Zr+hr, kEZ E E 
6 a i 5km ii 2/10km 
d; 
a V(n)=Grêmê bo S = ai = —0.00679 mmin-? 
EXERCISE 24A DID 
q a DS qu LÊ 1 3,4 qu 
tais o o b=s v=55 Mu vii 2/7 
qr+Hl 
b the antiderivative of x” is 
n+1 
2 aije ii les iiizes” iv 10000 y Lero 
: + na : 1 
vi 3eº b the antiderivative of e*T is qe” 
d 
3 a —x34202)=302 427 
da 


antiderivative of 672 + 4x = 22º +27? 
b A (e30+1) = 3e3t+H1 
dx 
antiderivative of e 


c =(2vD) = VT 
antiderivative of 4/7 = SavT 


32+1 — 1ç32+1 
=: 


d Eos +1)! = 8(2x + 1)º 
dx 


antiderivative of (27 + 1)3 = (2x + 1) 
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EXERCISE 24B 








2a z units? b 455 units? € 243 units? d sy2 units? 
e 348units? f 2units? g 3.96 units? 
3 a 406units? b 241 units? € 2.58 units? 
4 ci-lio-çidio-c d 
EXERCISE 24€.1 
d; 
1 q = Taf Judr=iz'+e 
d; 
2 es =322 +22; J(302+20)da=03 +22 +c 
dx 
3 dy — 9e27+1. JA de = 1lo22+1 +e 
dx ) 2 
d; 
4 E -spe+1; [(Qu+IPde= i2r+1)t + 
dx 
dy 
5 mo à VT; Jvzda= iavT+e 
dy 1 1 2 
6 ; dz = | 
dz = Es e vz : 
dy 
8 — =-d 5V1 -4r+e 
de IE tea 
1 
9 2m(5-3x+27)+c (5-3wx+2x2is>0) 10 no +e 
n 


11 zinz-zx+c 


EXERCISE 24€.2 






































5 3 2 
1a sq ta+e b 2a3 +e? +c 
c 3” —Inlzj+c d 223 —2njel+c 
e -2w 3 4+4lnlzl+c f dat — lo 4 878 + 
g Ro h dlnlzj+ dad - et +c 
| 5e7 + BT — 4ln |x| + c 
1 
2a 2a + da? —2r+c b 223 — 203 +c € 242 +c 
x 
—1 1 4 
d -2x77 827 +c e su 349272 +u+c 
f 522+7-3n|z|+c g 4x3 — 223 +e 
h 2273 +83 - By 5 +c i da! + aê +ja2+a+c 
3 a y-6r+c by ar +c €y da? aus +c 
d y te e y-2e"-Se+r+e f y=at+xº4+c 
x 
4 a y=e-2+52+c by 22% 4V/z+c 


€ sad S sé 
x 


5a fx)=jal-de+32r+c b fa) = 42? — Br? +c 
c f(x)=3e” -4n|z|+c 

6a fa)=72-2+3 b Rus 7 
ce f(x)=er+2yVz-l-e d Hx)= Ja? -4y5+ E 

7a fHa)= atra pa+a b f(x) = 423 + 42% — 42 +45 
c f(x) = 40º — Er +5 


EXERCISE 24D HMM 

1 = 
1 4 
=(22+5 b -——— < -———— 
usp 0 aa Causo 
2(30-4)2 +e f -4VID55+e 
—2V3—- 4x +c 


=12-72+2 b (-8,-19) 


d a5(4z — 3)8 + e 
g -S1-aP+e h 


9» 
“o 























3 a SQv-IP+c b Faé — dat + dale 
e -S( 32))+c don dats daó to 
e -8(5-a)f +c f da” + Sax 4a) tar+e 
4 a 2" +52" +c b gedu2 pc € —Fel-3e 4 c 
d in/2x-1|+c e —SIn[1- 3x] +c 
f ce” -2m|2x+1|+c 9 jer +27 — Je 2? +c 
h Je? 42 +42+c À 5x2+5lnll-al+e 
UE q O E x2 +8lnlx+2]+c 
c v=-5 EE 
6 Both are correct. d (In |Az|) = É anja Fln al) = E 
Recall that: a dz x 
7agxa)--cets4 byf(x)-r24+2n|l-v|4+2-2m2 
c fla)= 20? Je fr 4 Jet 
8 [= Gds =8In[2+2] Injz— 2) +c 
x 


2 1 1 
foto ande caro gimppeae 


EXERCISE 24 HD 





1a gai+1+ro b2ovr+3+c 2(a8 +ajê +e 
1 
1 414 5 

d q(2+2 ) +c € E(x3 +22+1) +e f “oq o 

1 1 É Lp 2nA 5 

= ———— 1 os 

ET mora" | sli to te 

Q ace-Za4cbe?scc let toe d 2? +c 





e cer? Le f E +e 
3 a In[224+1]+e b —-3ln[2-22|+c c In [22 — 3a/+c 
d 2In|73 a|+e e 2m [57 22|+e 1 gn [23 3r|+e 
ha HMn)=-;(3-2º)B+c b Re 
c fx)= “11-23 +e d fa)=-led-? 4 
e fa) =—Im [nº -a|+e f ss 
EXERCISE 24F.1 
1 a-3csz-2Zr+c b2r?-2sinr4c € &r3 +4tana + 


g2 
d tanz-2cosr+c e qo tane+e 


f -cosz-2sinz+e” +c 9 2237 + 10cosa +c 


E i 4 
h gr +sinv+c | 5tanv+4cosz+GryT+e 
2 


9 
a +eosite c 


E 


2 


2 5 
323 +14 ssinz+e b st7 +2tant+e 


2et+4cost+c e 3sint—Inlt|+c f 30-2In]9|+tan6-+c 


—e “sinzx+e"”"cosa, e “sina +c 


a 
Tal T Tal 
3 a eSsinvx+e”cosz, eTsinx+c 
€ cosz-zsinz, sinz—-xcosz+c d 


3 
f(x) = T -4sinz+3 b f(x) =2sinz+3cosz —2V2 





cos x 


3 3 
c fax)= &a3 — 2tana — énê 


EXERCISE 24F.2 


1a — cos(3x)+c b isin(4x)+c € à tan(22) +c 


2 


d ME )+e e -Scos(2x) te? +c 


3e2e — Atan (E E)+e g —cos(22+ E) +c 


zoa 


Re i —2tan (E — 27) +c 
sin(2x) — à cos(2x)+c k —3 3 cos(3x) + % 


5 sin(4x) +c 


sp 


sin(8x) + 3cosz + c 


Fasin(2x)+c b 


-Fasin(4x)+c d 


9 
“ 
top 
8 
| 


iz o a sin(2x) + c 





8 
! 


3 sin(6x) + c 





pap oJto 


da + 
+ 55 sin(8x) + c f ie +2 


8 
| 


sing + 5 4 sin(2x) +e 


a sin(2x) + é +ec 
E sina +e b 


—2(cosa)3 +c € —Inlcosa|+c 


3 
a 
d 2(sina)? +c e (2+siny) 1 +c f i(cosz)-2 +e 
g 


Infi-cosz|+c h ilnfsin(2x) -3|+c 


1 2 i 
—acos(x2) +c À 
1 n3 : 
—3 sin x+sinag+c 


—cosz+ cosa — Ecosfa+e b Esinôz— Esin/a+o 


—esost +c b a siní(2x) +c € Injsinz— cosz| +c 
etan a +e 
Injsinal+c b 


1 1 
gtanfa+c k —& cosecê(27) + c 


a In |sin(3x)| + c € —cotx+c 
-escr+c f Isec(3x)+c 


3 
—2esc (E Jare h Isertc | -2ycota+te 
EXERCISE 246.1 HD 


avg o 


secr+c € 





2 





1aszb&ce-l(=i7s) ds ec 
f n3(=1.099) g 1.524 h 2 | e-i(= 1718) 
asbisScv3ã-iidiez+s fã 

3 a & b1557 c204 doos7 e quQio —0.6264) 
f 5(n2)2(=0.2402) 9 0 h 2n7(=/3.892) | nf 1 

4 a2-v2b &ceiln2dlIn2eln fi 


EXERCISE 246.2 HD 





1a fóvide=46 [Í(-vo)do=-467 

b fo x 2 de = À Jo (27) de= —+ 
2azbicêdi3a-sbã62 c225 
has bScisSa6cb-g9 cod 25 
6 amb -4czxd so 
7 a Rá (x) da bd /? g(v)dr 8 a -5 ba 
REVIEW SET 24A HIM O 
1asyzteb -Emn|l-2e|+c € Lel-24c d Leic3rye 
2a asnfz+cb a RR € einzic 
3 a ij by 4 E Ri JisvaZ-4+c 


= v3 1 
5 f(x)=3203+522+6r-1 6 a E+YÉ b iln2 


o 
dx — 
7as-o, » / o Sdo=4- Ens (sm 
0 


B=-5 
8 a3-v7 b a(e2-e) 9 tanz, [tana da = In(seca)+c 
10 a=nv2 11 er 


REVIEW SET 24B E 


1a -e?-mn|z+3i+e b da?-2r+n|z|+e 





—0.0236) 
22+1 
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c 9x + 3e27-1 4 1etr-2 4 c 2 a 28 b 4) 


15 2 
3 a 2x-2sinz4c b E -asina+d sin(2x) + c 
h (ga? +2)) =3(372 + 2)2(62 +41) 

J(322 + 2)2(6x + 1) de = 3 (322 + 2) +c 
5 HMa)=ga?-da2+20+2) 6 Gsin(a2)+c 
7 &(v5-v3) 


8 a fla)= ja! + 32º — Do+3 b 3x+26y=84 9 In2 


(x = 1) 


10 A=1,B=2,C=1,D=a4, +4ln|z— 2] +c 


eta) (2-1? 
1 a n(———s b mn[>———+— 
(qe +c n [E +2] +c 
12 a A=4 B=-2, C=—2 

b 4mn|z|-2In|z+1|-2In|jv—1|+c « In(38) 











25 
REVIEW SET 24€ 
1 ay paê get tatco by 400x + 403 +c 
2 a -2m5 b 35 —+— 
E 3 3cos3 a 
2(1 
4 aus à (Ina)? + c 5 234 6 xtanz+ln|cosz|+c 
x 
7ir 1, —— (Cast 
if n + Ran ) +e 
ifn=—1, aln |2w+3]+c 


er +6er +12 +8 b 
b 1n3 
0 a= 5, fa) =2/7+ 5 


as 2 >0 foral, 
U a=00 43 12 1-4 


de +3e2 +12 —T5 


E) 


is never O 


f(x)>0 foralla 





defined for n £ 2 


EXERCISE 25A HED 





1a à units? b sjunits? € e-1(= 1.718) units? 

d 205 units? e 33 units? f 123 units? 
2 a 18units? Db In4(=1.39)units? € In3(x 1.10) v? 

daiuw e 2e — 2 (nº 4.70)? f m(Z)-1u? 
3 a 1u? € s u2 
4 a 4ju bi+re2(=1149)u clêul do2iu 
5 (v2-D)u 
6 a 105 units? 

b iii 

iii 15 units? 
Ç 5 units? 
d 








enclosed area = 3In2 — 2 (= 0.0794) units? e à units? 
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7 

y)=4x 

enclosed area = i units? 

8 
9 a b = units? (= 7.07 units?) 
10 a 404 units? b Sunits? € 8 units? 
11 a Ciisy=sin2z, Coisy=sina b ME, 8) c 25 u? 
12 ai A [54 x 8-7e-6)de+ [É (72+6-03) de 


= — 3 ls 
àos=[o |z = 
b Area- 325 units? 
13 a 215 units? b 8 units? 


14 a Sé Ha) de = — 
b E f(x) de — Jó Ha) de + Jó f(x) dz 


15 a Cjis y=cos2z, Cais y=cos(22) 
b A(0,1) B(5,0) C(5,0) D(27,0) Elm, 1) 


7-6] da 


c 1015 units? 


(area between « = 3 and x = 5) 


16 a 288units? b 497units? 17 km 17377 
18 b=1.3104 19 k=2.3489 20 a=v3 


EXERCISE 25B.1 


1 110m 2 a À travelling forwards 
ii travelling backwards (i.e., opposite direction) 
b 12km 
€ 8 km from starting point (on positive side) 
3 9.75km 





velocii mhr5 





40 
30 
20 
10 
- 
















































































2 4 6 8 10 12 14 16 18 20 
t (mins) 


EXERCISE 25B.2 


1 alem bom? a 55 em b 15 cm left 


5 
3 a 41units Db 34units 4 Db 2units 


EXERCISE 25B.3 





1 a 4ms! ba4777ms! e 1.386 seconds 
d ast=oc, vt)=50 f vt) (msT5) 
e a(t)= 5e-0-5t and as DD ar nadR 
e” >0 foralla 40 —0.5t 
y 50-10 
a(t)>0 forallt. RD 
9 1345m 
sec) 
2 900m 


3 a Show that v(t) = 100 — 8035! ms-1 and 
as t—>o0o, v(t)— 100ms-!  b 3704m 


h 
5 no, fi ss 
6 





EXERCISE 25€ HE 
1 €4250 2 a P(x)= 152 0.01522 — 650 dollars 


b maximum profit is $3100, when 500 plates are made 
€ 46< ax < 954 plates (you can't produce part of a plate) 


3 14400 calories & 76.3º C 
5a v=-ol-- tm b 25cm(at vz=1m) 
6 a y= (C0Ly3 — 20054 — 0087) metres b 3.33cm 





c 2375cm d 1.05º 
d d 
7 Extra hint: Ee ja? +4 and Lo mia 
dV da 


8 3.82020 units? 9 e 0.974km x 2.05 km 
REVIEW SET 25A Hm 
1 a24+7rb-Z cr 


2 a 4=[P(o) -g(v)de+ [Ig(x) — f(x) de 


+ [“f(2) - g(v)]de 
)- g(e)l de or [º Ig(x) — 


Ha) da 


b [jóia 


269 cm 


tus 





a (2,2-1)and(5,2) b 4.5 units? 
5 k= (16 6 Hint: Show that the areas represented by the integrals 
can be arranged to form a 1 x e unit rectangle. 
7 a v0)=25ms!, v(3)=4ms 1 b ast>o0, v(t)=0 
€ 








9 m/ 
as v(t) m/s 
(1) = 100 
v(t) (1427 
(sec) 
—2 
d 3seconds e ae. t>0 f k=1 
(t+ 2)3 5 


9 a-=hn3, b=In5 10 BL m 


E 

1 ( E) units? 
13 a 
b 


8 215 units? 
12 a b=-0.7292 b 0.2009 units? 


secz, Inltanxz +seca|+c 


i ii 0.965 units? 





REVIEW SET 255 Ho 
1 29.6cm 2 4.5 units? 


I(t) = - +100 a 105milliamps b 


3 q units? 


as t—> 00, 1 — 100 


(area from zx = 1 tor = E 
a local maximum at (1, bs, local minimum at (—1, — 3) 


basz>o, f(x)>0 (right) as 
z > —oo, f(x) > 0 (left) 


k 169) d 4ln5 (= 0.805) units? 





fO)=-E 


lx? (, 5 local max. 





local min. (— 1,— - 


bd sm=Yy=2 


ce BVI- É = 4.01 units? 





jo 


9 31.2 units? 





10 a =-E E =L 
Ha ear 2 y=2-sec?x 
=4 A 
= E : > x 
= = =. E 
b z=-Sandr=5 
i =-5m dm nm dm Sm 
€ -mntercepts are «x — 1 49 7d Td 
y-interceptisy = 1 
d (7-2) units? 
12 n2units? 13 =2.35m 


REVIEW SET 25€ 


1 a vt): + — 


SE TA t (seconds) 


0 
b The particle moves in the positive direction initially, then 
att=2, 63 m from its starting point, it changes direction. 
It changes direction again at t = 4, 55 m from its starting 
point, andat t=5, itis 63 m from its starting point. 
€ 63 m d 95 m 
2 =2.59units? 3 a a=-3 b A has a-coordinate 4 


4 a 





0 
From the graph, 
area AOBX < area under the curve < area OXYZ 
am(1) < E sinz dz < n(1) 


JE sina dx 


x 
2 


ie, 3 < <q 


b partition as c 2 units? 





toja 


= 
4 
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5 c fiyade=2m, [iypde=-E d& 6m=1,c=1 
x 


7a 





8 405 units? 


9 Hint: 





=y 


-< 








b (1 — E) units? 
1 (= -2)u? 12m=% 13a a=0.8767 b x 0.1357u2 
14 b 8.66ycears € 12.21% pa. 


EXERCISE 26A HE 


1a sórunits b srunits? c LX units d 227 unitsê 
e S82m units? f 2507 units g Tunitsê h ar units? 
2 a 18.Gunitsê b 30.2 units? 
3 a 186runits? b láôr units? € T(e8 1) units? 
4 a 63runits b = 198 cm? 
5 a a cone of base radius r and height h 
== ([T — Lap2 
b y= (E)z+r cV=amrh 
6 a asphere of radius r 
7 a 8runitsê b 1028 uniisê c T(et-1) units? 
d “Sr unitsê e 2807 units? 


8 487 units? 





Dos 2... . : 
9a mm units? b = units? € 2runits? d 7v3 units? 
e Tunitê f q (2 = 5) units? 
10 a y : 
” y=smnx + cos x 
z x x 
4 2 


11 a b 272 units? 
” y= 4sin(2x) 





mx 
4 


EXERCISE 268 
1a Aisat(-1,3,B(1,3) b EE unitsê 


2 a Aisat(2,e) b m(e2 41) units? 


3 a Aisat(1,1) b UZ units 4 


1627 ted 
E =. units 


926 ANSWERS 


5 a Aisat(5,1) b SE units? 
6 b 


see diagram alongside: 





€ 2472 = 237 units? 
8 V = 367 units, which is independent of r. 


REVIEW SET 26 HD 


z 7 2 : 4 
1 a 312munits Db 4027 units € Ee units? d 187 units? 
2 ar (3 — ss) units? Db =124units? 3 27 units? 
4 a eix units? b Sin units? € bz units? 5 128z units? 
6 Tunitê 7a tabm units? b taêm units? 8 dom units? 


EXERCISE 27A 








1 a 4arcsinz4c b 3arcsin (5 )+e € 4 arctan (&) +c 
d à arctan (2x) +c e 5 arcsin(2x:) +c f 3 arcsin (5E) +e 
g la arctan (55) + h êarctan (22) +c 
2a bi x E 
(Ca) = qts 
RE 1 
o V1-22 
= f(x) foralla 


ii For y to have meaning 
1-2? >0 which has 
solution ve]-1,1[ 


€  Area= E units? 


EXERCISE 27B HD 








1a Be -s) +xe =) te 
b Zu +1)F-Maern)i+He+1)3 + 
c —(3-22)3+1(3-22)3+e d Ht2429)3-2(2+42)3+e 


e 2vy1z-— — 2arctan (Vz —1) +c 
asvs o Eae 
g= Rat E) +e b garcsing — davl— 22 +c 
In(x22+9)+c d 2In(1+[Ina)) +c 

72 — 4 — 2arccos (2 are. f 


dava b c 10543 
35 


cosa — E cosir+c 


2 In(1 +23) +c 


1 : 1 
3 arcsin (22) +.c h 502 


1 
5 





(de je 


=1 
k Ta; “16-22 +e I 2arcsin (5) — dx(2-02)V4- 42 +c 
q 


EXERCISE 27C 





1 a t .etetc b -xcosz+sinz+c 
c ax na — quê to d — 2a cos3r + gsin3r +c 
e ZesinZa + + cos2x+c f ztanz+4lInjcosz|+c 
g «anz-z+ce h ana)? -2xnz422+4c 
i xarctanz— Sln(22+1)+c 
2 a-xe?-2Qe?-DdeT+c b Ze” (sina + cosa) +c 
€ —2e-"(cosz +sinx) +c 
d PP 
3 a ute! -IQMWe! +12 +c b r(na)?-2xlnv+2r+c 
4 a -ucosutsinu+c b — 2x cos v2zx + sin 2x + c 
5 5 3x sin 3a + 3 cosv3z + c 





EXERCISE 27D 
x 6 
1a Infe? -e-z| +e b Da4ce Gets 4 


In 7 
à In |sin 2x|+c 





d In|2-cosz|+c e xtanz+4lnlcosz|+c f 


(x + 3) Ea 
g Re -S(a+9)!+e h Era? 


—g2e* 


+32 +In|x| +e 





—-2xe ?-De T+c À E — a)3-2 (1 — a)? +e 


E. mylam aresina +e 1 3 arccos (2 J+e 


2 e 393 4 1 (a al 3)? 
In(z+2)+1 


o OT 
e ES +" e 


3 = 





c 


n Injcosz] Es 


Z) arctan (=4) +c 
+c 


2a 3 arctan (& ) b 8arcsin (7) +c € aln2zx—-x+c 


d je” 


“(sinz—cosz)+c e In 





SEG 








2 
V224+1 


2 . /9-22 
erctan a Z1+cg g arcsin (2) + Ev a T te 


E | 2(2-3)) +6V7=3+c 
(sin x sin 4x + 4cosa cos4x) + c 
)+e 
sing — 5 sinÊ v+c m sine? +4]+2arctan ($) + 
arcsin (5 $)+2V4-12+c 
2-v-—6ln/2- 2] qe | E Ed He 

6 


sin & 
p “EL 





e 


In [2 —20+5]+ 3 arctan (ESA 


a a 





cedbin a 4 ia +c 
EXERCISE 27E.1 
1 ay-4* bM=-4e"?! €cy-4+c 

d Pi=it4+ce Q-4-3 f +-02+3Q+c 
b M=20"% €c Vy= 


7 Zen — é e v=(z—3)2 


2 a y= 10!” 
d P= 


1 
gt—1 


1 
3 y=4Aer ha me! b r=-Mh2 
e 





6 ay=-47% by=-4escy=-4AS d v=-In(-S+o) 
7 z=>etr+ 8 y=e? 9 y=6-2x+1)e-” 

e2t+2 5 E 
10 ESA 1 y=22+2 12 y=2tan(22+7) 
13 fa)=20 3º 1h y2=22-9, a= +32 

—2 
15 a y>>——— b Horizontal asymptote y = 0, 
y 72 +24 TIZ! symp y 





vertical asymptotes vz = —1+V5 
16 b 7243? =c circle centre (0, 0), radius — 


y=da line passing through (0, 0), slope d “diameter 
meets the tangent to the circle at right angles”. 
17 v=4(1.5)ims10x6.64ms1 18 0.8% 19 t=3sec 


20 a v> ms! b t= 1In(5)= 0.128 sec 


21 a Vo is the original volume of water, V is the volume of water 
that has evaporated. .. Vo— V is the volume remaining. 


b =17.7% 
dh. r2 


22 4hous 23 a —="————— b 
dt  mh2-2mrh 


25 12 midnight 

EXERCISE 27E.2 
Ty-el(x2+c) 2 y=-e!(x+c) or y=4e?— de” 
3 a(x2 +59?) —k h y- Axe?” 


a 14.4 hours 


24 = 12.5 minutes 


ES === === ——— == > = SEG 57 


REVIEW SET 27A 
1 -B(4-mB+18(4-0)3-2(4-0)$ +c 
2 varctana — à In(a? +D)+c 
3 a je"(sina — cost) +c b err? -2+29)+c 
€ 19-22)? -9V9-22+c 
4 y2=-20-4e7 5 = 0.00527 sec 
7 y=72+4z 
REVIEW SET 27B HIM 
(re b garctan(2E) +c c 2v5- a 


2 a cosvx+zsinsz+c b V22— 44 2arccos(2) + c 





6 fax)= 3e3? 


v2 


1 a Sarcsin(: 


VA v=-2+V3, 2=-2-vV3 


5 b 0.0248units € my =-2, my * —0.00496 

6 a EN = = kN (kaconstant) b = 8.97 x 109 bacteria 
7 avy=- HA y=1, 

8 


“2+4241 
1 


8 remains 


EXERCISE 28A 


1 a continuous b discrete € continuous d 
e discrete f discrete 9 continuous h 


continuous 
continuous 







































































927 
sa 6 (6, 9/66, 9[6, D/6.5[G.6) 
5 6. 5) [(5, 6) 
rol1 4 [(4,1)[(4,2)[(4,3)|(4, 9)](4,5) | (4,6) 
3 [6,.D[6,9/6,9/6.9/6.5/G,0 | 
2 |[2D/2,29/2,3)/20,9/2,5 
MODO DA D/0,6| 
1 2 3 4 5 6 
roll 2 
b P(0)=0; P(1)=0; P()= 5: P(3)= & PO = és; 
P(6)= 35: P(6)= 3: (MD =5g: P(8) = 55; 
P(9)=% PqO)=% PAD)=2: P(D)=d 
€ 
6 7 probability 
36 
4 
36 
4 
36 
1 tt tt to tiotirom 
6 ak=5 bkh=% 
7 a P(0)=0.1975k; P(1) =0.0988k; P(2) = 0.0494k; 
P(3) = 0.0247k; P(4) = 0.0123k 
b k=2.6130 P(a > 2) = 0.2258 
8 a diiasagd b P(x>1)=0.3352 
a 


Ee] 


= 15 10 



































2 a i heightofwaterintherain gauge ii 0<ax< 200mm 
iii continuous 
b i stoppingdistance li 0<xz<50m iii continuous 
€ À number of switches until failure ii any integer >1 
iii discrete 
3 a O<Xe<4 Db YYYY YYYN YYNN NNNY NNNN 
YYNY YNYN NNYN 
YNYY O YNNY NYNN 
NYYY NNYY YNNN 
NYNY 
NYYN | 
(r=9)(2=3)(2r=2)(r=D)(2=0) 
cizxz=-2iizxr=2,30r4 
4 a 2x=0,1,23 b HHH HHT TTH TTT 
HTH THT 
THH HTT 
(v=3) (v=2) (x=1) (x=0) 
ce Px=3)=4, d 4 P(x) 
8 
P(x=2) =, 
Pr=1)=8, 
P(z = 0) = ã 





EXERCISE 265 


1 
2 


a 
a 
b 


k=02 b k=5 
P(2) = 0.1088 


a = 0.5488, the probability that Jason does not hit a home run 


in a game. 


PD) + PD) + P(3) + P(4) + P(5) = 
probability that Jason will hit one or more home runs in a game. 


P(x) 
0.4 
0.2 


0.4512 and is the 





«411 


q 


$ > 


> P(r)>1 b P(5)<0 which is not possible 


The random variable represents the number of hits that Sally 


has in each game. 


k=0.23 ciP(x>2)=0.79 


ii P(1< 


2 <3)=0.83 


























E 
123456 b 1 
I[2 3 4 5 6 7 E 
213 4 5 6 7/8 d 3% 
Decl 3/4 5 6 789 
415 6 7/8 9/10 
5/6 78 9 1011 
67 8 9 10 11 12 
c [FERE RES 
1 2) 3) 
í 
ENS EE 
= 5 4 s 2 Il 
P(D=d) | 3 | 3 | 36 | 36 | 35 
11 a i =0.819 ii =0.164 iii =0.0164 b 0.00115 


12 a 





Die 1 








oo om 


Pri a 


EXERCISE 28€ 
1 102days 2 a À 


8 
ai os ii 0.29 
a 83.50 b No 
ai zioi 
Ç 
a 





b 25 3 30times 
ii 0.16 b i 4125 


4 $1.50 5 15 days 
6 ii 2175 iii 1200 
7 

8 a 


ii 3 bis ii 


lose 850 


$0.50 iii $3.50 


6 3 
lose 50 cents d 


$2.75 b $3.75 
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EXERCISE 28D.1 E 

1a k=003 b u=0.74 € o = 0.9962 

Gis = P(3) = 
216, P(1) = 0.432, es 


=2.5, o = 0.6708 
= 0.288, P(3) = 0.064 


2 P(1)= 
3 a a 



































5 ; 
"P(z) [01/02/04/02/01 
b u=3.0, ci Pu-o<z<u+o)=08 
o = 1.0954 ii P(u-2<r<u+20)x1 
6 5390 7 a 














b u=4472, 0 =1.404 


8 Tossing a coin P(head) = P(tail) = à or rolling a die 


P()=P()=P(3)=...=P(6) = & 
9 In1, median=0, mode =0  In2, median=3, mode = 3 
In 3, median = 1, mode = 1 In 5, median = 3, mode = 3 


In 7, median = 5, mode = 6 


EXERCISE 28D.2 

1 as4 bios cx128 2% akx=03 b64 cos 
3 a2bs5cid1iestfi1igo 

4a a=015, b=035 5 a a=-d b4 c v3 

6 


Rn 





7a EM 0 )/172/ b io6 ii =0.611 
EtetetE] 


8 a «-0.25, 6-0.35 b 0.99 
9 a=4 EX)=2H, Va(X)= SB = 191 


EXERCISE 28D.3 E O 
1 17 and 4 respectively 
2 a E(aX+b) = E(aX) + E(b) = aB(X) +b 
bias idos iss 
3 aiisgiiiobi-iiiocioiii 
4 a 2E(X)4+3 b 4E(X2)+12E(X)+9 € 4E(X2)-4E(O)P 
EXERCISE 28E.1 


1 a The binomial distribution applies, as tossing a coin has one of 
two possible outcomes (H or T) and each toss is independent of 
every other toss. 


b The binomial distribution applies, as this is equivalent to tossing 
one coin 100 times. 

€ The binomial distribution applies as we can draw out a red or a 
blue marble with the same chances each time. 

d The binomial distribution does not apply as the result of each 
draw is dependent upon the results of previous draws. 

e The binomial distribution does not apply, assuming that ten bolts 

are drawn without replacement. We do not have a repetition of 

independent trials. 

= 0.268 b =0.800 € 

= 0.476 b =0.840 € 

= 0.0280 b = 0.00246 € 

a =0.998 b =0.807 


EXERCISE 28E.2 HH 
Taig=3 0=12247 


= 0.200 
= 0.160 d = 0.996 
=0.131 d =0.710 


arwn 
ou 














probability 








0 1 2, 9, 


iii The distribution is bell-shaped. 
b i «u=1.2, c=0.980 











probability 


























0 1 2 3 4 5 6 


ill The distribution is positively skewed. 
c i u=48, o = 0.980 
ii 





probability 











0 1 2 3 4 5 6 


ii) This distribution is negatively skewed and is the exact 
reflection of b. 





h4 u= 12,0=107 5 u = 0.65, 0 = 0.752 
EXERCISE 28F DI 
2,—1.5 
ag e PO pas Mi ES D 





























o (7.13)7e— 7:18 
o a! 

= 0.0752 iii =0.839 iv 
(1.694)? e 1694 


2! 


,2=0,12,3,.. 


b i =0.0204 ii = 0.974 


1.694, so pr= ,2=0,12,3,.. 





























The fit is excellent. 
o x 1.292 and m = 1.302, so, s is very close to /m in value. 
= 0.0498 b =0.577 € =0.185 d = 0.440 
m=/8 b i =0.506 ii =0.818 

0.271 b 0.271 € 0.677 7 a 0.901 b 6Gyears 

= 0.150 b = 0.967 € mode = 1 flaw per metre 

mz 68730 Db =0.177 € =0.417 





oa wu 
“20 ya 


e Pl(x)=-—1x2e-” whichis <0 forall x e Z+ 
P(ax) decreases as x increases. 
REVIEW SET 28A 
1aa-êb 5 


9 
2a 

















E CER 
0.0625 | 0.25 | 0.375 | 0.25 | 0.0625 


p=0.18, a 0.302 b 0.298 € 0.561 
p=0.04, n=120 a u=48 b 0=2.15 


as bs75 6 az baz=16 cmed=14mode=6 
a=i 8a 00388 b 25ofthem 9 à p=0.3 b 0.850 
10 a 0.0516 b No 

11 a | u=1280=113 id u=114,0=0.566 b 0.366 
REVIEW SET 28B 

1a k=3 b og 

a 0.849 b 2.56x 1078 


“a Ew 


2 c 0.991 d 0.000246 

3 a k=0.05 b u=1.7,0=0.954 h4 u=643, 0=2.52 
5 0.156 6 a 480 b 

7 


a 17.0 
= 2 408 4 E =. 
a k- b Tas» = 1.19 € median = 3, mode = 4 
13 
8 am=4 b 4 =0.238 9 =0.736 as p=01 
e 


10 m=1.2, = 0.879 
EXERCISE 29A 


ix=2 


| 
o 
E 
= 


= iô 
MS 


ciziociio 
iv 0.8 


1 a 


MI] 





a b=Y30 b i mean=x155 di 
kz 1.0524 b median = 0.645 


= 4 pa a! 1 
k=-3 b4 c =346 d 35 € 15 


k 
k< 3 and ia (5- 12y) dy=1 


= 0.483 


qa rwn 
o 


Hi 


fk= à does not satisfy k < 5) 
à the graph goes below the horizontal axis. 
+ median & 0.116 


4 

1 b 

6 a k= us 
a 


ano» 
=” 
II 


b 
+ median = ai + mode is undefined 





o b—a 
12 "0. 2 
median = 0.347 b mode = 0 
b 4u=0.0852 € 0.0334 d 0.0501 








V= 


0.9 1 
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f(x) >0 forall x E [0,0.9] and area under curve = 1 

u = 0.590, median = 0.6, mode = 0.6 

Var(X) = 0.0299, o = 0.173 

0.652 The task can be performed between 18 minutes and 
42 minutes 65.2% of the time. 

EXERCISE 29B.1 HM 

1 


san go 





















































2 a,b The mean volume (or diameter) is likely to occur most often 
with variations around the mean occurring symmetrically as a 
result of random variations in the production process. 


3 as4i% b 23% cizis% iig54% digr7ih iizs% 
4 aisti% ii 477% bi o136 ii 0.159 iii 0.0228 iv 0.841 
5 a =41days b =254days € = 213 days 


EXERCISE 29B.2 HM 

1 a 0.341 b 0.383 € 0.106 

2 a 0.341 b 0.264 €c 0.212 d 0.945 e 0.579 f 0.383 
3 aax24 bax218 € ax 2.82 


EXERCISE 29€.1 HIM 


1a (50) -e(ix 8), etc. 


o 








o 


var( 50) = Var( 2x — ), etc. 


0.885 b 0.195 € 0.3015 d 0.947 e 0.431 
0.201 b 0.524 e 0.809 d 0.249 e 0.249 
0.383 b 0.950 5 a a=1.645 b a=-1.282 


Physics 0.463, Chemistry 0.431, Maths 0.990, German 0.521, 
Biology 0.820 


b Maths, Biology, German, Physics, Chemistry 
7 65.6% 


EXERCISE 29€.2 RR 
1 a 0.159 b 0.3085 c 0.335 2 a 0.348 b 0.324 € 0.685 
3 a 0.585 b 0.805 c 0.528 


EXERCISE 29€.3 DD 

1a k=0.878 b k=0.202 € k= —0.954 

2 a k=-0.295 b k=1.165 € k=—1.089 

3 bi k=0303 ii k=1037 4 a k=x614 b k=36.2 


EXERCISE 29D 
1 0378 2 a 904% b 478% 3 83 

4 a 0.00333 b 61.5% € 23€eels 5 u= 23.6, 
6 a u=524, 0=21.6 b 544% 

7 a 4u=2.00, o =0.0305 b 0.736 


REVIEW SET 29A HM O 
1 u=640=4 a isi85%iis4%b os185 2u=312 


3 a a=—-& b y 


ciliiois 
ill = 1.24 
iv 0.24 


e Fr wn 
[E] 


os 24.3 


y=x(x—3) 





4 0x0.50lmL 5 k=0.885 6 =0.207 


930 ANSWERS 


7 a 1438 students b 71 marks € IQR = 20.2 marks 

8 = 80.0 cm, median and mode are also 80.0 cm. 

9a k=In4 b =0474 € u=2-In4, 02=4-2(In4) 
10 =0.0708 


REVIEW SET 295 





1 a i228% iis4% boss 2 a 0.260 b 29.3 wecks 
3 a a=6.3grams b b=32.3 grams 
4 a Jja?(e-a)de=1 gives a= 

b mode occurs at the maximum of f(x) and so mode is 5 

€ median is 1.23 

d P06<z<12)= [15 822(2-2) de= 0.392 
5 a 0.32968 b = 0.796 

14 
6 a de= whichis £1 
o l+22 


b P(r)=Lf(a), ie, h=L 





21n2)? 
c u=2n2, Va(X)= 4-1-( à) 
mr 
7a a= 4 b mode = += € median= 1.08 d u= 
8 =0.403 9 a u=61.218, 0=22.559 b = 0.756 
10 a k=8 b medan=22 € u=x2.75, Var(X) = 2.83 


EXERCISE 30 
1a 5+iv2 
b (V3cis (arctan(12)); a=v3, 0= arctan(N2) 


€ z=v3cis (Jarctan(X2) + k27), k=0,1,2 
2 a v2cis(-T), b 


v2 cis (55), 
v2 cis (SEL Nr a He 


v 
= (ap 





4 Im 





a rn b 256 c 1+i 





(1) 








a = 3 (cos(ãE) isin(2E)), w = 3 (cos(Z ja isin(Z)) 
c cos E) = AE, sin lr)= vô va 
5 u=-2, un=3n2-3n+t3, n>1l 6 ye 


7 cot($) 8 a 


242 arctan x — ia + 5 arctana + c 


In 2 
9 arx=3 b c=2L (or l0g52) 10 x>3 
In3 
11 v=—SE or 5 12 a -2 bel-s 
24 7 336 625 
3a 5 bo €-& 527 


14 z=2 o 3% 15 d=2 16 (0,-1,-1) 





17 a y=27r-3 b 
€ exactly one 
dIG2l 
26 b zab 
l 
31 a circle, centre (0, 0), radius 5 32 b 23-v2 
34 a 4=-1, B=0, C=1 b Sm3-5In7 





35 


36 
38 


39 


no 


42 
43 
45 
47 


50 


52 


53 


54 


55 


57 
60 
66 


70 


72 
74 
75 


77 


82 
85 


89 





E! = = 3 
a A4=5, B=-5 € 5 
-vi-zZ+e b Reta a +c € arcsinx+c 
b z=tan(5), tan(Ã5), tan(SE), tan(RE) 


a”+1 (a cosnô — cos(n + 1)0) — acos0 +1 
a? — 2a cos0 +1 

a"+H (a sin nô — sin(n + 1)0) + asin 6 
a? — 2acos0 +1 


agr 
1 
a P=Q9=— 


“am 2a 

=) tó 
b 2 cos( 2 2), 5 
c dá Ed ad l= izt=reis(Z-0) 
v=Yi+Y2 h6 v=64, y=4 
m=-L o 6 49 a=-3orx-T.6 


19 
ag bs : =vn+1I-1 


É vVE+VEFI 


There are about 1574 trees; 


4 


b 


i cis (—0), 


D=2 v=5 or 


remain steady at 1000. 


+ 1007)” | 
+ Too)” =1 








a $865.25 b R=—P 


oo 








(m + 2)m + Dn +2Xn + 1) 
4 


1 
21 . 

a 11(49) = 3879876 choices 56 ESA 

1- (121910 0.430 58 n=3 59 2/5 00.382 
107 3 o x 

Jo 61 2 63 a=692º 65 £ 


5v63=3.97km 69 a k=2 b 1n3 units? 


b VZ=0953uits 71 a=5 
y = arccos(3 — da?) 73 à tanê x+tanz+c 


Either 4 or B must occur. 


a =1.48unis b =44unis 76 a i 4“nBii B 

; Es dd 7 5 : 

-23-84V2i 78 0=-DE, E. 6 E 79 1+2 
l-z 


y=e"H (x + 1)? 
1 
v—2 





1 
a ze]-oc, 0[U]2Z.c0[ b —+ 

x 
€ 4: —-3y=12-31ln3 
aXbiLBaoco+l bAI=A 

















49 5 
86 v3=1.73m 
01449 
25 em, 
15 em 
a Scis(-5) b z=2cis(-5), 2cis (5), 2cis(—5E) 
c e -8i 
a APQR is right angled at Q and is isosceles as QR = QP. 


90 


91 
92 


94 


102 
103 


104 


105 
107 
109 
112 


115 


116 
118 
120 


123 


124 


125 
128 
131 
132 
135 
136 


a a =(r+ E)coso, b=(r— Dsin0 
b r=1 or zis real and non-zero 
a 2p?-p! b p=0.54 


4 4 8 12 
a 2 =( ) b as=( 5 5) 


0 4 
ok o mn—k 
ai-(1-p” b ra corr 


n 


> (Jor = pp 


r=k 


Cc p=1 


no real solutions 
n(2) committees b ts É os 
ê b 5cmo 22cm € AB=5cmis not possible 


) committees di E 


a b 50<k<54 
k E 150, 54[ 


ta 


i.e. 


(5,50) 





a =2cos(ãE), 2cos(5E), 2cos(HE) 
3x — 10 
2x 


cos0 = 





a y2 = 224 64- 16xcos0, 


€ 8v5 cm? when A is isosceles 
mn no 
a ar= (5 Ea forall n E Z+ 


s =( qr+l. q a 
ne 0 


n 


2097150 2097130 
S20 = 0 20 








fin)=3n?-3n+4 106 =6.40cm 

a =0.34 b c=x5 108 a c=3.59986 b =0.781 
= 0 =0114 111 à =0.242 b = 0.769 
E o: 7 

= 0.842 113 a-S 114 E 

a k=5 b mean = 800, sd — 0/8 

a =0.549 b =0.00823 117 0=1+v7 

a =375 b =0.0366 119 a 66 b = 275 

a anzx-zx+tc b k-e 

€ mis the solution of me ne de = > 

b 

a un=cos0tan"-20 

bua=1 and uns =u2cos0, ne Z+ 
ak=2 b un = ES, nEZt 126 a kv3 
b rkm c 1000/3kmh-1 130 b 1 
g>—-lin  3m Tn no mn Sn 

CC R'o 4º Tia 2 

— Tn bm 47 5m 

= o 3 5 133 3 

a v=-AL byz=-1 cgrx=e d T= E 


azx<2 b v<3 Cc r<2 138 2sin0, 0-5 


139 


141 


142 


144 
147 


148 
149 
150 
151 


152 


153 
154 


155 


156 
157 
159 
160 


161 
162 


163 
164 
166 
168 


170 
171 
172 


173 
175 


ANSWERS 931 
a= sá, b=& or a=-s, b=—5 140 v=6, y= O 
2-1-b2] Hil2ab 
= ES. purely imaginary if 2 —-b2 — 1 
(a+1)2+b and ab 0 
5 qu3 a 2 unit? b 257sin(£) units? 
x 
9b=202 145 a=-1, b=-—7 146 a=2, n=3 


a P(x)=(ax+b)(272 - 3x +1) 

c P(x)=(32+7)(222 - 37 +41) 
Ha)=(2+1)(220-5), v=-1 or v>5 
fe) = He + 342 + Dr 3? 

q2+42+5 b a=-4, real zero is 4 

h(x) = (x — (a — 2t)(x — 3t) 

(—3, 27), (—-2, 16), (—1,5) 

i x2-2+4+(14+k) di k=>0,+1, +2, 43 
pg=-1,-2,-5,-10 € 2=1,-Z 1% 
Pl) =(2+42)(22 - 2245) 

a (0,4). A translation of E 














co ngo 





b (0,6). A translation of (5) followed by a vertical stretch 
of factor 2. 

c (-2,-5) 

d (5. 3). A horizontal compression factor 2 followed by a 
translation of Co) 


e (25) f (3-2) Arefectonin y=a. 















































a Hx)=-v24+6r-13 bb fHx)=-(2-3)2-4 
y=4sin(St)-1 158 2-2, y-4, 2z=—1 
a a=13, b=12, d=15 b =2493m 


== E 
c= 30 





ag c(-1,3,1) d 6 -—-8y-52=-35 
E 7.82º 
a 1 —2 3 1 c à po 

( 1 p 2 o) ii 2=0, 90 

-22 po -4q di p=5=0 

drz=-2-4t, y=t, z=1+t, tEeR 
bk=-1 €Cp=-2, q=6 
AB=I a=2, b=-1,c=3 


i-+k b Z0(5-2)+k) 167 3VG units? 
D(7,1,-2) X(7,3,-1) Y(5,3,-2) 

Show BD=kBY 

b t=-5 

v=0 b x=0.2 o 0.3 

2<g or > 2 b -6<zx<1l o z>2 
=0.785 b =0.995 174 y=Jr+áasinza+4 
2=192-1 177 


covoorcao ou 
—+ 
| 
po 


= 50000 guinea pigs 


932 


178 


179 
180 


181 
183 
185 


186 
189 
190 


191 


193 
195 


196 


197 
199 


200 


201 


202 
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624 
y=——&— 
1+31(25) 

€ i 624people ii about 67 people iii = 4:24pm 

A (E 
a ae E b 12 
a 479001600 
b i 43545600 ii 7257600 ill 159667200 


iv 58060800 
ci srs li 1575 
20.6 cm 182 a 8008 b 5320 €c 2211 
n=3or8 184 a -224 b 880 € —40 


a when 1=53 


b sin22742cos2x = 0 needs to be solved 
€ (0.999, 2.028) and (2.143, 2.028) 
























































v=>40r2 187 a-ves-1 188 vI8=a 
a=5, b=9 
VA 
=f(8) as 
= LA y=1 
e E 2 
—8 EE À q 
—4 | 
x=-— x x= 















































e=00r4 192 a=-2, b=83; À 
v=V5 (y=0) 194 1+2, 
E(e2 1) unitsê 


Rotate through 180º about (2, 


—1+3i 





—"T), then translate by (da) 


or Reflect in the x-axis, then translate ( 15) 














à unit? 198 27v1- 22, & unit? 
— 5t 
a a-0 ba=4; res E É =1-2t, z=t, tER 
12 8 
CaZ0o 4 x É » Y 1 as se 
2 a a 
when a=2; v=-T, y=-3, 2=5 
a VAis v=-1, HAis y=1 
1 
b ou local min (1, 5) 
(a + 1)8 
Cc f(u)= pc Sida A inflection (2, 5) 
(a + 1)4 9 





b 1.39 units 


22-—-1 


ze [-1, OU, 2] Eds 


fa) = 





203 
204 


205 


207 


208 


209 
210 


211 


213 


215 


217 


218 


219 


220 
221 
224 


225 


226 


228 
229 


So aid 
z unit 
VAs 


EE a >A — 37 
L= = 5 = 


E, No HAs 


T=—3 

(E v2 7: 

(EP), (E, —2) 206 47º or 317 
3 b 22+1 

Z—2 


g=1 
dy  3y-—-2x 
a —= 


o ncia b (v7.0), (v7.0) 


. 13 pm di 2 
ig dios bs 


A(2,-3,1) b B(-1,2,3) € p=00r Sã 
2 


a2-1 











9212 y=-1+3e2rctanz 


= 





-r2cosz +2asinz+2cosz+c 214 





2x + 29 
5 


d ai Ly 
216 E - ed 


3.76 units? E 
dx xeTy + 2xy — cosy 


a 


= 7 
t<L—>— or 


=. e < =] 


Mo 9 


2-2-9/7F2+2In(VZF2+1)4 





3(z+2) 
dy | 1—-ycos(zy) 
da a cos(xy) + 2y 
a P(0,3,-8) b 0=18.8º 


a<-8 or a>4 222 


€ 5x-1lly=72:=23 
1 293 a-2 


4] = 
707 cms 





al 
b v="[ (tan T= 02)? dx 
o 





a f(x)= el-22º (1492) f"(a) = el-22º (1673-122) 
b local min at (—à. —X2) local max at (5 Xe) 

€ vx=0 or +48 

das z>00, f(x) > 0 (above) 


as z>—oo, f(x) > O (below) 





3 
A horizontal stretch factor À 3» followed by a vertical stretch 


(4-8) 
f k=3 
a k=-2,a=-1 
€ z=3+t, y=-3-2t, z=t, tER d (3,-3,0) 
e =61.9º 
a=8, b=25, c—26; 2z>2 
a 2 bi=-0571, tm 0.476 
€ 


factor 2, followed by a ao : 


4 
d xze[-1,1] but x%-0.571 or 0.476; range ye R 


INDEX 


absolute value function 
ambiguous case 
amplitude 

angular velocity 
antiderivative 

arc length 

Argand diagram 
argument 

arithmetic sequence 
arithmetic series 
asymptotic 
augmented matrix 
average acceleration 
average speed 
average velocity 
axis of symmetry 
Bayes” theorem 
bimodal 

binomial coefficient 
binomial expansion 
binomial experiment 
box-and-whisker plot 
Cartesian equation 
Cartesian form 
chain rule 

chord 

class interval 
coincident lines 
coincident planes 
collinear points 
column graph 
column matrix 
combination 
common difference 
common ratio 
complement 
complementary events 
completing the square 
complex conjugates 
complex number 
complex plane 
component form 


223, 


126 
273 
286 
688 
709 
250 
422 
430 

56 

66 

41 
354 
628 
590 
627 
153 
562 
492 
223 
226 
801 
505 
451 
430 
605 
591 
485 
461 
473 
399 
485 
325 
560 

56 

59 
549 
534 
158 
184 
178 
422 
363 


composite function 
compound interest 
concave downwards 
concave upwards 
constant term 
continuous 

coplanar lines 
coplanar points 
cosine rule 

critical value 

cubed factor 

cubic function 
cumulative frequency 
De Moivre”s theorem 
decreasing function 
definite integral 
dependent events 
derivative function 
determinant 
differential equation 
direction vector 
discrete 

discriminant 
displacement 
displacement function 
divisor 

domain 

dot product 

double angle formulae 
echelon form 

empty set 

equal matrices 

equal vectors 

Euler form 

Euler”s equation 
expectation 
experimental probability 
exponential equation 
exponential function 
factor theorem 
factorial rule 

first derivative 
five-number summary 
frequency histogram 
function 


INDEX 


584, 


3483, 


375, 


933 


27 

62 
647 
647 
188 
786 
462 
415 
270 

28 
204 
126 
500 
439 
635 
730 
539 
593 
348 
774 
451 
786 
149 
746 
627 
191 

23 
402 
315 
355 
550 
327 
374 
431 

97 
791 
528 

87 
126 
199 
217 
616 
505 
487 

19 
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general sine function 
general term 
geometric sequence 
geometric series 
global maximum 
global minimum 
histogram 

horizontal asymptote 
horizontal inflection 
horizontal line test 
horizontal translation 
identity function 
identity matrix 
image 

imaginary axis 
imaginary number 
implicit relation 
increasing function 
independent events 
independent trials 
initial conditions 
instantaneous acceleration 
instantaneous velocity 
integral 

integrating constant 
integration by parts 
interquartile range 
intersecting lines 
intersecting planes 
intersection 

inverse operation 
invertible matrix 
limit 

linear factor 

linear function 
linear speed 

local maximum 
local minimum 
logarithmic function 
logistic function 
lower quartile 

lower rectangles 
many-to-one function 


mapping 


292 
56, 229 
59 

68 

639 

639 

485 

42, 642 
639 

46 

292 

44 

339 

21 

422 

178 

661 

635 
538, 558 
803 

630 

628 

628 

715 

717 

771 

503 

461 

473 

549 

44 

342, 350 
Si 

193 

126 

688 
639, 653 
639, 653 
126 

683 

503 

579 

46 

19 


matrix 

mean 

median 

midpoint 

mode 

modulus 

mutually exclusive 
natural exponential 
natural logarithm 
negative definite 
negative matrix 
negative vector 
negatively skewed 
non-stationary inflection 
normal 

normal curve 
normal vector 

nth roots 

nth roots of unity 
Null factor law 
number sequence 
oblique asymptote 
ogive 

one-to-one function 
optimum solution 
order of matrix 
overspecified system 
parabola 

parallel lines 
parallel planes 
parameter 
parametric equation 
Pascalºs triangle 
percentile 

period 

periodic function 
permutation 

point of inflection 
Poisson distribution 
polar form 
polynomial 
population mean 
population standard deviation 
population variance 


489, 795, 
489, 796, 


489, 796, 


35, 


110, 


42, 


286, 


219, 


324 
814 
814 
389 
814 
425 
550 
Jo 
673 
160 
331 
374 
490 
648 
61 
817 
467 
441 
444 
145 

54 
642 
500 

46 
652 
325 
363 
166 
461 
473 
515 
260 
sm 
508 
292 
286 
560 
648 
807 
430 
144 
794 
794 
794 


position vector 
positive definite 
positively skewed 
principal axis 
probability density function 
probability distribution 
product rule 
proposition 
quadratic formula 
quadratic function 
quadruple factor 
quotient 

quotient rule 
radical conjugates 
random variable 
range 

rational function 
rational number 
real axis 

real polynomial 
real quadratic 
reciprocal function 
relation 

relative frequency 
remainder 
remainder theorem 
right hand rule 
root 

row matrix 

sample space 
scalar 

scalar product 
scalar triple product 
second derivative 
self-inverse function 
sign diagram 

sine rule 

single factor 
singular matrix 
skew lines 

slope function 
solid of revolution 
square matrix 
squared factor 


373, 


286, 


25, 


41, 


532, 


616, 


28, 636, 


342, 


388 
160 
490 
292 
814 
788 
608 
234 
148 
126 
204 
191 
609 
184 
786 
503 
574 
244 
422 
188 
184 
126 

19 
526 
191 
198 
411 
193 
325 
549 
372 
402 
411 
653 

47 
653 
272 
204 
350 
462 
593 
758 
325 
204 


standard deviation 
stationary point 
statistic 

surge function 
tangent 

tangent ratio 
translation 
two-dimensional grid 
underspecified system 
union 

unique solution 

unit circle 

unit vector 

universal set 

upper quartile 

upper rectangles 
variance 

vector 

vector equation 
vector product 
velocity vector 

Venn diagram 
vertical asymptote 
vertical line test 
vertical translation 
volume of revolution 
zero 

zero matrix 

zero vector 


INDEX 


344, 


795, 


42, 


935 


512 
639 
515 
683 
591 
254 
133 
536 
363 
549 
348 
253 
400 
549 
503 
579 
814 
372 
450 
402 
450 
549 
642 

19 
292 
758 
193 
331 
377 
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